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GENERALIZATIONS OF A WEIGHTED TRAPEZOIDAL
INEQUALITY FOR MONOTONIC FUNCTIONS
AND APPLICATIONS
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Abstract

In this paper we establish some generalizations of a weighted trapezoidal inequality for
monotonic functions and give several applications for the r-moments, the expectation of a
continuous random variable and the Beta and Gamma functions.
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1. Introduction

The trapezoidal inequality states that if f” exists and is bounded on (a, b), then

(b—a)

" rwyds - P20 + po| < E22 (1.1)
/Efx X 5 fla)+ f < B .

I

|oo’

where [ " loo 1= SUP,u ) | f/(X)] < 00,

Now if we assume that [, : a = xp < x; < --- < X, = b is a partition of the
interval [a, b] and f is as above, then we can approximate the integral [ b f(x)dx
by the trapezoidal quadrature rule Ar(f, 1,), having an error denoted by Ry (f, 1,,),
where

n—1

1
Ar(fid) =5 ) Lf ) + [ (isnlh,

i=0
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and the remainder Ry ( f, I,) satisfies the estimation

n—1

3

00 Zli ’
i=0

1 4
Rr (£ 1] = 5 ||

with[; ;= x;,; —x; fori =0,1,...,n— 1.

For some recent results which generalize, improve and extend this classic inequal-
ity (1.1), see the papers [2, 3, 4, 5, 6, 7, 8].

Recently, Cerone and Dragomir [3] proved the following two trapezoidal-type
inequalities for monotonic functions:

THEOREM A. Let f : [a, b] — R be a monotonic nondecreasing function on [a, b],
then

b
/ F@ydi —[(x —a)f @) + (b — x)f(b)]’

b
<(b—x)fB) - (x—a)f @ + / sen(x — 1) £ (1) dt
< (=) = @]+ b =L B) = F()]
1 b
< [5<b—a>+ x— %H[f(b)—f(a)], (12)

forall x € [a, b]. The above inequalities are sharp.

Letl,,l; (i =0,1,...,n—1)beasaboveandlet; € [x;, x;;1] (i =0,1,...,n—1)
be intermediate points. Define the generalized trapezoidal quadrature rule by

n—1

Tp (f 1, §) o= ) [ — x) f(6) + (it — &) fxig)].

i=0
We have the following result for the approximation of fab f(x)dx in terms of Tp.

THEOREM B. Let f be defined as in Theorem A, then we have

b
f f(x)dxzTP(faIms)—}_RP(faIn’S)‘

The remainder term Rp(f, 1, &) satisfies the inequalities

n—l1 Xigl

n—1
IRp(f L ) = > [ —8) f (i) — E—x) f )]+ / sgn(& —1) f (1) dt
i=0 i=0 v
n—1 n—1
= Z G —x)lfGE)— fxD]+ Z (Xip1 — &) [f (xig) — f(ED]

i=0 i=0
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n—1
1 Xi + Xiq
= =l i —
< ; [2 + 's 5

Xi + Xiq1

..... s B :|[f(b)—f(a)]
< DIfB) — f@), (1.3)

where v(l) ;== max {l;|i =0,1, ..., n—1}

] [fGxip) — f(x)]

In this paper we establish weighted generalizations of Theorems A and B and
give several applications for the r-moments, the expectation of a continuous random
variable and the Beta and Gamma functions.

2. Some integral inequalities

The following result shows a generalization of the weighted trapezoidal inequality.

THEOREM 1. Let g : [a,b] — R be nonnegative and continuous with g(t) > 0
on (a,b) andlet h : [a, b] — R be differentiable such that h'(t) = g(t) on [a, b].

(@) If f :la,b] = R is a monotonic nondecreasing function on [a, b), then

b
f f)g)dt — [(x — h(a)) f(a) + (h(D) —X)f(b)]'

b
= (hD) =x) f(b) = (x = h(a)) f (a) +f sgn (h™'(x) — 1) f(Dg () dt
< (= h@) [f(h7'@) = f @]+ () —x) [f(b) — f(h' ()]

1 [ h h(b
< [5/ g(l)dt+'x—wu[f(b)—f(a)] 2.1)

forall x € [h(a), h(b)].

