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MINIMAL AND MAXIMAL SOLUTIONS TO SYSTEMS OF
DIFFERENTIAL EQUATIONS WITH A SINGULAR MATRIX
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Abstract

The monotone iterative technique is applied to a system of ordinary differential equations
with a singular matrix. The existence of extremal solutions is proved.

1. Introduction

Many problems arising in the physical sciences, engineering, biology and applied
mathematics lead to mathematical models described by systems of differential equa
tions with initial conditions of the form

X'(t) = f(t,x(t)), ted=[0T] x(©0) =x e RP, (1.1)

where f; € C(J x RP, RP). Conditions onf; which guarantee the existence of
solutions of problem.1) are important analysis theorems. To show that problem
(1.2) has a solution, one can employ fixed point theorems (Banach, Schauder), the
Leray-Schauder theory of topological degree or the method of successive iterations.
Assuming thatf; satisfies the Lipschitz condition with respect to the last variable one
can show that problend (1) has a unique solution. If we assume ttigsatisfies only

a one-sided Lipschitz condition, then we can show that probled) fas extremal
solutions. Such aresult can be obtained when the method of upper and lower solution:
is used. This interesting and fruitful technique for proving existence results shows that
corresponding monotone sequences converge to the minimal and maximal solutions o
our problem (there are some applications of this technique, for exampl&).ifmThe
constructive proofs of existence also provide numerical procedures for the computation
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of solutions. Problemil( 1) may be generalised by adding an algebraic system to obtain
the differential-algebraic system

X'(t) = fi(t, x(®), yt), ted, x(0) =x
y(t) = folt, x(0), y()), ted.
Note that the last system is a special case of a problem discussed in this paper, namel

{A%uy:fmxaywmx teJ=[0T]. 1.2)

X(0) =k € R™,

wheref € C(J x R™ x R™, R™) andA is a singular square matrix of order. Note
that problem {.2) is identical to

X'(t) = (A+ B) [ f(t, x(1), X' (1)) + BX(1)], ted, x©0) =k (1.3)

provided that the matriB is a square matrix of orden such thatA+ B is nonsingular.

It is well-known that the method of lower and upper solutions coupled with the
monotone iterative technique provides a practical tool to generate monotone sequence
that converge to extremal solutions (sék $ee also3, 4, 2, 5, 6, 7, 8]). The purpose
of this paper is to extend this technique to problems of typ® ( This method is useful
since any member of the corresponding linear monotone iterations is an approximate
solution of (L.2). In our discussion, we assume tHasatisfies a one-sided Lipschitz
condition showing that probleni(2) has extremal solutions. Note that the system
of differential-algebraic equations is a special caseld)( Some examples are also
given.

2. Main results

A functionv € CY(J, R™) is said to be a lower solution of probler.®) if

Av'(t) < f(tvt),v(t), tel,
v(0) < ko,

and an upper solution ofL(2) if the above inequalities are reversed. In this paper, the

vectorial inequalities mean that the same inequalities hold between their corresponding

components. Note that if the matri + B)~* exists,(A+ B)~! > 0 andv is a lower
solution of problem1.2), thenv satisfies the relations

v(0) < ko.

Here(A + B)~! > 0 means that some entries(@ + B)~! may be equal to zero.
The next lemma is a special case 4f Theorem 1.1.4].

{v/(t) < (A+B) [t v®), V(1) + BY®)], ted,
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LEMMA 2.1. Assume that;(t) > 0,t € J fori # j, whereD = [d;] is a
continuous square matrix of ordem. Let

p'(t) = D®)p(), ted, peCl(JR™,
p(0) <0=10,...,0]".
~———

m

Thenp(t) <0onJ.
Let us define the following set:
Q={tuv):ted o) <u=<z), V) <v=<2z), uveRM,

whereyy, 7, € C1(J, R™).
Now we are in a position to show the following existence result.

THEOREM 2.2. Assume thaf € C(2, R™) and

() Yo, 2 € CY(J, R™ are lower and upper solutions dfL.2), respectively, and
such thaty,(t) < z(t) andy(t) < z(t) on J;

(i) there exists a square matri® of order m such that(A + B)~* exists,(A +
B)~! > 0, and the conditionf (t, u,«) — f(t,u,a) < Bla — «] holds fory,(t) <
U<z andyt) <a <a <z),tel;

(iii) there exists a square matriX of orderm such thatN > 0, and foryy(t) <
u<ud<zt),ted, itholdsthatf(t,u,a) — f(t,l, a) < —N[0 —u].

