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ROBUST H., STABILISATION WITH DEFINITE ATTENUANCE OF
AN UNCERTAIN IMPULSIVE SWITCHED SYSTEM
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Abstract

In this paper, we study the problem of robu$t, stabilisation with definite attenuance

for a class of impulsive switched systems with time-varying uncertainty. A norm-bounded
uncertainty is assumed to appear in all the matrices of the state model. An LMI-based
method for robusH,, stabilisation with definite attenuance via a state feedback control
law is developed. A simulation example is presented to demonstrate the effectiveness of
the proposed method.

1. Introduction

RobustH,, stability and control problems of dynamic systems have attracted consid-
erable attention for several decades. The main focus has beklg, gmmoblems for
linear systemsJ0, 2], nonlinear systems9], and systems without delay as well as
with delays p, 10, 2, 9] and so on. In recent years, interest has been extended to the
robustH,, stability problem of impulsive dynamic systems.

Some typical examples of impulsive systems can be fountilijn One such system
is used to model the population of a certain kind of insect via introducing its natural
enemies at certain time instances. Another system models control of the reaction
process of a chemical reactor by adding chemicals at certain time instancé$, In [
it is pointed out that the dynamical behaviour of the total stock value of a particular
investor can be described by an impulsive system. Some other examples can be foun
in[3]and [6]. In [3] and [4], various issues concerning the stability and robust stability
of impulsive dynamic systems are studied using Lyapunov functions. In particular, the
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impulsive switched system with norm-bounded time-varying uncertainty has attracted
much attention.

In this paper, we consider the robust, control problem with definite attenuance
of a class of uncertain impulsive switched systems. The problem is to design a
feedback control law such that the closed loop impulsive system is asymptotically
stable and robustly stable with definite attenuance tdpdperformance. Using the
LMI approach, we derive a set of sufficient conditions for ensuring the existence of
such a feedback control law. This feedback control law can then be obtained by
solving a set of linear matrix inequalities.

The rest of the paper is organised as follows. In SecHp@a general class of
uncertain impulsive switched systems with time-varying uncertainty is presented and
some useful definitions are given. In Secti&irsome sufficient conditions for robust
H., stability with definite attenuance for the impulsive switched system are derived.
A constructive method for constructing the corresponding feedback control law is
then given. In Sectiod, a numerical example is presented to illustrate how such a
feedback control law is constructed. Finally, Secttoroncludes the paper.

2. Problem statement

Consider the following class of uncertain impulsive switched systems:

X(t) = (A, + AA, (D))X(H) + BeMwt) + Cu(t), t#t,
AX(t) = I (t, X) = DXx(1), t =1, (2.1)
x(t) =0, t=t,=0.

Herex € R"is the statey € R™ is the control input andv € RP is an uncertainty.

Also A, € R™", B, € R™P,C;, € R™™andDy € R™" are constant real matrices,

is a positive constank = 1,2, ...,i, € {1, 2, ..., s} ands is a positive integer. For
eachiy € {1,2,...,s}, AA, (- is an unknown real norm-bounded matrix function
representing the time-varying parameter uncertainty. An admissible uncertainty is
assumed to be of the form

AA (1) = F &, (OH,, (2.2)

where F, and H;, are known real constant matrices aBg(t), ix € {1,2,..., s},
are unknown real time-varying matrices satisfyihg; (t)|| < 1. Here Ax(t) =
X(t) — X (4, X(t) = X(t) = limp_oy X(t — ), X(7) = limy_ o, X(t + h), tx is an
impulsive switched pointk = 1,2,...,andty <t; <t <--- <ty < -+ (tx > o0
ask — o0).
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Define the variablé (t) = e*'x(t) as the state variable of the impulsive switched
system 2.1) andz(t) = E; &(t), E;, € R?™", the control output. Lefi(t) = e*uf(t).
Then systemZ.1) can be written as:

E) = (A + A, + AA, 1))ED + Byw(®) + C0(1), t # t,
AE(t) = Ik(t, ) = D&(1), t =t
2(t) = E,£(1),

E(t) =0, t=t,=0,

(2.3)

whereé € R" is the statefi € R™ is the control inputw € RP is the uncertainty
andz € R%is the control output. Other parameters are the same as those defined for
system 2.1).

