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ON EULER MIDPOINT FORMULAE
LJ. DEDICY, M. MATIC! and J. PEARIC?
(Received 19 January, 2000; revised 6 November, 2004)

Abstract

Modified versions of the Euler midpoint formula are given for functions whose derivatives
are either functions of bounded variation, Lipschitzian functions or functiohgispaces.
The results are applied to quadrature formulae.

1. Introduction

S. S. Dragomir, P. Cerone and A. Sofg) proved the inequalities

b—a)®
LEZLNWM,
b a+b (b — @)t/
f —(b—-af — || f” 1.1
/a ) dt — (b —a) ( > )'5 szq ol e (1.1)
b —a)?
Lj;lnﬂm,

where f” belongs to the appropriate spacgpt 1/q = 1 andp > 1. The first

of these is usually referred to as the midpoint inequality. A simple application of
the midpoint inequality is as follows. Divide the interal, b] into v subintervals

of equal lengtth = (b — a)/v. For givenf : [a,b] — R, consider the midpoint
guadrature formula

b
/ ) dt = S(F) + pu(), (1.2)
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where

a(f)::h;f<a+(2i—l)g>.

If f is twice differentiable andl f”|l., < oo, then applying the midpoint inequality
gives the estimatip, ()| < (vh®/24)|| f"|| . for the remaindep, ().

A generalisation of1.1) for n-times differentiable functions has been obtained in
the recent paperf]. In this paper we give another generalisation dfl and use
it to establish various error estimates for some quadrature rules which generalise the
midpoint quadrature rulel(2?).

In the recent pape#r] we proved the formula

k! b

_ayn-1 _ _
ot [ s (e s

Here By (t) are the Bernoulli polynomialsB, = By (0) the Bernoulli numbers, and
B; (t), k > 0, are periodic functions of period one, related to the Bernoulli polynomi-
als by

b n-1 oank—1 _
f(x) = ﬁ/ fodir Y 2= g (X - :) [V (b) — F&D(a)
a k=1

B (t) = B(t), for 0<t <1,
Bi(t+1) = Bi(t), forteR,

so thatBj(t) = 1, B;(t) is a discontinuous function with a jump efl at each integer

andB;(t), k > 2, is a continuous function. The sum ih.§) is taken as zero when
n = 1. The Bernoulli polynomialBy(t), k > 0, are uniquely determined by the
identities

Bi.(t) = kB i(t), k=>1, Bo(t) =1 (1.4)
and
B(t + 1) — By(t) = kt“"*, k > 0.

For further details on the Bernoulli polynomials and the Bernoulli numbersigee [
or [2]. The formula (.3 is valid for every function rf : [a, b] — R such thatf ™
is a continuous function of bounded variation[@nb] for somen > 1, and for every
X € [a, b]. Also this formula is an extension of a Krylov formulg [page 17].

In Section2 we make use ofl(.3 to give modified versions of the Euler midpoint
formula. In Section3 we use these modified Euler midpoint formulae to prove
some generalisations of.(l) for functions whose derivatives are either functions of
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bounded variation, Lipschitzian functions or functions fragrspaces. Finally, in
Sectiord, we consider the repeated Euler midpoint formula and the repeated modified
Euler formula which generalise the midpoint quadrature formal&).( Applying

the estimates obtained in SectiBnwe establish various error estimates for these
generalised quadrature formulae.

2. The Euler midpoint formulae

THEOREM2.1. Let f : [a, b] — R be such thatf ™% is a continuous function of
bounded variation ofa, b] for somen > 1. For any integemsuch thaD < m < n/2
define

T (b—ay* K1 k-1
Tn(f) = E — Bax [f® D) — & P@)], (2.1)
— (2k)!

with the convention that the sumis zero wheg: 0, thatis, To(f) = 0. Ifn = 2r —1,
r > 1, then

b
/f(t)dt:(b—a)f(%)-Trl(f)
b—a)** +b)/2—-t
+—((2Ir f)l)! /[ab] B;‘rl<—(a bi/a )df<2f2>(t). 2.2)

Ifn=2r,r > 1, then

b
f f(t)dt = (b—a)f (a;b> —T.(H
)& _
2o LB (R ) e (3) e o @9
and ’

/f(t)dt (b — a)f<a+b>—Tr(f)

(b—a)* . ((@+b)y/2—t 1)
) /[a,b]B”< b-a )df ©- @4

PROOF. Setx = (a+ b)/2 in (1.3) and multiply byb — a to obtain the identity

k
(b-a )f( ) /f(t)dt+z(b g ()[ FEb) - F (@]

