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Abstract

A variation-of-constants formula is obtained for a linear abstract evolution equation in
Hilbert space with unbounded perturbation and free term. As an application, the state of
the abstract controlled system with unbounded mixed controls is explicitly given.

1. Introduction and main results

In this paper, we consider the following equation in some Hilbert space
t t
y(t) = e A'x +/ A"eA(‘S><I>y(s)ds+/ A*e A9wy(s)ds, (1.1)
0 0

where the parametersif.() satisfy the following hypothesis:

(H) —Ageneratesan analytic semigraaid* on X with fractional powerA” being
well-defined for ally € R, a € [0, 1) is fixed,® € .Z(X), ¥ € £ (U, X) with U
being another Hilbert spacg, e X andu(-) € L\ (0, 00;U), the set of all locally
integrable functions taking values . Whena = 0, e ' is only assumed to be
a Cyo-semigroup and is not necessarily analytic. The second and third terms on the
right-hand side of.1) are called the perturbation and free terms respectively.

In control theory, people sometimes consider the control variable in the form of
a state feedback plus another new control variable. The resulting inhomogeneous
equation will have not only a perturbation but also a free term. The system will
take the form of {.1), in whichae = 0 corresponds to the bounded control case and
a € (0, 1) corresponds to the unbounded control case. For the bounded control case
[1, 6] (among others) established a variation-of-constants formulaLfay. (
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The controlled second-order parabolic equations in a bounded d@inaiiR" can
be represented by

t
y(t) = e *'x +/ A*e A 9By(s) ds, (1.2)
0

whereB € £ (U, X), and the relevant values of the constaate as follows (se€|6],
for example):o = 3/4+¢,Ve > 0, for Dirichlet boundary control withh = L?(9%2),
X = L%(Q); a = 1/4+¢,Ve > 0, for Neumann boundary control with = L?(3<2),
X = L?(Q); andn/4 < a < 1, for pointwise control with) = H=2*(Q), X = L3(Q).
Letv(-) = Ky() +u(-) in (1.2. Then (.2) becomes1.1). A natural step is to
represent the statg-) in terms of the new control variabl€-).

In this paper, we will establish a variation-of-constants formula for the linear
abstract evolution equation ().

The following notation will be used hereafterA+ ® A* also (see3, 8]) generates
an analytic semigrous(-) = e~At*®*A) For a given analytic semigroug® with
infinitesimal generator-©, there exists som, > 0 such thaB®, = Al + © admits
fractional power®)| for anyy € R.

Our main result can be stated as follows.

THEOREM. Assume that the hypothe¢is) holds.
(I) The equation

t
y(t) = e Ax + / Ate A9y (s) ds (1.3)
0

admits a unique solutiogi(-) € C([0, co); X) for any initial conditionx € X. Define
S(Hx 2 y(t), VxeX, tel0,00). (1.4)

ThenS(:) is also an analytic semigroup with infinitesimal generatoh satisfying

{ _fé A=A+ ), (1.5)
D(A) = {x € D(A"™) | (A" — ®)x € D(A")} .
Moreover, it holds that
S(t) = A*G(tH)A™, Vt € [0, o). (1.6)
(I Forany giveng € (a, 1), the solution of(1.2) can be expressed as
y(t) = e x+ /O t Aje M IE (o, f)Wu(s) ds, 1.7

whereE(a, B) is the extension of,” A* on X.
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In the above,1.7) is called a variation-of-constants formula for the abstract evolu-
tion equation {.1).

The remainder of this paper is organized as follows. In Se¢iwa prove () while
in Section3 we prove (1).

2. Some linear homogeneous equations

In this section, we will establish the unique existence of and obtain regularity
properties for the solution of some homogeneous equations. These results will be
later used to prove).

For anyy > 0, there exists a, > 0 such that (se€d])

[Ae ™ <c t™, Vt>D0. (2.1)
All the above properties also hold for the adjoit of A.
LEmMMA 2.1. It holds that
D(A"*) c D([A— ®A*]}) Cc D(A™), Vy €l0,1),e>0. (2.2)
For any giverg € (a, 1), there exists @ > 0 such that
[A*G()] < dgt™”, Vt>0. (2.3)
PrROOF. From a corollary of Lemma 2.1 irb], (2.2) and @.3) follow.

LEMMA 2.2. Suppose thaB,(-) = e and S(-) = e are Cy-semigroups. If
Al g Az, thenAl == A2 and S_l() - 5()

ProOOF. By the Hille-Yosida theorem, we have froly, C A, that there exists a
A, > O such that, for Ré > A,,

A —=A) =01 — AL (2.4)

Therefore Corollary 7.5 ing, p. 29] implies thatA; and A, generate the sanm@,-
semigroup.

LEMMA 2.3. For any givere € X,

t
2(t) = e M + / e M IOAZ(T)dr, t20, (25)
0
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admits a unique solutior(-) = G(-)é. Moreover,
t
Gt —s)f =e M9 / e MNP A'G(r — s)Edr
S
t
= e A9 +/ Gt —r)dAe " 9:dr, YO<s<t. (2.6)
S
PrOOF. DefineT = ((1 — a)/2¢c,||®|)** and
F:LY0, T;D(A%) — LY0, T; D(A%))
as follows:
[Ff()I0) —eAg+/ e N YPA*f(s)ds, VI()eLY0 T;D(AY)). (2.7)

It follows from (2.1) and the Fubini theorem that

IFfi() = FRO)lloTpm)
f f ¢
<c, ||q>||/ / I T1(8) — z(S)IID(A)det

e [ [

< 5” f1() — O oo, V), f2() € LYO, T; D(A%).  (2.8)

dtll f1(s) — fa()llpay ds

The contraction mapping principle implies th&t§) admits a unique solution
z(-;&) € C([0, T1; X). Applying this principle in the same manner [, 2T],
[2T,3T], and so forth, we have that.© admits a unique solutiorz(-;€) €
C([0, c0); X). Define the operatora(t) as follows:

