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Abstract

We consider some general switching inequalities of Brenner and Alzer. It is shown that
Brenner’s TheoremB below does not hold in general without further conditions. A simple
proof is given of Alzer’s CorollaryD.

1. Introduction

It has long beenknown that there is an interplay betweenmathematical inequalities and
the physical properties of networks. Thus Lehman [4] has derived a quite complicated
inequality by a look—see comparison of the resistances of two electrical networks,
the respective resistances representing the two sides of the relevant inequality. See
also [5] for the use of Boolean functions on networks to obtain mathematical relations.
Conversely we have the more common situation in which mathematical analysis may
be used to establish physical properties of networks.

By considering afresh the network of [5] with the resistances replaced by switches,
Turner and Conway [6] have derived the inequality

.1 − pn/m + .1 − qm/n > 1 (1.1)

for m;n > 1 with p;q > 0 and p + q ≤ 1. Here p;q can be interpreted as
probabilities and refer to switch reliabilities in the network. Brenner [2] has extended
the domain of validity of (1.1) in the casep + q = 1 to include 0< m;n < 1.

In a subsequent study Brenner [3] gave a refinement of (1.1) and an elaboration.
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THEOREM A. Let p andq be positive real numbers withp+ q ≤ 1. If m andn are
real numbers withm;n > 1, then

.1 − pm/n + .1 − qn/m > 1 + .1 − p − q/max.m;n/: (1.2)

THEOREM B. Let p, q, s andt be positive real numbers, and letk be a nonnegative
integer. If p + q ≤ 1 ands ≥ t > k + 1, then

k∑
i =0

(
t

i

)
pis.1 − ps/t−i +

[
1 −

k∑
i =0

(
t

i

)
qt−i .1 − q/i

]s

> 1+ .1 − p − q/s: (1.3)

It may be noted that fork = 0 TheoremB reduces to TheoremA. If p + q < 1,
neither theorem holds in general for 0< m;n < 1 (see Alzer [1]).

Alzer [1] has established an elegant symmetric companion inequality to (1.3) in
terms of the sum

Ak.x; s/ :=
k∑

i =0

(
s

i

)
xi .1 − x/s−i ;

where 0≤ x ≤ 1 andk is a nonnegative integer.

THEOREM C. Let p, q, s andt be positive real numbers, and letk be a nonnegative
integer. If p + q ≤ 1 andt; s> k + 1, then

Ak.p
s; t/ + Ak.q

t ; s/ > 1+ Ak..p + q/m;M/; (1.4)

wherem = min.s; t/ and M = max.s; t/.

In the special casek = 0, s = m, t = n this provides the following improvement
of (1.2).

COROLLARY D. If m;n > 1 and p;q > 0 with p + q ≤ 1, then

.1 − pm/n + .1 − qn/m > 1 + (
1 − .p + q/min.m;n/

)max.m;n/
for p;q > 0: (1.5)

In Section2 we consider TheoremB further, while in Section3 we address Corol-
lary D.

2. A counterexample to TheoremB

Suppose we takek = 1, p = ž (small),q = 1=2, s = t = 5=2. In the limit as
ž → 0, the left-hand side of (1.3) tends to

1 +
[

1 − 7

2

(
1

2

)5=2
]5=2
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and the right-hand side to the greater value

1+
(

1

2

)5=2

:

Hence by continuity there exist positive small values ofp for which (1.3) fails with
the values assigned to the other parameters.

Thus TheoremB is not true in general without further qualification. Hence Theo-
remC would appear to be the only established generalisation of TheoremA.

3. A simple proof of Corollary D

We shall show that Brenner’s proof of (1.2) can be modified to establish Alzer’s
refinement (1.5).

PROOF OFCOROLLARY D. Defineu = 1− p − q. As in [1] set

F.p/ := .1 − pm/n + .1 − [1− p − u]n/m;

so thatF.p/ is the left–hand side of (1.5). In [1], Alzer showed thatF.p/ increases
strictly to a maximum and then decreases strictly on the range 0≤ p ≤ 1 − u.

This gives forp andq positive that ifu > 0, then

F.p/ > min{F.0/; F.1 − u/}
= min{1 + .1 − .1 − u/n/m; 1 + .1 − .1 − u/m/n}
= 1 + min{.1 − .1 − u/n/m; .1 − .1 − u/m/n}: (3.1)

We now show that the last expression is equal to

1 + (
1− .1 − u/min{m;n})max{m;n}

:

This is immediate form = n, so by symmetry we may suppose without loss of
generality thatm < n. With this assumption

1− .1 − u/n > 1− .1 − u/m

and soa fortiori

.1 − .1 − u/n/m > .1 − .1 − u/m/n;

from which the stated result follows.
Thus we have from (3.1) that for p, q positive

F.p/ > 1 + (
1 − .p + q/min{m;n})max{m;n}

:

The desired result follows.
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