_ (b-a)" S(@tb/2=t\ 1\
o L[5 (Fe) e (@)oo
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We have [, 23.1.19, 23.1.21Bx_1(1/2) = 0,k > 1, so that the above identity can
be rewritten as

b
/ ft)dt = (b—a)f (a;b>

(-D/2 o
B Z (b(Zkf;) B, (%) [f(zkfl)(b) _ f(zk—l)(a)]
k=1 ’

(b—a)n * W B } 1
T /[a,b][B”< b-a )Bn<2>]df ®. (25)

where[n] denotes the greatest integer less than or equal fthe sum on the right-
hand side of 2.5) istakento be zerofan=1orn=2. Ifn=2r — 1,r > 1, then
[(N—1)/2] =r —1,By 1(1/2) = 0 and @.5 becomesZ.2). If n=2r,r > 1, then
again[(n — 1)/2] =r — 1 and @.5) reduces toZ.3. Finally, note that

@+b/2-t) p (1\]ga
[l (552 o= (3)Jor

= / By (W) df(Zr—l)(t) — B, (%) [f(Zr—l)(b) _ f(2r71)(a)]
[a,b]

b—a
and

- r—l(f)_ 2

so that R.3) can be rewritten a2(4).

- 2r
(b(2r?v) B <}> [fZ 20 — F@ V@] = ~T (D),

ReEMARK 1. Inthe case wheF : [a, b] — Ris suchtha¥’ exists and is integrable
on[a, b], then the Riemann-Stieltjes integ@,bl G(t) dF(t) is equal to the Riemann

integralfabG(t)F/(t) dt. Therefore, iff @ -1 exists for some > 1 and is integrable
on[a, b], then @.2) reduces to

b
/ ftydt = (b—a)f <a+b> T ()

2

(b_a)Zrl/ B ((a+b)/2—t
[a,b]

=D . b_a ) f@D)ydt.  (2.6)

Similarly, if @ exists forsome > 1 and is integrable ofa, b], then .3 and @.4)
reduce to

b
f ftydt = (b—a)f (a;b> T ()

(b—a)® . ((@+b)/2—t } @)
e, /[a,b][B”< b-a >_B”<2>]f wdr @7
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and
a+b
/f(t)dt (b— a)f( >_Tr(f)
b-a” [ g (@+b/2-1) (o
e, /[a’b152r< b_a )f Hdt,  (28)
respectively.

3. Generalisations of the midpoint inequality

THEOREM3.1. Let f : [a, b] — R be such thatf ™V is anL-Lipschitzian function
on[a, b] for somen > 1. Assume the notation established®yl). If n = 2r — 1,
r > 1, then

b
/ ft)dt—(b—a)f (%b>+T

Ifn=2r,r > 1, then

_ (b_ a)Zr

aal 41-272)|By|L. (3.1)

_a\2r+1
/f(t)dt—(b a)f( b)+Tr 1<f>| %(l—z“msm. (32)

Also, we have

b
/ ftydt — (b—a)f (izb> +Tr(f)|

b_ a2+ [l a4l
%/ [Bx (D) dtL < %ZIBM L. (3.3)
. O .

ProOOF. For an integrable functiofk : [a, b] — R we have

\/[a, b]

since f ™Y is anL-Lipschitzian function. Applying the above estimate, we get

_ 2r—1 —
(b—a) / B 1 <_(a +b)/2 t) df@-2 (t)‘
[a,b]

b
< / IF(t)] dtL, (3.4)

2r -1 b—a
<O [ e (S22
= (2r — l)' a 2r—1 b—
b—a)? [ b_ a2
- EZr _ai)!/ |B; (D] dtL = ( ai)'/ 1By _1(t)| diL.
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Because of

2(2r — 1!

0 < (—l)r Bz,»,l(t) < (27'[)2"71(1 — 2272],) )

O<t<1/2r>2 (3.5

and
By_1(1—t) = —By_4(t), te[0,1] (3.6)

(see [, 23.1.14, 23.1.8]), we have
1 1/2
[ Baandt=2 [ 1Ba it
0 0

1/2 1
=2 / BZrl(t)dt| = [Bx (1/2) — By (0)]
0

1 - (2_2172]’)
== |-(1—2"")By — By | = — |Bar |

In the above calculation we used the identity4f and
Bx(1/2) = —(1—2"%)By (3.7)

(see[l, 23.1.21]). The above estimate, in combination wil®), proves the inequality
(3.2). Further, using the estimata.f), we get