ZOE 2 z(t;€), VeEe X, tel0,00). (2.9)

ThenZ(-) satisfies the semigroup property. B, it holds that, for alt > 0,
t
1z(t; E)llpar) < Ct ™ [IE1I + CaIICDII/ (t =) *lz(z;8)llpa) dt. (2.10)
0
Thus, by the singular Gronwall inequalit(lL.emma 7.1.1]), we obtaidi (t) € Z(X)
fort € (0, 00), which implies thatZ () is aCy-semigroup.
On the other hand, for any givene D(A"), it follows from (2.5 that, for all
t >0,

t
12(t; &) lloay < € I1E N peary +CaI|<I>||/ t =) lz(r;&) o dr. (2.11)
0
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The singular Gronwall inequality an@.6) implies thatz(-;£) € C([0, co); D(A")).
Furthermore, for ang € D(—A 4+ ®A*) (= D(A)), (2.9 yields that

fim 205 ¢ _ —Af + DA, (2.12)
t—0+ t

Thus we have from Lemma2thatz(-; &) = G(-)&.
Next, lets be fixed and define

t
w(t) = e A9 4 / Gt —r)dA e A" Y& dr. (2.13)

S

By the Fubini theorem an@(5), it holds that
t
/ e "D A% w(r) dr
S
t
— / e—A(t—r)cDAae—A(r—s)g dr
S

t r
+/ eA“”ch“/ G(r —o)@A'e A7 95 do dr
S

S

t
:/ e—A(t—r)cDAae—A(r—s)g dr
° t t
+/ / e "TIPIAG(r — o) ]PAe A9 dr do
S o
t
:/ e—A(t—r)cDAae—A(r—s)g dr
S
t
+ / [G(t —0) — e AP A" A9 do
S
t
= / Gt —o)PAe "Vt do = w(t) — e A, (2.14)
S

Then the uniqueness of the solution £05 yields @.6).

Now we will prove the analyticity of5(-) in (1.4).

LEMMA 2.4. For any initial conditionx € X, (1.3) admits a unique solutiog(-) €
C([0, 00); X). Moreover,S(+) in (1.4) is an analytic semigroup with infinitesimal
generator— A satisfying(1.5).

PrOOF. We can easily have fron2(1) and the singular Gronwall inequality that
(1.3) admits a unique solution(-) € C([0, co); X). On the othe~r hand (seg, [Theo-
rem 2.2]),S(t) is aCy-semigroup with infinitesimal generaterA satisfying (L.5).
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By the perturbation theory of analytic semigroups (s&é]),
A2 —A 4 OF(AH (2.15)

also generates an analytic semigroup. In additid(4;) = D(A*).
By (1.5), it holds that

(—AX,y) = (X, Aty), Vxe D(A), ye D(A). (2.16)

Thus A, € (—A)*. It follows from Lemma2.2that A; = (—A)* and— A generates
an analytic semigroup.

PrROOF OF(l). Combining Theorem 2.2 irb] and Lemma2.4yields ().
3. A variation-of-constants formula

In this section, we will provel() so as to establish a variation-of-constants formula
for the evolution equationl(1).

LEMMA 3.1. For any initial conditiong,
t t
z(t) = e Mg +/ eA<‘S><I>A“z(s)ds+/ e A9yy(s) ds (3.1)
0 0

admits a unique solutioa(-) € L [0, co; D(A%)). Moreover, the solution can be
represented by

t
z(t) = G(t)& +/ Gt —s)¥u(s)ds, Vit el0,00). (3.2)
0
PrOOF. The first part of the lemma can be proved similarly to Lenthvia Define
t
2(t) = G(t)¢ +/ G(t —s)Wu(s)ds, Vt e [0, 00). (3.3)
0

By (2.1) and Lemma2.1, we have thak(-) € Lt [0, co; D(A%)). Therefore 8.3),

loc
Lemmaz2.3and the Fubini theorem imply that

t t
/ e A9 PpA”Z(s)ds = / e M 9PA*G(s)E ds
0 0
t t
+/ / e AP A*G(s —r)Wu(r)ds dr
0 r
t
=[G(t) — e Mg +/ [G(t —r) — e A" wu(r)dr
0

t
=2(t) — e Mg — / e " Pwu(s)ds. (3.4)
0

By the uniqueness of the solution t8.9), (3.2 follows from (3.4).
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LEMMA 3.2. For any giverg € («, 1), there exists som@; > 0 such that
IAPA“X| < Chllxll,  Vx € D(AY). (3.5)
Denote byE (o, B) the extension of the operatﬁrgﬂ A” on X. Then it holds that
A*G(t) = ALA*G(t)A“E(a, B), V't € (0, 00). (3.6)

PROOF. It has been proved from the proof of Lemrat that A* = A* — &* A,
Lemma 2.1 in §] implies A**A,” € .Z(X). Obviously

(AP AT, y) = (x, A A — d*A*]"y), Vxe D(AY),ye X, (3.7)
which yields @8.5). By (1.5 and (L.6), it holds that

AG(t)x = AGH) A AEA A*x = S(t) ALE (o, B)X
= AlS(t)E(a, B)X, VY x e D(AY), t € (0, 00). (3.8)

Due to the density ot € D(A*) in X, (3.6) follows from (3.9).

ProOF OF(Il). For any giverx € X, leté = A~*x. Lemma3.1tells us that 8.1)
admits a unique solution(-) € L% [0, oo; D(A%)). ThusA*z(-) is the unique solution

loc

to (1.1). Combining (.6), (3.2) and @.6) yields (I).
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