Then there exist monotone sequenggs and {z,} such thaty,(t) — y(t) and
Z,(t) — z(t) on J asn — oo and this convergence is uniform and monotonicJon
Moreover the functiong andz are minimal and maximal solutions of probléin?),
respectively.

PrOOF. We construct the sequencigg} and{z,} using the formulas

Yo () = (A+B) (L, Y, Yo) + BY, () + N[Ya 1 () =YD}, Yns2(0) =k,
2., (O=(A+B){f(t,2,2)+BZO) +N[Zu () =ZMD]}, 210 =ko.
First of all, we are going to show the following relation:
(2.1)
Yo) = yi() = z(1) = 7(1), teld

Putp =y, — y1 onJ. Thenp(0) < 0. Since(A + B)~! > 0, by assumption (i) we
have

P < (A+B) T (L, Yo, Yo) + BYs (D) — T (L, Yo, Yo) — BYs () = N[ya () — Yo(D) 1}
= (A+B)"'Np(t).

{yo(t) <yit) < zt) < (),
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By Lemma2.1, we havep(t) < 0and therp'(t) < 0onJ showing that,(t) < yi(t),
Yo(t) < y;(t), t € J. Similarly, we can show tha (t) < 7(t), z(t) < z(t),t € J.
Putp =vy; — 7z, sop(0) = 0. Then, by (ii) and (iii), we have

Pt = (A+B)y{f(t, yo. Vo) — F(t. 20, ¥)) + F(t, 20, yp) — f(t, 20, 2)
— Blz(t) — YOI + N[y2(t) — Yo(t) — z (1) + 2(1)]}
< (A+ B) H{=N[z(t) — yo()] + B[Z(t) — y5(t)]
+ Blyo(t) — (D] + N[yi(t) — Yo(t) — z(t) + ()]}
= (A+B)INpt), teld.

Hence we havep(t) < 0 and thenp'(t) < 0 on J showing thaty;(t) < z(t) and
y;() <z (®),t € J. Thus @.1) holds.

In the next step we need to show thatandz, are lower and upper solutions of
problem (.2), respectively. Then, by assumptions (ii) and (iii), we obtain

Ay (1) = T, Yo, Yp) + BLyo() — Y1 (D] + N[ya(t) — yo(t)]
— F(t v yo) + F(t Y, Yo — F( vy, y) + F(E vy
< f(t, yi, yp) — N[ya(t) — Yo(D)]
+ Bly; () — Vo] + Blyo(t) — y3(D)] + N[y1(t) — Yo(D)]
= f(t,y, y)
and
Az (1) = f(t, 2, z) + B[z() — (1] + N[z(®) —2t)] — f(t, 2z, 7Z)
+ f(t,z,z) — f(t,z,2) + f(t,z,2)
> f(t,z,2) + N[z —z1)] — Blz(1) — Z(1)]
+ Blzy(t) — zy(1)] + N[z(t) — z(1)]
= f(t, z, z),

showing thaty; andz,; are lower and upper solutions of probleinZ), respectively.
For somek > 1, let us assume that

Yier1 (D) < W) < z(t) < z.(1), tel,
Vo) =y <zt <z ,1), tel,

and lety, andz be lower and upper solutions of problefnd), respectively. We shall
prove that

(2.2)

V() < Vi (D) < () <z, ted,
Vi) < Vo) <z () < Z(1), ted
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Putp = Yk — Yk;1- Then

P(t) < (A4+B) (. Yio Y + By — f(t, Y. Vi) — BYL(H) = N[ Y () — Y (D]}
= (A+B)""Np(t)

with p(0) = 0. Hence, by Lemma.1, p(t) < 0 andp/(t) < 0,t € J, showing that
V() < Yiaa(t) andyy(t) < y,,(t), t € J. Using the same argument we can prove

thatz,. () < z(t) andz () < z (), t € J.
Let p = Yis1 — Za1, SOP(0) = 0. Then we get

P'(t) = (A+ Byt Vi, Vo) + BYL() + N[V (t) — %(®1 — f(t, z. )
+ f(t, 2z, Vo) — T, %, Z) — BZ(t) — N[ze1(t) — zD]}
< (A+ B) Y{=N[z(t) — Y()] + B[Z (1) — Y, ()]
+ N[Yir1 (V) — Y (®) — Zea(t) + Z(0)] + Bly(t) — z (D]}
=(A+B)!Npt), teld.