DEFINITION 1. The uncertain impulsive switched systetn]j is said to be robustly
stable if the trivial solutiorx(t, to, Xo) = O of the functional differential equatiof (1)
with u(t) = 0 is asymptotically stable with respect to all admissible uncertainties.

DEFINITION 2. The uncertain impulsive switched systenl] is said to be robustly
stabilisable if there exists a linear state feedback controluéw = T, x(t) with
I, € R™" such that the resulting closed loop system is robustly stable in the sense
of Definition 1.

DEFINITION 3. For given scalarg > 0 andi > 0, the uncertain impulsive switched
system 2.1) is said to be robustlyH,, stable with definite attenuance under any
given switching law if the uncertain impulsive system Hdg performance, that
is, Izl < yllw®)]|. is satisfied, and the trivial solutiof(t, ty, Xo) = O of the
functional differential equation2(3) with u(t) = 0 is asymptotically stable with
respect to all admissible uncertainties.

DEFINITION 4. For given scalarg > 0 andi > 0, the uncertain impulsive switched
system2.1) is said to be robustli,, stabilisable with definite attenuance if there exists
a state feedback control law such that for any admissible uncertainty, the following
conditions are satisfied under any given switching law:

() Robust stability: The resulting closed-loop system of the impulsive switched
system R.3) is asymptotically stable;

(i) H. performance: When a positive constanis given as the objective perfor-
mance,|z() . < yllw®) ..

In this paper, we shall derive a set of sufficient conditions to guarantee rblust
stabilisation with definite attenuance for a class of uncertain impulsive switched
systems. More specifically, for given scalars> 0 andA > 0, our objective is



474 Honglei Xu, Xinzhi Liu and Kok Lay Teo [4]

to obtain sufficient conditions to ensure robust stability with definite attenuance and,
at the same time, achiew¢,, performance. Furthermore, they can be used to find a
stabilising state feedback control lamMt) = I'; x(t) such that the resulting closed loop
impulsive system is robustlif,, stable with definite attenuance. This state feedback
control law can be obtained via solving a set of linear matrix inequalities.

3. Main results

First, we give several lemmas which are needed for the proofs of our main theorems.
LEMMA 3.1 ([8]). LetG € RP*9 be a matrix such that'™G < |. Then
2XTGy < x"x+y'y (3.1)
forall x € RPandy € RY. Inthe caseG = |, (3.1) reduces t@x'y < x'x + y'y.

LEMMA 3.2. Let P € R™" be a positive definite matrix an@ € R™" a symmetric
matrix. Then

Amin(PTTQ)X(1)TPX(t) < X(1) T QX(t) < Amax(PTTQ)X(t)T PX(t)
forall x(t) € R".

LEmmA 3.3 ([B]). Let A, F, E and H be real matrices of appropriate dimensions
with |E|| < 1. Then for any scalars > 0,

FEH+HTETFT <¢'FFT 4 ¢H™H.
To proceed further, we assume that the following condition is satisfied:

ASSUMPTION3.4. w(t)|| < L|IE®)].
We now present our main results on robidst stabilisation with definite attenuance.
THEOREM3.5. Let B¢ be the largest eigenvalue of the matrix

P (1 + DOTP, (I + Dy.