() If f : [a, b] — R is a monotonic nonincreasing function on [a, b], then

b
/ f)g)dt — [(x — h(a)) f(a) + (h(D) —X)f(b)]'

b
< (x —h(a)) f(a) — (h(b) —x) f (b) +/ sgn (t —h™'(x)) f(Dg () dr

< o —h@) [f@ — f (17 )] + Gy =0 [f (17 0) = FB)]
1 [t h h(b
< [5/ ¢(t) di + 'x - WH Lf (@) — fB)] 22)

forall x € [h(a), h(b)].

The above inequalities are sharp.
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PROOF. (a) Let x € [h(a), h(b)]. Using the integration by parts formula for the
Riemann-Stieltjes integral, we have the following identity:

b b b
/ (x = () df (1) = (x — h©O) )| + / F)g() di

b
=/f(t)g(t)dt — [(x = h(a)) f(a) + (h(b) — x) f(b)]. (2.3)

It is well known [1, page 813] that if u, v : [a, b] — R are such that p is continuous
on [a, b] and v is monotonic nondecreasing on [a, b], then

b
< / )] dv). 2.4)

b
/ u(t)dv(r)

a

Now, using identity (2.3) and inequality (2.4), we have

b
/ Fg@)dt —[(x = h(a)) f(a) + (h(b) — X)f(b)]‘

b
5/ X — h()] df (1)

h'(x) b
=/ (x—h(t))df(t)+/ (h(t) — x)df (1)
a h

()

B (x) ()
= (x —h()f(®) +/ f()g()de

b b

- f()g (1) dt

h=1(x) h=1(x)

b
= (h(b) = x) f(b) — (x — h(a)) f(a) +/ sgn (W' (x) — 1) f(Ng (1) dr (2.5)

+ (h(t) — x)

and the first inequalities in (2.1) are proved.
As f is monotonic nondecreasing on [a, b], we obtain

h=! (x)

)
/ f)g()dt < f(h_l(X))/ g)dr = (x — h(a) f(h™' (x))

and

b b

Fg@ydi = f(h () / gy di = (h(b) — ) f (™).

h='(x) h='(x)

then

b
/ sen (7' () — 1) f()g () di < (x — h@) f (™' (@) + (& — k() £ (B~ ).
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Therefore

b
(h(D) = x) f(b) — (x — h(a)) f (@) +/ sgn (A~ (x) — 1) f(Dg(1) dr

= (h() =x) f(b) = (x = h(a)) f (a)
+ (= h@) f(h7'(0) + (x = h(B) f (A (x))
=@ —h@) [f(h"' ) = F@] + hd) =) [f(b) = f(A' )], 2.6)

which proves the second inequality in (2.1).
As f is monotonic nondecreasing on [a, b], we have f(a) < f (h’l(x)) < f(b)
and

(x = (@) [f (A7) = f @] + () =x) [f(B) = f(h™'(0)]
< max{x — h(a), h(b) = x} [f(h7'(x)) = f (@) + f(b) — f(h™'(x))]

h(b) — h h(a) + h(b
(MO | | OO 15y pean

1 [P h h(b
- [—/ ¢(t) di + )x - MH LF®) — f@]. 2.7)

2 2

Thus, by (2.5)—(2.7), we obtain (2.1).
Letg(t)=1,h(t) =t,t € [a, b];

0, te€la,b),

f(t)={1, L= b

and x = (a + b)/2. Then a simple calculation reveals that

b
/ F0g@)dt —[(x —h(a)) f(a) + (h(b) — X)f(b)]‘

b
= (h(b) —x) f(b) — (x — h(a)) f (@) +/ sgn (A~ (x) — 1) f(Dg(1) dr
=@ —h@) [f(h7' ™) = [ @] + () =x) [f(b) = f (A" ()]

o h(a) + h(b
_ [5/ gty di + ‘x - %H L (®) - F@]
b—a

2

which proves that the inequalities (2.1) are sharp.
(b) If f is replaced by — f in (a), then (2.2) is obtained from (2.1). This completes
the proof. Il
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REMARK 1. If we choose g(¢) = 1 and h(¢) = t on [a, b], then inequalities (2.1)
reduce to (1.2).