Thusyi,a(t) < Zga(t) andy, (1) <z, (1), t € J, s0 €.2) holds.
Hence, by induction, we have

Yo = yi() = -+ = () =2(1) =--- =z) =21, tel,
Yo =yi() = =y () =70 =--- =7() =7(1), tel

for all n.

We now show that the sequendss} and{z,} converge uniformly and monoton-
ically to y andz, respectively, wherg andz are solutions of{.2). The sequences
{y»} and{y,} are uniformly bounded because

Yo() < Wa(t) < Zo(t) and yt) <y (1) <z(t), tel

for all n, wherey, andz, € C*(J, R™. Note that the sequencég,} and{z,} are
well-defined becausg, andz, are unique solutions of the corresponding linear IVP’s.
Moreover,y, € C(J, R™ and

t
Ya(t) = |:ko+/ Gnl(S)dS], ted,
0
with K = (A + B)"*N and

Gj(s) =& “*(A+B) " { f(s,y,(5). ¥(5) + BY,(S) — Ny;(5)} .

It is easy to see thdy,} is a sequence of equicontinuous functions. Indézggl,is a
sequence of equicontinuous functions too.
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Note that{y,} and{z} are sequences of continuous functions on the int¢évél],
so uniform continuity implies that for angy > 0 there exist$ > 0 such that for alh
andt;, t, € J and|t; — t,] < § we have

[ (A+B) [ f (ts, Yous(t). Yoy (W) — f (o, Yo-a(to). Yoy ()], < €/3.
[(A+B)Bly, 1(t) — Yo a@]], < /3,
| (A+ B) IN[ya(t) — Ya(t) — Yo1(t) + Yo a(W)]], < €/3

becausef is continuous on a closed set. Here we used the norm:
lull, = i:flgﬁ?fmluil-
From the above and the relation
Yot — Yo(t) = (A+ B) H{f(ty, Yna(ty), Y, ()
— f(tz, Yn-1(t2), Yi_1(t2)) + Bly,_1(t) — Y1 ()]
+ N[Ya(t1) — Ya-1(t1) — Yn(t2) + Yo_1() 1}

we see thaty} is a sequence of equicontinuous functions. Hepce> vy, y, — Y
andy € C(J, R™), by Arzeli's theorem. Similarly we have, — z, Z, — Z and
z € C1(J, R™). The Lebesgue theorem yields that

t
yt) =k +(A+B)™* {/ [f(s. ¥(5),Y(s) + BY(s)] ds} , teld,
0

t
zt) =k +(A+B)? {/ [f(s 2(5),Z(s) + BZ(5)] ds}, ted
0

Thusy andz are solutions of probleni(2).

In the next step we will show that andz are minimal and maximal solutions of
(1.2). Let x be any solution of probleml(2) such thatyy(t) < x(t) < z(t) and
Yo(h) < X'(1) < Z(0), t € J.

We are going to show that

Yah) < X(1) <z,(1) and y,(t) <X () <z®), tel (2.3)

for all naturaln.
Putp=y, —xonJ. Then

P'(t) = (A+ B)Y M {f(t, Yo, o) + Byy(t) + N[ya(t) — Yo(H)] — f(t, X, yp)
+ f(t, X, yp) — f(t,x, x) — BX(t)}
< (A4 B)H{=N[X(t) — yo(t)] + B[X'(t) — Ys(t)] + Byj(t)
+ N[y:(t) — Yo(H)] — BX (1)} = (A+ B)*Np(t), p(0) =0.
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Hencey, (t) < x(t) andy;(t) < X'(t),t € J, by Lemma2.1
Letp=Xx—2z,t e J. Then

p'(t) = (A+ B)H{f(t,x,x)+ BX(t) — f(t,2,x)+ f(t,z,x)
— f(t,2,7) — Bz(t) — N[z() — 1]}
< (A+ B) " {=N[z(t) — x(1)] + B[7(t) — X'()]
+ B[X'(t) — ()] — N[z() — %(1D)]}
= (A+ B)"INp(t).