Suppose that Assumpti@¥ is satisfied. Then, for any given switching law, system
(2.1 is robustlyH,, stable with definite attenuance if there exists a symmetric positive
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definite matrixP, , positive scalars/, ¢, A and0 < B« < 1, k € N, such that the

following linear matrix inequalities are satisfied

S()"v Piks 8) 871/2PikFik Pik Bik LI ]
e V2FTP, —1
Bi-[ P =1
LI —1

S()"a Pik78) 8_1/2F)ik|:ik J/_lFJik Bik EI-[_
e W2FTR, I
yIBIR, -

E

<0 and (3.2)

<0, (3.3)

ik -
where

S(h, Py &) = A + ADP, + P,(LI + A +eH[ H,. (3.4)

PROOF. Fort € (t, t, 11, define the following Lyapunov function for syste §)
with u(t) = 0:
V() =ET(DREW), (3.5)

whereP, is a positive definite symmetric matrix. Taking the time derivativ&/¢f)
along the solution of4.3) with u(t) = 0, and then making use 02.@), we obtain

V() =T OPED +ETMOPED
=[ATM) +ETOA, +AA)T +w (HB]P&(1)
+ETMOPAED + (A, + AADER) + B w(t)]
=T O +ADP +P.OI+A)+HE, (PR F)"+PR,F,E,H, 1)
+w'ME ORBYT+ TP, B w). (3.6)
By Lemma3.3 we have, for any > 0,

HI g, (P,F)T + P, F, EH, < (1/e)P,F,F'P, +&eH H, (3.7)

ik Ik
and, for anyy > 0,

w'®OE OP,B)T +EO P, B w(t)
<y %6T(HP, B, By PEM) + yPw  Hw(t). (3.8)

Tk

Applying (3.7) and @.8) with y = 1 to (3.6), and using AssumptioB.4, it follows
that

V(t) < ETOIR + ADP, + P, + A + &7 R, R FT P, + e HT Hy 16 (D)
+ET (PR, BB PEMD) +w  Hw(t)

Tk

<ETMISK, P, &) + ¢ 'R F,F P, + P,B,BI P, + L2 ]5(1), (3.9)

Tk Tk
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whereS(i, P, , ¢) is defined by 8.4).
To ensure that

V() <0 forte (te g, tl, (3.10)
we choose > 0 such that

S(h, Pika €)+ 5_1Pik Fik F|-kr Pik + PikBik B|-Ik— Pik + Ll <O. (311)
Let us now look at the functio¥ (t), defined by 8.5), at the switching point. Then
we have

V() = £TEHPEC) = Tt + DT R(I + Doé(t,)
=&"(t)P,LIP (I + DOTR (I + DolE,)

k-1

< BNV ) < V(). (3.12)

wheregy, 0 < B¢ < 1, is the maximum eigenvalue é‘fk‘j(l + D)TP, (I + Dy).
Combining 8.10 and @.12), it follows that systemZ.3) with u = 0 is asymptoti-
cally stable.
It remains to show that the uncertain impulsive systemtasperformance. For
this, it follows from 3.6)—(3.8) that

V() < ETOIR + ADP, + P, + A + P F,FTP,
+eH H &) + y % ()P, BBl PLEM) + 2w (Dw(t)
=&"(O[S, P, &) +¢ P, FR.F P, +y °P,B,Bl P, + ElE,JE(1)

Tk Tk

—ETMELEE® + 2w (Ow(b).

Now, by imposing

S, P, &) + g*lpikFikFij P, +y %P,B, Bi{ P, + Ei{ E, <O, (3.13)
we obtainV (t) < —[|Ei & ()12 + y2lw®) |2 = —1z®) |12 + y2lw(t)||> and hence
Iz 12 < =V ) + y?lw®)]> (3.14)

Integrating both sides of3(14), we have

f||z<t>||2dt<—/ V(t)dt+y2/ lw®I2dt, T e (ot (3.15)
0 0 0
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From 3.5) we see tha¥/ (0) = 0 andV () > 0. Since 0< B¢ < 1, it follows that

T t t2 tk T
/V(t)dt:/ V(t)dt+/ V(t)dt+---+/ V(t)dt+/ V (t) dt
0 0 ty

tk—1 t

=V(t) - V(O + V() = V() +--- + V() — V()
+ V(1) = V()

k
> (1= BIV(t) + V() >0, (3.16)

i=1

Combining 8.15 and @.16), we have

lz)1? =/ Izt dt < J/Z/ o @I dt = y2w(®)]?.
0 0

Thus theH,, performance is satisfied. Therefore systérri)(is robustly H,, stable
with definite attenuance.