COROLLARY 1. If we choose x = (h(a) + h(b))/2, then we get

f(a)+f(b)/h
2

b
/ f()g(t)dt — g(t)dt

1 b
E[f(b) f(a)]/ gt)dt
b
—|—/ sgn (hl (M) - t) g dt
1 b
< U~ f@) / g(t)dr, 2.8)

where f and g are defined as in (a) of Theorem 1, and

b
f(a)+f(b)/ 2 (1) dt

b
/ F)g(t) di -

1
LA f(b)]/ g(t)de

b
—|—/ sgn (r —hn! <w>> g dt

1
< 50Lf(@) = f(b)] g(t)dt (2.9)

o

where f and g are defined as in (b) of Theorem 1.

The inequalities (2.8) and (2.9) are the “weighted trapezoid” inequalities.

Note that the trapezoidal inequalities (2.8) and (2.9) are, in a sense, the best possible
inequalities we can obtain from (2.1) and (2.2). Moreover, the constant 1/2 is the best
possible for both inequalities in (2.8) and (2.9), respectively.

REMARK 2. The following inequality is well known in the literature as the Fejér
inequality (see for example [9]):

b b b
f(“;bﬂ g(t)dts/ f(t)g(t)drswf gydi,  (2.10)

where f : [a,b] — R is convex and g : [a,b] — R is positive, integrable and
symmetric to (a + b)/2.
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Using the above results and (2.8)—(2.9), we obtain the following error bound of the

second inequality in (2.10):

b b
0< M[ g(t)dz—f Fg() di

1 b
< SU®) -~ f@i | s@ar
b
+/ sgn (h‘l (M) —t) f()g(t)dt

1 b
< E[f(b)—f(a)]/ g(n)dt, (2.11)

provided that f is monotonic nondecreasing on [a, b].
Also,

b b
0 < M/ g(z)dr—/ FOg0)di

1 b b h h(b
L AC A f(b)]/ g(r)dt +/ sgn (t —h! (#)) J()g()dr
1
(2.12)

IA

b
E[f(a)—f(b)]/ g(t)dt,

provided that f is monotonic nonincreasing on [a, b].

3. Applications for the quadrature rules

Throughout this section, let g and /4 be defined as in Theorem 1.

Let f : [a,b] - R,andlet [, : a = xy < x; < --- < x, = b be a partition
of [a,b] and & € [h(x;), h(x;1)] (i = 0,1,...,n — 1) be intermediate points. Put
L= h(xig) — h(x;) = f;"“ g(1) dt and define the quadrature rule

n—1
Tp (f, 8, h, 1,,8) = Z [& —h(x:) f(x) + (h(xip) — &) f(xip)].

i=0
We have the following result concerning the approximation of fa b f(t)g(t)dt in
terms of 7p.
THEOREM 2. Let v(l) := max{[;|i =0,1,...,n— 1}, f be defined as in Theo-

rem 1 and let

b
/ f(t)g(t)dtzTP(f7g9haIrns)—i_RP(f’g’h’Invg)' (31)
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(a) If f is monotonic nondecreasing on [a, b], then

|RP (f’ g’ h’ In?é)|

n—1
<Y L) — &) f (i) — & = h(x)) £ (6]

i=0

i=0 v

+ / sgn (A~ (&) — 1) f(Dg (1) dt
—1

Z & —hOa) [f (h' &) — fx)]

i=0

n—1
+ Y (h(xip) — &) [f i) = £ (A7 ()]
i=0

i| [f(xivn) — f(x)]

n—1
1 h(x;) + h(xii1)
i=0

h(x; h(x;
w ] F(b) - F(@)]

v(DLf () = f(a)]. (3.2)

(b) If f is monotonic nonincreasing on [a, b], then

|RP (f’ gvh’ In9§)|

n—1

<Y LE = h(x)) £ () = (hlxign) — &) f (xig)]

i=0

+Zf sgn (1 =A™ (&) f (g (1) di

IA

[%v(l)—i— max }Si—

i=0,1,....n—1

n—1
+ ) (hxiw) —E)[f (W' &) = f (xien)]
i=0
n—1 h : h :
<YL+ }s - 2 ) ] LF ) — £
i=0
<[5+ max Je - 220 ) - o
<vOLf @) — f)]
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PROOF. (a) Apply Theorem 1 on the intervals [x;, x;.;1] ( =0, 1, ..., n—1)to get