Lemma2.lyieldsx(t) < z(t) andx'(t) < z(t), t € J. Thus @.3) holds forn = 1.
Assume thatZ.3) holds for someék > 1. Putp = Y1 — X. Then

P'(t) = (A+ B {f(t, ¥, Vo) + BY.(t) + N[Yiea(t) — Yi(D)]
— X y) + (X y) — f(t, x, x) — BX(1)}
< (A+ B) H{=NI[x(t) — %(®)] + B[X'(t) — Y ()] + By (t)
+ N[Yi1(t) — W] — BX ()} = (A+ B)*Np(t), p(0) =0.

Hencey,1(t) < x(t) andy,,(t) < X'(t),t € J, by Lemma2.1
Letp=X—2z,1,t €J. Then

Pt = (A+B)H{f(t,x,x) + BX(t) — f(t,z,x)+ f(t, z,x)
— f(t, z, 2) — BZ (1) — N[z () — z®)]}
< (A4 B) H{=N[z(t) — x(1)] + B[Z(t) — X' (1)]
+ B[X'(1) — ()] — N[22 () — z(D]}
= (A+ B)"'Np(t).
Lemmaz2.1lyieldsx(t) < z.1(t) andx'(t) < z_,(t),t € J. Thus @.3) holds for all
naturaln.
Now, if n — oo, then @.3) yieldsy(t) < x(t) < z(t) andy(t) < X'(1) < Z(t),
t € J, showing thaty andz are minimal and maximal solutions of probletZ),

respectively.
This ends the proof.

3. A special case ofX.2)

Letm=2andA =[}], b > 0. Then problem.2) takes the form

(3.1)

X1 (1) = bx(t) = fat, xu(), % (), X (D), X,(1),  X1(0) = Xo1,
0= fZ(tv Xl(t)7 XZ(t)7 Xi(t), Xé(t))9 XZ(O) = XO,Z'
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Assume thatf; and f, satisfy the following conditions:

fi(t, Xq, Xo, Y1, Y2) — fi(t, Xo, X2, Y1, ¥2) < Bia[V1 — yil + Bia[ Vo — Vol (3.2)
if yi >V, and
fi(t, Xq, Xo, Y1, Y2) — fi(t, Xq, X2, Y1, Y2) < —Cia[X1 — Xq] — Gi2[X2 — Xe] (3.3)

if Xi > X fori = 1:2Withbi,j7ci,j ZO,I =l,2,j =12
Note that in this case

bll blZ] |:Cll ClZ]
B = 5 N - )
|:b21 b22 C1 C22
1 b22 b— blZ]

A+Btl=—M—
(A+B) det A+ B) |:—b21 1+by

provided that d€tA+ B) = b,,+ b, b+det(B) # 0. Note thatifb > by, andb,; = 0,
then(A + B)~! > 0, so assumptions (ii) and (iii) of Theoren? hold.
The following system

{x;(t) = f1(t, x,(1), %(1), X, (1),  %(0) = Xo1, (3.4

0= fot, X (1), % (1), X5(1)),  %2(0) = Xo
is a special case of probler8.(). Note that in this case we hate, = b,; = 0, so

0 1/b,,

Itis quite simple to formulate corresponding theorems to The@@fior problems

(3.2) and 3.4).
ExamPLE. Let us consider the following problem:

X (1) — 2X5(1) = 2%4(t) + 3xa(t) — 8[| ()]* — [X(D)]* +t, ted,
0 = Xy (t) + [X.(1)]? + BX,(t) — 1O[X,(1)]?, teld, (3.5)
X1(0) = x2(0) = 0.

Comparing this with&.1) we haveA = [} 2], b= 2 and

fi(t, X1, X2, Y1, Y2) = 2X; + 3%, — 8YZ — Y2 + t,
faot, Xq, X2, Y1, Y2) = Xq + XZ + 5x, — 10y2.
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Itis simple to check that

You(H) =0, teJ, and () =t, te],
Yoo(t) =0, teJ, Zoo(t) =1, ted,

are lower and upper solutions of proble&d), respectively.
LetO<Xx <X <t,0<x% <% <t0<yy<y<landO<y, <y, <1
Then conditions¥.2) and 3.3) hold with

16 2 2 3
B_|:O 20] and N_|:1 5].
Indeed we have

0 17|°

A+B=[O 20 340

17 o] and (A+B)l— 1 [20 o}

Thus all assumptions of Theore?2 are satisfied. By Theorefh2, problem 3.5
has minimal and maximal solutions.
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