(b—a)* , [((@+by/2-t } 2r—1) ‘
@) /[a,b][B”( b—a >_Bzr<2>]df ©
b-—a [°|_, (@+by/2-t 1
o [ [e (S2a) e (5)]

_ (b _ a)2r+l 1/2 i 1
=T /1/2 Pa ) — B (z)l it

(b_a)2r+l 1
~ @) /o

(=1 (Bx(t) = Bx(1/2) =0, 0<t=<1

1
BZr(t) - BZr (E)‘d“—

Because of

(see 7, Section 1.2]), on using3(7) we get

1 1
/ 1By (1) — By (1/2)] dt = / (By (1) — By (1/2)) dit
0 0
— 1By (1/2)] = (1— 257)|By .
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This, in combination withZ.3), proves the inequality3(2). Finally, we can apply the
estimate 8.4) to obtain

_ a)& _
b-2a / B;}<—(a+b)/2 t)olf@f”(t)‘
[a,b]

(2r)! b_a
_ 2r b B
8 [l (S22
B (b _ a)2r+1 1/2 . B (b B a)2r+1 1
_W/l/2|82r(t)|dtL—WL |BZr(t)|dtL,

which is, by @.4), the first inequality in8.3). Further, because of
(=)' (Bx(t) =Bx) >0, O0<t<l1

(see [/, Section 1.2]), we have

1 1
/ |BZr(t)_BZr|dt: / (BZr(t)_BZr)dt :|BZr|
0 0

and

1 1
/lBZr(t)ldt:/ |BZr(t)_BZr+BZr|dt
0 0
1
5/ By() — Byldt+ Byl = 2By, (38)
0

which proves the second inequality iB.§).

As corollaries to the preceding theorem let us state some particular results. Note
that B,(1/2) = —1/12, B,(1/2) = 7/240 and

(b—a)?
24

To(f) =0, Ty(f)=-— [f'(b)— f'@].

COROLLARY 3.2. Let f : [a,b] — R be a given function. Iff is L-Lipschitzian
on|a, b], then

b a2
/ f(t)dt—(b—a)f(a;b> L& 4a) L.

If f’is L-Lipschitzian ora, b], then

b N3
/ f(t)dt—(b—a)f(a;b> 5(b24a) L.
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PrOOF. Setr = 1 in (3.1) to obtain the first inequality. The second one follows
from (3.2 withr = 1.

ReMARK 2. The firstinequality established in the above corollary has been proved
by Dragomir in p] (see also the recent survey papé}),[ while the second extends
the first inequality in {.1) to a wider class of functions. Namely, if is such that
f” exists and is bounded, then the second inequality from Cordd&gpplies with
L=1f"cw-

CoOROLLARY 3.3. Let f : [a,b] — R be a given function. Iff’ is L-Lipschitzian
on|a, b], then

b a2
/ f(t)dt—(b—a)f(a;rb>—(b24a) [f'(b) — F'(@)]

(b—-ap? L
183

=

If f”is L-Lipschitzian ora, b], then

b —a)? —a)
/ f(tydt — (b —a)f (a;b>— © 24a) [f'() - f/(a)]‘ = (blgg) -

If f”is L-Lipschitzian ora, b], then

b a2
/ f(t)dt—(b—a)f(a;rb>—(b24a) [f'(b) — ()]

5
< ML
— 5760

PrROOF. We haveB,(t) = t> —t + 1/6 and by a simple calculation we get
folle(t)l dt = 1/9v/3. To prove the first assertion we apply the first inequality
in (3.3 withr = 1. The second inequality follows fron3.() with r = 2, while the
third follows from 3.2) withr = 2.

THEOREM3.4. Let f : [a, b] — R be such thatf ™% is a continuous function of
bounded variation ofia, b] for somen > 1. Assume the notation established(Byl)
and denote by/°(f "Y) the total variation off ™Y on[a, b]. f n=2r — 1,1 > 2,
then

b
/ ft)dt — (b—a)f (izb> +Tr1(f)|

(b—a** )
= w trgc?‘l)](l Bar_1(t)] V:( @ 2))

_ Z(b _ a)Zr—l
- (27.[)2r—1(1 _ 22—2r)

VE(F&=2y, (3.9

The first inequality holds far = 1 too.
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Ifn=2r,r > 1, then

b
/ ft)dt — (b—a)f (%) +Tr1(f)|

(b_a)zr —2r b, f@2r-1)
= =g 20 2B (T, (3.10)