/ ) fg@)dt — [ — h(x) f(xi) + (h(xip) — &) f(xip)]
< (h(xip) — &) f(xip) — & — h(x) f(x))
+ f sen (&) — 1) f(0)g () di

<& —h(x) [f (h'(&)) - f(xi)]
+ (h(xipn) = &) [ f (i) — f (R71(ED)]

h(x; h(x;
LICORICT) ] LF o) = £ ()]

2

<11+
f— l 2

foralli € {0, 1, ..., n—1}.
Using this and the generalized triangle inequality, we have

|RP (f’ gvh’ In9§)|

n—1
=)

i=0
n—1

/ . F0g@)dt —[(& — h(x) f(xi) + (h(xipr) = &) f(Xig1)]

Xi

<D L) = &) f i) — & — h(x) f ()]

i=0

n—1 Xit1
+y / sgn (h™' (&) — 1) f(1)g (1) dt
i=0 vV

n—1

<Y E—hG)[f(h &)~ f@)]

i=0

n—1
+ Z (h(xix) — &) [f (xiw) — f (A1 (5))]
=0

It h(x;) + h(x;
< ; |:§li + }%‘i - w :| Lf (xig) — f(x)]
1 h(x;) + h(x;
< [5"(’) +max 's,- - 2 E ) ] [f®) = f (@] (3.3)
Next, observe that
}Si _ h(x) +2h(Xi+l) < %li (=01, .. n—1); (3.4)
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and then
h(x;) + h(xi1) 1
_max & — — > | = Ev(l)' (3.5)
Thus, by (3.3)—(3.5), we obtain (3.2).
(b) The proof is similar to that for (a) and we omit the details. O

REMARK 3. If we choose g(¢) = 1, h(t) = t on [a, b], then the inequalities (3.2)
reduce to (1.3).

Now, let & = (h(x;) + h(x;:1))/2 (@ =0,1,...,n— 1) and let Tpy(f, g, h, I,)
and Rp(f, g, h, I,) be defined as

1 n—l1 Xigl
Towfgh 1) = Tr (fog.h L §) = 5 S UG+ £ il [ g
i=0 Xi
and

RPW(f9 8, I’l, In) - RP (f’ g, h7 Inv g)
_ b 4 1 n—1 X1 J
—/a f()g)dt — E;”“””“‘“‘” / g(®)dt.

If we consider the weighted trapezoidal formula Trw (f, g, h, 1,), then we have the
following corollary.

COROLLARY 2. Let f, g, h be defined as in Theorem 2 and & = (h(x;)+h(x;11))/2
(i=0,1,....,n—1). Then

b
/ f(t)g([)dt:TPW (f’g’h’ Iﬂ)+RPW(f’g’h?In)

where the remainder satisfies the following estimates:
(a) If f is monotonic nondecreasing on [a, b], then

n—1

l Xit1
|Rpw ([, 8 1, I)| = 3 > (/ g(t)dt> Lf (i) — f ()]

i=0

n—1 Xisl . )
+ IZO: /); sgn (h—l (h(xl) +2h(xz+l)> . t) (g () dr
1 n—l1 Xit1
52 ( / g(®) dr) f Gei) = f ()

i=0 i

[
< % L) — f (@), (3.6)

IA
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(b) If f is monotonic nonincreasing on [a, b], then

n—1

l Xi+1
R (f. 8.0 1)1 < 5D (f g(t)dr) [f () = f iyl
i=0 Xi

n—l Xigl . .
n ;f sgn (r e (W)) (g dt

n—1

1 Xi+1
=3 (/ g(r)dr) [f () = f(xisn)]

i=0
_ v(l)
= — @)= fol. (3.7

REMARK 4. In Corollary 2, suppose f is monotonic on [a, b],

M} (i=0,1,...,n),

xi=h! |:h(a) +
and
_ b
li :=h(xi+1)—h(xi)=M=%/ g(t)dt (l=0,1,,l’l—1)

If we want to approximate the integral fa b f(t)g@t)dt by Tpw(f, g, h, I,) with an
accuracy greater than ¢ > 0, we need at least n, € N points for the partition /,, where

1 b
ne = [—2 / g dt-If(b)—f(a)|}—|—1
€ Ja

and [r] denotes the Gaussian integer of r (r € R).

