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ON SECOND-ORDER CONVERSE DUALITY FOR
A NONDIFFERENTIABLE PROGRAMMING PROBLEM

XIN MIN YANG AND PING ZHANG

Certain shortcomings are described in the second order converse duality results in the
recent work of (J. Zhang and B. Mond, Bull. Austral. Math. Soc. 55(1997) 29-44).
Appropriate modifications are suggested.

1. INTRODUCTION

A second-order dual for a nonlinear programming problem was introduced by Man-
gasarian ([1]). Later, Mond [2] proved duality theorems under a condition which is called
“second-order convexity”. This condition is much simpler than that used by Mangasar-
ian. In the 1980’s, Mond and Weir [3] reformulated the second-order duals and high
order models.

In [4], Mond considered the class of nondifferentiable mathematical programming

problems
(P) minimize f(x) + (27 Bx)"/?
(1) subject to  g(x) >0,

where x € R”, f and g are twice differentiable functions from R"™ into R and R™, respec-
tively, and B is an n X n positive semi-definite (symmetric) matrix.

Recently, Zhang and Mond [5] formulated a general second-order dual model for
nondifferentiable programming problems (P):

(OD) maximize ()~ 3 ngw) + "B - 307 |94 - Y ()]

i€lp i€lp

(2) subject to Vi) —V(y"g(u)) + Bu+ V*f(u)p — Vy" g(u)p =0,

1
(3) Zyzgz(u) — §pTV2 Zyigi(u)p <0,a=1,2,...,7,
1€ i€ly
(4) w’ Bw < 1,
(5) y >0,

Received 3rd May, 2005
This research was partially supported by the National Natural Science Foundation of China (Grant
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r

where u,w,p € R", y € R™, I, ¢ M ={1,2,....m}, a=0,1,2,...,r with |JI, =M
and I, N Ig =0 if o # (. a=0

Zhang and Mond [5] gave weak, strong and converse duality theorems for first order
and second order nondifferentiable dual models under generalised convexity. In particular,
they proved the following second order converse duality theorem.

THEOREM 1. (Converse duality, see [5, Theorem 6]) Let (z*,y*, w*, p*) be an
optimal solution of (GD) at which
(A1) the n X n Hessian matrix V [sz(x*) - V? (y*Tg(x*))]p* is positive or negative
definite,
(A2)  the vectors

{ [v?ﬂx*) - VZZy*igi(x*)L, [v? Zy*igi(x*)} L a=1,2,...,rj=12,... n}

i€lp i€l J
are linearly independent, where |-]; denotes the j™ row.

If for all feasible (z,u,y,w,p), f(-)— > y:g:(-)+ (-)T Bw is second order pseudoinvex
i€lp
and > y;9:(+), « = 1,2, ..., r is second order quasincave with respect to the same n, then
i€la
x* is an optimal solution to (P).

We note that the matrix V [VZf(x*) — V2 (y*Tg(x*))]p* is positive or negative def-
inite in the assumption (A1) of Theorem 1.1, and the result of Theorem 1.1 implies
p* =0, see [5, proof of Theorem 6]. It is obvious that the assumption and the result are
inconsistent. In this note, we shall give appropriate modifications for the deficiency in

Theorem 1.1.

2. SECOND ORDER CONVERSE DUALITY

In the section, we shall present a second order converse duality theorem which cor-
rects Theorem 1.1.

THEOREM 2. (Converse duality) Let (z*,y*,w* p*) be an optimal solution of
(GD) at which
(A1) foralla=1,2,...,r, either (a) the n x n Hessian matrix V? Y y*,g:(z*) is posi-

i€y
tive definite and p**V 3" y*,g;(z*) = 0 or (b) the n x n Hessian matrix V2 Y y*,g:(x*)
i€la i€la
is negative definite and p**'V 3" y*,g:(2*) <0,
i€la

(A2)  the vectors

{ [V2f(:c*) —V? Zy*zgz(x*)} k {VQ Zy*zgz(x*)l s a= 1,2,...,r,5=1,2,... ,n}

i€lp 1€



are linearly independent, where

(A3) the vectors {V > ytgi(rt), a=1,2,... ,r} are linearly independent.

i€la
If, for all feasible (z,u,y,w,p), f(-)— > v:g:(-)+ ()T Bw is second order pseudoinvex
1€l
and > y;9:(+), « = 1,2, ..., r is second order quasincave with respect to the same 1, then
i€la

x* is an optimal solution to (P).

PROOF: Since (x*,y*,w*, p*) is an optimal solution of (GD), by the generalised
Fritz John necessary conditions, there exists, iy € R, v € R", 7, € R,a = 1,2,...,7,
0 € R, ~veR™, such that

(6) TO{—Vf(:U*)nLZVy*igi(x — Bw* + p*TV{VQ =V ytigila H

i€lp i€lo

+OT{V2f(2") = VYT g(a*) + V[V f(a")p" = V2T g(a)p*]}

+ ZTa{V > yigilr") - %p*TV [Vz Zy*igi(:v*)p*l } =0,
i€ly 1€l

1

(7) To{gi(33*) - QP*TVQQi(JU*)p*} - UT{gz )+ Vg (z*)p } vi =0, 7 € Iy,

* 1 * *\, ok
(8) Ta{gi(x ) — 5]9 TVQQz‘(x )p }
- UT{Vg’L('T*) + VQ.QZ('I*)p*} - = 072 € -[Oma = 1727 e T

(9)  7Bz* —v"'B — 28T (Bw*) =0,

(10) (rop" + v)T{v%*) 3 y*igi<x*>}
- ;(Tap* + v)T{V2 Z y*igi(as*)} =0,

1€1,

* * 1 * * * *
(11) Ta{zy 9i(a") = 5 VY igi(a)p } 0, a=12....1

1€, 1€,

(12) Bw*Bw* —1) =0,
(13) vyt =0,

(14) (Tos T15 T2y« o« Try 3,7) 2 0
(15) (Tos T1s T2y« o+, Try By, 0) # 0.