Also, we have

_ 2r
f(t)dt o-af (E2) o] < O, vt @an
(2r)! a

ProOOF. If F : [a, b] — R is bounded oiia, b] and the Stieltjes integral

/ F@)df ™D (t)
[a,b]

exists, then

/ F)df™ o)
[a,b]

b (n—1)
< max|F () Vo (F779). (3.12)

Using the above estimate we get fop 1

b—a)*? b)/2 -1
o [, % () e

b—a)? i (a+by/2—-t
= ( ) By_1 (T@)

EpE——— b 2r-2)
= T2 — 1) en VE(FE2)
maX|Bzr 1O VE(F &2,

(b _ a)Zr 1
T (2r = 1) teia
By (2.2), this implies the first inequality in3(9). Also, forr > 2, using 8.5 and
(3.6) we get
2(2r — 1)!
(27.[)2r71(1 _ 22—2r) ’

max |By_1 ()| =
tefa,b]

which implies the second inequality i8.9). Further, using3.12 we get

(b — a)* . (@a+b/2-t\y . (1 @1 |
‘(Zr)! /[a,b][B”( b—a ) Bzr(Z)]df ®

(b —a)” . ((@a+by/2—t 1 )
G (?) — B <5>‘V§(f<2 v)
b—a)?
= ( (ZF?') te [ab] B (1) — BZr< ) Vab(f(2’*1))‘
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Now, the fact that
tFET?%IBzr () — By (1/2)| = |By — By (1/2)| = 2(1 — 27%)| By |

(see [, Section 1.2]) together witt2(3) imply (3.10. Finally, applying the estimate
(3.12, we get

(b —a)” . (@+by/2-t (2r—1)
(2r)! /[a,b]B”< b—a )df (t)‘

— a2 _

< (b a) m B;r (a+b)/2 t) V:(f(Zr—l))
(2r)!  telabl b—a

_ (b _ a)Zr

b (2r-1)
o max| By (O] Vo' (F577).

Using maxco.1 | B ()| = |Bx | and @.4) gives @.11).

CoOROLLARY 3.5. Let f : [a,b] — R be a given function. Iff has bounded
variation on[a, b], then

b _
/ ft)dt —(b—a)f (a;bﬂ < bzavab(f)-

If f’ has bounded variation ofa, b], then

b 2
/ ftydt— (b—a)f <a+b>‘ LRV

2 8

PrROOF. To prove the first assertion, apply the first inequality 3m9 with r = 1
and note that maxo 1 |Bi(t)| = maxcpo It —1/2] = 1/2. The second assertion
follows from (3.10 withr = 1.

RemMARK 3. The first inequality of Corolland.5 can be found in 3], while the
second extends the third inequality h 1) to a wider class of functions. Namely, ff
is such thatf” exists and belongs to the spakcga, b], then the second inequality
from Corollary3.5applies withV( f') replaced by f”|.

COROLLARY 3.6. Let f : [a,b] — R be a given function. Iff’ has bounded
variation on[a, b], then

b _3)2 —a)?
/ f(t)dt—(b—a)f(a;b>—(b2:‘) [f'(b)— @] S(bl_;)v;(f/).
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If f” has bounded variation ofa, b], then

b b b— 2 b 3
/ ft)dt—(b—a)f (a; )—( 2:‘) [f'(b)—f' @] _(72;‘3 ().
If f” has bounded variation ofa, b], then

a+b (b_a)2 , , (b_a)5 b "
/f(t)dt—(b a)f( )— 2 [f'(b)—f' @] gmva(f ).

PrOOF. The first inequality follows from&.11) withr = 1. To prove the second,
note that max o | Bs(t)| = max.y [t* — 3t?/2 4 t/2] = 1/12/3 and apply the
first inequality in 8.9) with r = 2. Finally, the third inequality follows from3.10)
withr = 2.

THEOREM3.7. Let f : [a, b] — R be such thatf ™ e L,[a, b] for somen > 1.
Assume the notation established(Byl). If n =2r — 1,r > 2, then

b
/ ft)dt — (b—a)f <a+b> +Tr1(f)|

(b _ a)Zr 1 21 2(b _ a)erl
= Wt 1ax X|Bar 1 (O] f = (Zn)zpl(l_ 227

The first inequality holds far = 1too. Ifn =2r,r > 1, then

2r—1
=215

_ a2
/f(t)dt—(b a)f( b)+Tr () _(b(Zr";), 2(1-277)1By [[| 21

Also, we have

2r
/f(t)dt—(b a1 (552) 70| < S im 1

ProOOF. Sincef®™ e L,[a, b], f ™Y has bounded variation da, b] and

b
VR(FD) =/ FOOdt= [ f™,.
a
Now apply Theoren3.4to obtain the inequalities stated in the theorem.