4. Some inequalities for random variables

Throughout this section, let 0 < a < b ,r € R, and let X be a continuous random
variable having the continuous probability density function g : [a, b)] — R with
g()>0on (a,b),h:la,b] > Rwith h'(t) = g(¢) for ¢t € (a, b) and the r-moment
E.(X) := fab t"g(t) dt, which is assumed to be finite.

THEOREM 3. We have the inequalities

<1b’ r ' h‘11 t) " g(t)dt
s [ () o)

1
E(b’ —a) asr=>0 4.1

ar+br

Er(X) -

=
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<1’b’ ' th‘ll " g(t)dt
e [ ()

1
< E(a’ —b") asr <0, 4.2)

and
a + b
2

Er(X) -

respectively.

PROOF. If we put f(¢) = t" (¢t € [a,b]), h(t) = fa[g(x) dx (t € [a,b]) and
x = (h(a) + h(b))/2 = 1/2 in Corollary 1, then we obtain (4.1) and (4.2). This
completes the proof. O

The following corollary is a special case of Theorem 3.

COROLLARY 3. The inequalities
a+b

b—a b 1 b—a
< A=) —1)te@®)dt < ——
2 152 +}l Sg“( (2> ) st =3

hold, where E(X) is the expectation of the random variable X.

‘E(X) ~

5. Inequalities for the Beta and Gamma functions

The following two functions are well known in the literature as the Beta function

1
B(x,y) ::/ A —0)tdt, x>0, y>0
0
and the Gamma function,
I'(x) :=/ et 'dt, x>0,
0

respectively.
The following inequality is an application of Theorem 1 for the Beta function.

THEOREM 4. Let p, g > 0. Then we have the inequality
b
B+ 1o+ D) —xl <x+ [ st = @+ 00" o dr

1 D
=T <ﬁ B 2x> [1 —((p+ 1)x)1/(1+1)]q

1 1
5————+P____+
2(p+1) 2(p+1)

forall x € [O, 1/(p+ 1)].

(5.1)



[13] A weighted trapezoidal inequality for monotonic functions 565

PROOF. If weputa = 0,b =1, f(t) = (1—1)7,g(¢t) = t? and h(t) = t"*'/(p+1)
(t €10, 1]) in Theorem 1, we obtain inequality (5.1) forallx € [0, 1/(p + 1)]. O

The following remark is an application of Theorem 4 for the Gamma function.

REMARKS. As B(p+1,q+1)=T(p+DI'(g+1)/ T (p+qg+2),inequality (5.1)
is equivalent to

F'(p+DHI'(g+ 1) B

b
x| <x+ / sgn[t — ((p+ D)/ ] 7 (1 — 1) dt

L(p+q+2)
1
<x4+|——=2x])[1 = + 1)x) /D]
<p+1 )[ ((p+ Dx) ]
- 1 +‘ 1
S P —
“2(p+1) 2(p+1)
that is,

[(p+DI'(p+ DIl (@g+1) —x(p+ DI (p+q +2)|

b
< x—l—f sgn[t—((p+1>x>““’“>]rp<1—t)"dr] (p+ DI (p+q+2)

B 1
=10 (ﬁ B ZX) [1—(p+ 1>x)‘/<”“]"} (p+DI(p+q+2)

1

S_

+ x(p+l)—%HF(p+q+2)

[\

andas (p+ DI'(p+ 1) =T'(p +2), we get

IT(p+2I(g+ 1 —x(p+DI'(p+4q+2)

b
< x—l—/ Sgn[t—((p—|—1)x)1/(”+1)]t”(1—t)th} (p+DI(p+q+2)

<|x+ (ﬁ — 2x> [1—p+ 1)x)‘/<P+”]"} (p+DI'(p+q+2)

1 1
< _5-1- x(p+1)—§HF(p+q+2)

forany x € [0, 1/(p + 1)].
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