Finally, using the Schur complementary theoreth f[he inequalities §.11) and
(3.13 are equivalent to those 08.2)—(3.3). This completes the proof.

In the case when there is no uncertainty in systém) (or system 2.3)), that is,
AA, =0, we have the following result.

COROLLARY 3.6. Consider systenf2.1) (or (2.3)) with F, = 0, H, = 0. As-
sume that Assumptiodi4 is satisfied. Lepy be the largest eigenvalue tﬁf:(l +
Dy)" P, (I + Dy). Then the uncertain impulsive switched sys(&r) is robustlyH,,
stable with definite attenuance if there exists a symmetric positive definite rRatrix
positive scalarg’, A and0 < B < 1, andk € N such that the following linear matrix
inequalities are satisfied

(A +ADP, + PG +A) PB, LIT
BT P, —1 <0 and (3.17)

LI -1

(Al +ADP + P +A) yPB, E]
y1BTP, 0 <0 (3.18)

Eik _I_

THEOREM3.7. Let B¢ be the largest eigenvalue of the matF?-pk?j(l + DR, (I +
Dy). For any given switching law, consider the uncertain impulsive switched sys-
tem(2.1) and assume that AssumptiBntis satisfied. Then systef®.1) is robustly
H,, stable with definite attenuance if there exists a positive definite symmetric matrix
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P.., positive scalary/, ¢, A and0 < B¢ < 1, andk € N such that the following linear
matrix inequalities are satisfied

S\, P.,e) e Y2PF, P, LI
g—l/ZPiFJPik -1 26,7 BT <0 and (3.19)

LI -1

S, P, &) & 2P,F, P, Er ]
TER U ey |0 62

Ei, =1

whereS(x, P, &) = (A1 + AP, + B, (Al + A)) +¢H H; . Moreover, the feedback
controllaw is given byu(t) = —CiI P, x (1), whichis arobusH,, stabilising controller.

PrROOF. For the given control law
ut) = I x(), (3.22)

wherel';, = —CiI P,.. ThenG; (t) = I’ £(t). Define, fort € (i, t.1], the following
Lyapunov function for 2.3): V(t) = £7(t)P, &(t), whereP, is a positive definite
symmetric matrix. Taking the time derivative ¥f(t) along the solution ofZ.3) with
u(t) given by .21, we obtain

V() =ET(MPRED) +&ET(MDPE®)
=[ETM) +ETOA, + AAYT +w (OB +a OCTIRE(1)
+ETOPAEM) + (A, + AADE®M) + B, w(t) + C, G(1)]
=&"(MOI! + ADP, + P, (Al + A) + H! & (P F)T + P, F, B, H, &)
+uw'OE OPBYT + £ OP,Bwt) — 26T (1)R,C, CIPE®M).

Then it follows that

V() <ETOICI + ADPR, + P+ A) + ¢ 'R FFTR, +eHH, JE®)
+&T()(P, B, B P, — 2P,C,C} P& + w' (Hw(t)

(3 Tk
S ET(t)[S()‘" Piks 8) + gilpikFik F'T Pik + Pik(Bik BI - chkC;[)Plk + L2I ]S(t),

whereS(x, P,, ¢) is defined by 8.4).
Now, using an argument similar to that given f8t11), we choose > 0 such that

S, P,, &)+ ¢ P, F,FTP, + P,B,BTP, —2P,C,CTP, + L% <0. (3.22)

Tk Tk Tk
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Furthermore, using an argument similar to that given 30t g, we impose that

ik Piy Tk iy

Sk, P, &)+¢'P, F,kFIIP +y~2P,B,B'P,—2P,C,C'P —|—EiTkEik<O. (3.23)

Hence, using the Schur complementary theorem, the inequabt2d-(3.23 can be
written equivalently as3.19—(3.20).