CoROLLARY 3.8. Let f : [a, b] — R be a given function. Iff’ € L4[a, b], then

/f(t)dt (b— a)f<a+b> _b-a

- 2
If f” e Ly[a,b], then

b
/f(t)dt—(b—a)f(a;bﬂ_(b G 7]

(RNF®
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ProOF. Apply Corollary3.5with the same argumentas in the proof of the preceding
theorem.

ReEMARK 4. The first inequality of the above corollary can be found3h fvhile
the second coincides with the third inequality inX).

COROLLARY 3.9. Let f : [a, b] — R be a given function. Iff” € L4[a, b], then

b b—a)? b—a)?
(b— a)f("’l+ )—( 2:‘) [fb)— @]l < a) 1.

If f/” € Lq[a, b], then

b b b— 2 b 3
[tws-o-ar(52) -5 [ro- @] < o

If £ e Ly[a, b], then

—9)2 __ )5
/f(t)dt—(b a)f<a+b>—(b D1ty @] < L2

24 384

ProOF. Apply Corollary3.6with the same argumentasin the proof of the preceding
theorem.

THEOREM 3.10. Let(p, q) be a pair of conjugate exponents, thatliss p, q < oo,
1/p+1/g=1orp=o0,q=1 Letf:[a b] - R besuchthatf™ e L,[a,b]
for somen > 1 and assume the notation established®y). Ifn=2r —1,r > 1,

then
—b-af (‘”b) ()

b — a)2-1+l/a 1 /9
<O ( [ 1B dt) 12l (313)
3/,

Ifn=2r,r > 1, then

b
/ ft)dt — (b—a)f (izb> +Tr1(f)|

(b . a)2r+1/q 1 1 q
=< T (/0 Bo (1) — Bx (E)
Also, we have
b
/ ftydt — (b—a)f (%) +Tr(f)l

b — g)2+L/a 1 1/q
< % ( /0 1By (D) dt) e (3.15)

1/q
dt) I, (3.14)
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PrOOF. By applying the Hblder inequality we have

_ ay2r—1 b -
(b—a) / B§r1<(a+b)/2 t) f(z’l)(t)dt‘

(2r — 1! b—a
_ )1 b _ q 1/q
O (] e (522 ) e,

2r—1 b_ a

b—a-+va s rl 1q
T (/ [Bz-a®F dt) @
o\,

Now apply the above estimate to the formutegj to get 3.13. We getthe inequalities
(3.14) and @.15 by a similar argument, usin@ (/) and @.8), respectively.

COROLLARY 3.11. Let f : [a, b] — R besuchthaf ™ e L[a, b]forsomen > 1
and assume the notation establisheddyl). If n=2r —1,r > 1, then

2r
/f(t)dt—(b a1 (357) T 1(f)‘ O 4a-22) Bal 2

Ifn=2r,r > 1, then

/f(t)dt—(b a)f b>+T (f) < ﬂ(l—zwns @
- (2r)! z oo

Also, we have

b
/ ft)dt — (b—af (ib> +Tr(f)‘

b—a 2r+1
%/ IBy ()] dt]| f ™ <

( _ )2r+l
(2r)!
ProOOF. Apply TheorenB.10with p = oo andq = 1, and use the same calculation

for [ [Ba_1(1)|dt, [)1Bx(t) — Bx(1/2)|dt and [, |Bx (1) dt as in the proof of
TheorenB.1

2
2By | [ 27|

COROLLARY 3.12. Assume the paifp, q) is as in Theoren3.10 Let f : [a, b] —
R be a given function. Iff" € L y[a, b], then

b b b — a)t+l/a
[ o (3] < S,

If f7 e Lpla,b], then

b a+b b—ava
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PrROOF. To obtain the first inequality, apph8(13 with r = 1 and note that
1 1
/O |By(t)|9dt = /0 [t —1/219dt = m.

To obtain the second inequality, appB.14 withr = 1 and note that

1 1
/ |Bz(t)—Bz(1/2)|th=/ [t? —t + 1/4/%dt
0 0

1
1

=2 t—1/2%dt= ——.

1/2( /%) 4929 + 1)

REMARK 5. For p = oo, q = 1, the inequalities established in Corolladyl2
become

b a2
/ f(t)dt—(b—a)f(a;b>|§ C 4a) 1]l

and

f//oo
> o2 I

3
Cb_af <a+b>‘_ (b —a)

This second inequality coincides with the first inequality dfl. The second in-
equality established in CorollaB/12coincides with the second inequality ih. ().