Because of Assumption (A2), (10) gives
(16) TP +v=0 «a=0,1,2,...,7

Multiplying (8) by y*;,i € I,,a=1,2,...,r and using (11), we have



* * 1 * * * *
Ta{y i9i(") = 5p N2y gi(x")p }
— 0" {Vy* gz

thus
* * 1 >k * * >k
Ta{Zy i) = 5p" Y VP gty }
1€l 1€,
AIE

)+ Vi g(x

)+ Y Viyig(e

p}—OZEIa,a_l,Z...

i€lq 1€ln
From (11), it follows that
(17) {ZV?J 9@+ Vi } 0,0=1,2,...,r
i€l i€ly
Using (2) in (6), we have
(Tap* + )" { V2Zy i —i—V[VQ VQZy i } }
icly iclp
=D (" + v)T{V2 Y yigia) +V [V2 > y*igi(fc’*)}p*}
a=1 icla i€l,

_TO{V D v+ VY y*igi(ﬂﬁ*)p*}

i€eM\Io i€eM\Ip
1 * * * *
—§mpT{v[v%wv>—vﬂ§jyi%@:ﬂp}
i€l

1 Z Ta{v > ytgiat) + V2 {Z y*igi(l'*)]p*}

i€l

+ Z §Tap*T{V {VQ Z Y 9i(x
a=1

1€1,

From (16), it follows that

Z(Ta - To){V Z y*i9i(2") + V° Z Yy igi(x

a=1 1€1o 1€,

+ %UT{V {VQ

i€lp
That is
(18) Z(Ta - 70){V Z y*igi(a*) + V2 Z Y igi(z")p
a=1 i€, i€l,

1€

9] o
W

(2 = V) y*igi(x*)lp* —



+ %UT{V [VQf(:E*) — VQy*Tg(a:*)]p*} = 0.

If forall « =0,1,2,...,7, 7, = 0, then v = 0 from (16), v = 0 from (7) and (8) and
B =0 from (9) and (12); that is, (79,71, 72,.-., 7 3,7,v) = 0, contradicts (15). Thus,
there exists an @ € {0,1,2,...,r}, such that 7 > 0.

We claim that p* = 0. Indeed, if p* # 0, then (16) gives

(Ta —T2)p" =0, =1,2,...,7,.
This implies 7, = 75 > 0, =1,2,...,7,. So, (16) and (17) yield
p*T{Z Vy*9(z*) + Z V2y*ig(x*)p*} =0,a=1,2,...,7,
i€y i€la

which contradicts to assumption (Al). Hence, p* = 0. Based on (16) and p* = 0, we
have v = 0. In view of (A3), p* = 0 and 75 > 0 for some @ € {0,1,2,...,r}, (18) implies
To =Tz >0, Va € {0,1,...,r}. Now from (7) and (8), it follows that

(19) T0gi(x") — v = 0, @ € I,
(20) Togi(x) — 7 =0, i € I,,a=1,2,... 1,

Therefore g(z*) > 0 since v > 0 and 7, > 0, = 0,1,2,...,7. Thus, z* is feasible for
(P), and the objective functions of (P) and (GD) are equal.
Multiplying (19) by y*,,i € Iy and using (13), it follows that

Toy"9i(z") = 0,4 € Io.
By 7 > 0, it follows that
(21) Y 9i(z%) = 0,1 € Io.

Also, v =0, 79 > 0 and (9) give

(22) Bx* = (201 Bw™.
Hence
(23) l’*TBQ?* — (x*TBx*)l/Z(w*TBw*)l/Q.

If 3> 0, then (12) gives w*’ Bw* = 1, and so (23) yields
I*TBU}* _ (.T*TBZL'*)I/2.
If 5 =0, then (22) gives Bx* = 0. So we still get

Z’*TBU)* _ (x*TBx*)1/2.



Thus, in either case, we have
(24) 2" Bw* = (z*" Bx*)Y2.

Therefore from (21), (24) and p* = 0, we have

1
f(@)+(@ T Bet)'? = f(a*)=)  yigi(a”)+u" Bur—pT {V2f(w*)—v2 > y*igi(l“*)}p*-
; 2 ,
i€lp i€lp
If, for all feasible (x,u,y,w,p), f(-) — > v:9:(:) + (-)T Bw is second order pseudoinvex
i€lp
and > y;9:(-), « =1,2,...,7 is second order quasincave with respect to the same 7, by
i€la
[5, Theorem 4], then z* is an optimal solution to (P). 1
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