4. A numerical example

Consider the uncertain impulsive switched system given by

X(t) = (A + AAL(D))X(1) + BieMw(t) + Cou(t), t #t,

AX(1) = Ix(t, X) = Dyx(1), t =1, 4.1)
Z(t) = E.eMx(t),

x(t) =0, t=t,=0,

X(t) = (A + AA(D))X(L) + BoeMw(t) + Cou(t), t = 1y,

AX(t) = |k(t, X) = DkX(t), t= tk, (42)
zZ(t) = EeMx(t),

X(t) =0, t=t,=0

with A, = [008 9?] B = [os o.ls]v C, = [015 015]’ E. = [32]1 Ay = [0059?],
B,=[%1].Co=[14] E2=[49] D« = —0.5 andAA, (1) is the uncertainty
matrix satisfying||A A, (t)|| < 0.2. Then this system is in the form of systeth1

(or (2.3)) with
02 O 10
Fik = |: 0 02:| and Hik = |:0 1:| .

Choosey = ¢ = L = » = 1. Then, by solving the corresponding versions
of (3.19 and @.20, we obtain, under any given switching law, positive definite
symmetric matrices:

_ [2.6756 Q7351 4 p,_ [26887 02045
17 10.7351 00941 27 10.2045 00823

such that the conditions of Theorén” are satisfied. Hence the required state feedback
control law is:u(t) = I x(t), where

o _[-30432 —07822] _ . . _[-28932 -0.2868
171220729 —0.4617 27 1-29954 —0.3979|"
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FIGURE 1. Behaviour of the state(t) whenZ4(t) = E,(t) = sin(2r x 10t) = | andw(t) = 0.
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FIGURE 2. Phase portrait of the uncertain impulsive switched system \Ehén = E,(t) = sin(2r *
10t) % | andw(t) = 0.
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FIGURE 3. Behaviour of the statg(t) whenE1(t) = E,(t) = sin(27 * 10t) * | andw(t) = 0.
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FIGURE 4. Behaviour of the state(t) with feedback control lawi(t) = I'j x(t) when Eq(t) = E,(t) =

sin(2z * 10t) = | andw(t) = 0.
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FIGURE 5. Phase portrait of the uncertain impulsive switched system with feedback contnoftiaw
[ X(t) whenZ4(t) = Ex(t) = sin(2r « 10t) * | andw(t) = 0.
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FIGURE 6. Behaviour of the statg(t) with feedback control lawi(t) = I'j, X(t) whenE1(t) = Ex(t) =
sin(2z * 10t) = | andw(t) = 0.
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This state feedback control law asymptotically stabilises the impulsive switched sys-
tem with norm-bounded time-varying uncertainty. Furthermore, it also guarantees
robust stability with definite attenuance and s performance.

Assume that the switching law alternates the state of sysPeBpl{etween 4.1)
and @.2). The numerical simulations are depicted in Figures These figures show
that the impulsive switched system with time-varying uncertainty is robustly stable.
Furthermore, under the feedback control law obtained, the corresponding closed loog
system is not only robustly stable with definite attenuahce 1 but also hadH,,
performance.

5. Conclusion

We have derived a set of readily computable conditions in terms of linear matrix
inequalities for a class of impulsive switched systems with time-varying uncertainty.
Based on a positive definite solution of linear matrix inequalities, we can construct a
robustH,, state feedback control law, which guarantees robust stability with definite
attenuance and gives rise to robtist performance for the class of impulsive switched
systems with norm-bounded time-varying uncertainty. An illustrative example was
solved so as to demonstrate the effectiveness of the proposed approach.
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