COROLLARY 3.13. Let f : [a, b] — R be a given function. If” € L[a, b], then

(b—a)®

b b—a)?
/ f(t) dt — (b— a)f("’l+ )—( 2:‘) [0~ @] | = 7l
If 7 € L[a, b], then
b b b— 2 __n)4
/ f(tydt—(b—a)f (a; )—( 2:‘) ['(b)— F'@]| < (192) 1" eo.

If £ € Ly[a, b, then

a+b (b_a)2 , , 7(b_a)5 "
/f(t)dt—(b a)f< )— = [f(b)—f(a)]|san ™

ProOOF. The result follows from Corollang.11by an argument analogous to that
used to obtain Corollarg.3from TheorenS.1
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COROLLARY 3.14. Let f : [a, b] — R be such thatf ™ e L,[a, b] for somen > 1
and assume the notation establisheddyl). If n=2r —1,r > 1, then

b
/ ftydt — (b—a)f <a+b> +Tr1(f)‘

_a\2r-1/2 |B4r72| v f(2r—1)
<(b-a a—2) | l2- (3.16)

Ifn=2r,r > 1, then

b
/ ft)dt — (b —a)f (%b>+T

' By | (1_21—2r)282r 1/2 !
< (b—a)? “/2<(4;‘), e Z ), (3.17)

Also, we have

b
/ ft)dt — (b—a)f (%) +Tr(f)l

< b—ap (B (3.18)
= (4r)! z '

ProOF. The Bernoulli polynomials satisfy the relations

1
/ B,(t)dt =0, n=>1
0

and

Buym:» N,M>1

1 m!
Bn —(—1 n_1 M
/0 (1)Bn () dt = (-1) )

(see[, 23.1.11, 23.1.12]). Therefore we have

n!? n!?
(2n)! BZn (2 )' | 2n| (319)

1
/ BZ(t)dt = (1" *
0
and
1
/ 1By (1) — By (1/2)[2dt
0

1 1
- / By (t)2dt — 2B, (1/2) / By (1) dt + B2 (1/2)
0

(2)2 ( )2 1—2r
(4),|B4r|+8(1/2) @Bl + -2 )?B3. (3.20)
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Apply Theorem3.10with p = g = 2. Using 8.19 with n = 2r — 1 and .13,
we get 3.16). Similarly, using 8.20 and (3.14), we get 8.17), while (3.18 follows
from (3.195 and B.19 withn = 2r.

COROLLARY 3.15.If f’ € L,[a, b], then

g b\| _ (b—a)¥?
/f(t)dt—(b—a)f(a; )l %Hf”z

If f” e L,[a,b], then

b __n0)\5/2
/f(t)dt—(b—a)f<a;b>|§(b8jg) (RE(PS

ProOF. Apply (3.1 withr = 1 and B.17) withr = 1, respectively.

COROLLARY 3.16.If f” € L,[a, b], then

a+b (b_a)z ) ) (b a)5/2
/f(t)dt—(b a)f( >_ 2 1O @] <2 1l

If £ e L,[a,b], then

a+b\ (b—a)? (b—a)’?
f(t)dt—(b—a)f — f'(b)— f’ f”
/ (t) (b—a) ( ) a [f'(b) @]|= 127210 712

If £ e L,[a,b], then

b a2
/ f(t)dt—(b—a)f(a;b)—(bzf) [f'() - f'(@)]

(b a)%/?
- 5760

PrOOF. Apply (3.18 with r = 1, (3.16 withr = 2 and .17 with r = 2,
respectively.

|| f s ||

4. Error estimates for some quadrature formulae
Let us divide the intervdla, b] into v subintervals of equal length= (b — a)/v.

Under appropriate assumptions én: [a, b] — R, we consider the repeated Euler
midpoint formula

b
/ FOdt = S(F) — 51, )+ pu(), a.1)
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where
! h
S(f):==h) f <a+(2i _1)E> (4.2)
i=1
and
(v, f) 1= Xm: —2k|32k <}> [f® D) — f*P@)] (4.3)
£ (2k)! 2

with the convention that,(v, f) = 0.
Since

v

Z [f*P@+ih) — f* D@+ —Dh)] = F*Pb) - F* V),

i=1

the remaindep, (f) can be written in the form

po(F) =) pu(F3i), (4.4)

i=1
where, fori =1,...,v,

a+ih h
pu(f;i)=/ f(t)dt—hf<a+(2i—1)5>

+(i—Dh
r—1 h2k

+Z(2k)' 2k<2> [f®*P@+ih) — f*P@+ (- 1h)].

We shall apply the results from the preceding section to obtain sotinesgss for the
remainderp, ().

THEOREM4.1. Let f : [a, b] — R be such thatf ™V is anL-Lipschitzian function
on|[a, b] forsomen > 1. Thenfom=2r — 1,r > 1, we have

2r
(2 )!

while forn = 2r,r > 1, we have

lou(F)l = 41—-27%) Byl L,

2r+1
(2r)!
PrOOF. Using 3.1) we getfori = 1,..., v that

(1-2"%) Byl L.

oo ()l <

2r

(Zr)v4(1—2*2f)||32r| L.

[p,(f;1)] <
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By the triangle inequality, we get fromd (4) that

v

v ) h
oo (DI <) lpu(Fi)l < me 27%) Byl L
i=1

2r

(2r)'4(1 277) Byl L,

which proves the first assertion. Further, usi@d), we get the estimate
2r+1
(2r)!

which holds fori = 1, ..., v. Using @.4) and the triangle inequality, we prove the
second assertion in the same way as we did the first one.

loo(f3D)] < (1-2"7)|BylL

THEOREM4.2. Let f : [a, b] — R be such thatf ™% is a continuous function of
bounded variation ofia, b] for somen > 1. Thenforn =2r — 1,r > 2, we have

2r—1
|Pu(f)| < — max|B2r 1(t)|V (f(2r 2))
2r —D!te
2h2r 1
= - 2—2r ab( f (2r72))
(Zn)Zr 1(1_ 2 )

and the first inequality holds far = 1 too. Also, fom = 2r,r > 1, we have

2r
(2r)!
ProOOF. Applying (3.9), we getfori =1,..., v that

oo ()l =

(1—272) By | V(F&D).

2r—1
lou(F;D)] < m aX|Bzr 1(t)|Van:r(',h 1)h(f(2’*2))
2h2r 1

a+ih

— (27.[)2r 1(1 22— 2r) at+(i— l)h(

f (2I'72)).

From @.4), we have by the triangle inequality that

2r—1

h ih 2r—2)
o, ()] <Z|pu(f DI = Gy max|Ba- 1(t)IZl:Vaa++<. on(F&72)
2r—1

S E— By _4 (1 V f@&-2
(2r—l)'t[X|21()| ( )

< 2h2r ! b( f (2r—2))
- (27.[)2r71(1 _ 22—2r) a ’




[19] On Euler midpoint formulae 435

which proves the first assertion. To prove the second, we 214€) (to obtain the
estimate

2r

lp, ()] <

-2 ih (2r—1)
(2r)!(1_2 ) 1B | VE i pn (F7)

fori =1,...,v. From (4.4) we get

(D < o (F5)] <

(2 )' 2r) |BZr| Z Vaa:(llh ]_)h( f (2r— 1))
i=1 i=1
2h2r
= S -2 M) Bl V()

which proves the second assertion.

COROLLARY 4.3. Let f : [a, b] — R be such thatf ™ e L,[a, b], for somen > 1.
Thenforn=2r — 1,r > 2, we have

2r—1

lon(P)] < —— aXlBZr 1O
(2r — 1)! tel0

2h2r 1
<
- (Zn)Zr—l(l _ 22—2r)

and the first inequality holds far = 1 too. Also, fom = 2r,r > 1, we have

2r—1
(R P

2r

lou(D)] = (1= 27)[By I 1.

(@)
ProOOF. Note thatf ™V has bounded variation da, b],
b
VoY) = / FOm1dt = [1f s,
a
and then apply Theorem?2to obtain the inequalities stated in the corollary.

THEOREM4.4. Let(p, q) be a pair of conjugate exponents, thatlisx p, q < oo,
1/p+1/g=1orp=o0,q=1 Letf :[a b] - R besuchthatf™ e L,[a,b]
for somen > 1. Thenfomn =2r — 1,r > 1, we have

phZ —1+1/a 1 1/q
low -7 (/ |Bar 1 (D] dt) (RS
0

(D= =
1
BZr (t) - BZr (E)

while forn = 2r,r > 1, we have

(b < S
py(D)| = 23] (/0

q 1/q
dt) I,
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ProOF. Fori =1, ..., v consider the function
gt)=f"1), tela+(—Dha+ih]

Obviously we haveigi|l, < || f ™|, where the nornig ||, is taken over the interval
[a+ (i —Dh, a+ih], while the norm| f ||, is taken over the intervah, b]. Using
the above inequality, we get for=1, ..., v that

h2 —1+1/9 1 1/q
oo (£ < —— (/ |Bzr (1) dt) IGillp
0

(2r —1)!
hz-1+1/q 1 1
CET (/o 'B”l(t)'th) oy,

using @.13 inthe casen = 2r — 1, and

2r+1/q 1 1/q
. q
(il = T (/O 1By (t) — By (1/2)] dt) YR
hZ+1/d 1 . 1/q o
<5 (/0 1By (t) — By (1/2)] dt) e,

using @3.14) in the casen = 2r. The rest of the argument is the same as for the
preceding theorems.

COROLLARY 4.5. Let f : [a, b] — R be such thatf ™ e L[a, b] for somen > 1.
Thenforn=2r — 1,r > 1, we have

2r

V
oy ()] < (2r)'4(1_ 27 By [l £ 27V,
while forn = 2r,r > 1, we have
2r+1
oy ()] < 23] (1= 2By || F 27l .

PrOOF. Apply Theoremd.4with p = co.

COROLLARY 4.6. Let f : [a, b] — R be such thatf ™ e L,[a, b] for somen > 1.
Thenforn=2r — 1,r > 1, we have

1/2
f hZ-1/2 | B4r72| ! f@-1
lou ()l < v a—21) 1177

while forn=2r — 1,r > 1, we have

|By | (1-— 2172r)282 1/2
|pu(f)| =< Uh2r+l/2 <(4:;' + (Zr)yz = ” f(2l’)||2'
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PrOOF. Apply Theoremd.4with p = 2.
Instead of the repeated Euler midpoint formulal(, under appropriate assumptions

on f : [a, b] — R, we can consider the repeated modified Euler midpoint formula

b
/f(t)dt=a<f>—rr<f>+au<f>,

wherev andh = (b—a)/v are as before§, (f) is given by é.2), andz, (f) is defined
by (4.3). In this case, the remainder( f) can be written in the form

o, (f) =) a,(f;i), (4.5)

where, fori =1,..., v,

a+ih h
au(f;i)=/ f(t)dt — hf (a—l—(Zi—l)E)

+(@i-Dh
" h%
+ Z 1 <2> FEP@+in — 1% 0@+ 0 - Dh)].

Here we give the estimates for the remainggrf ), using the same argument as that
used forp, (). We omit the detalils.

THEOREM4.7. Let f : [a, b] — R be suchthaf @b isanL-Lipschitzian function
on|a, b], for soma > 1. Then

2r+1
2!
PrROOF. As in Theorem?.1, using @.3) and @.5).

2r+1

jou ()] <

Vv
/ |Bx (D] dtL < 2[Bx|L

(2r)!

THEOREM4.8. Let f : [a, b] — R be such thatf @~? is a continuous function of
bounded variation ofia, b], for some > 1. Then

2r
(2r)!
PrROOF. As in Theoremt.2, using 3.11) and @.5).

low(F)l < |Bar | V(&)

COROLLARY 4.9. Let f : [a, b] — R be suchthatf @ e L,[a, b], for soma > 1.
Thenlo, ()| < (h* /(2r))| By ||| 7 |l.
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ProOOF. Note thatf @~V has bounded variation da, b],

b
V(@) = / | FE @1 dt = || fs,
a
and then apply Theoremh8.

THEOREM4.10. Lef(p, ) be a pair of conjugate exponents, thatliss p, q < oo,
1/p+1/g=1or p=oo,q=1 Letf :[a b] > Rbe suchthatf ® e L,[a,b],
for somea > 1. Then

vh2+1/d 1 1/q
o, (F)| < T (/ | By (1) dt) I p.
. 0

PrROOF. As in Theoremt.4, using 3.15 and @.5).

COROLLARY 4.11. Let f : [a,b] — R be such thatf ® e L. [a, b], for some
r > 1. Then

Uh2r+l 2r+1

(2r)!

low ()] < 2/Bor 1| Tl

1 @ v
Br e 00 =
/0 | B ()] dt]] loo < 2r)!

PrOOF. Apply Theorem4.10with p = oo and use §.9).

COROLLARY 4.12. Let f : [a,b] — R be such thatf @ e L,[a, b], for some
r > 1. Thenjo, ()| < vh?+Y2(| By | /(4r)HY2| £

PrOOF. Apply Theorem4.10with p = 2.
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