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Poincaré duality is a fundamental result that relates the homology and cohomol-
ogy groups of manifolds. For M a compact orientable manifold of dimension n, it
states that we have an isomorphism

Hy (M) = H" k(M)

for each k € {0,...,n}, where we may take, for example, coefficients in Z. If we
take instead coefficients in R, Poincaré duality implies that, in order to determine
the de Rham cohomology of an oriented compact manifold, it suffices to calculate
only the first [5 ] groups. The isomorphism can be realised via the cap product, a
bilinear map
N: HI(M) x Hy,(M) — Hp,_4(M), p>q,

in the following way. Orientability of a compact manifold means that there exists
an element [M] € H,(M), called the fundamental class, with the property that
when the second argument above is restricted to [M], N gives an isomorphism of
abelian groups. That is, we have

A: HY(M) x [M] = Hyo(M).

A simple example of a compact non-orientable manifold where Poincaré duality
fails to hold (over Z) is the Klein bottle K2, whose homology groups are Ho(K?) =
Z, H{(K?) = Z ® Zo, and Hy(K?) = 0.

In the setting of complex K-theory, an extraordinary cohomology theory, a version
of Poincaré duality also holds for manifolds that satisfy an analogous notion of
orientability. Here, the cohomology groups H*(M) are replaced by the complex
topological K-theory groups K*(M), with i € {0, 1}, while the homology groups
Hy (M) are replaced by the K-homology groups K;(M). The notion corresponding
to that of an orientable manifold is that of a so-called Spin® manifold.

The group K°(M) is constructed using complex vector bundles, subject to an
equivalence relation defined by stable isomorphism. The group Ky(M) is con-
structed from certain abstract elliptic operators acting on sections of complex
vector bundles over M, subject to a certain equivalence relation [3]. Recall that

ellipticity of an operator is defined by invertibility of its symbol; a familiar example
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of an elliptic operator is the Laplacian on R™, A = % +oF g
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There is also a K-theoretic analogue of the cap product,
N: KY(M) x Kp(M) — Kp—q(M),

where the index p — ¢ is taken mod 2. The notion of Spin® is strictly stronger
than that of orientability, as we explain now. Note that one way to characterise
orientability is to say that the restriction of the tangent bundle T'M over any
embedded loop S* < M is trivialisable. A manifold M of even dimension greater
than or equal to 4 is said to be Spin€ if it is orientable and the restriction of T'M
over any embedded 3-sphere S$2 < M has a complex structure.

A Spin®-structure on a manifold makes it possible to construct an operator that
plays an analogous role to that of the fundamental class in homology, called the
Spin®-Dirac operator, D. Suppose, for simplicity, that M is an even-dimensional
compact Spin®-manifold. Then the elliptic operator D defines a class [D] € Ko(M).
[D] plays the role of [M] in the sense that restriction on the second factor of N
produces the following isomorphism of abelian groups:

N: KO(M) x [D] = Ko(M),
[E]N[D] = [Dg].

Here E denotes a complex vector bundle over M and Dpg the Spin®-Dirac operator
on M twisted by E. This is the analogue of Poincaré duality in the setting of K-
theory when the manifold M is Spin®.

In joint work with my supervisors Professor Mathai Varghese and Dr Hang Wang [1],
we establish a Poincaré duality for the equivariant version of K-theory —that is,

where one takes into consideration the action of a Lie group G on a (possibly non-

compact) manifold X and compatible actions of G on complex vector bundles over

it. For a fixed compact Lie group G, the topological K-theory group is replaced

by a group K&(X), defined using G-equivariant vector bundles; an account of this

theory can be found in [6]. The equivariant theory of K-homology, denoted K§'(X)

(where G may be non-compact), can be found in [3]. Elements in this group are

represented by abstract G-invariant elliptic operators on the manifold subject to

a certain equivalence relation.

The setting of our result is as follows. Suppose G is a Lie group with finitely many
connected components, acting properly on a smooth even-dimensional manifold X
(not necessarily compact) with a G-equivariant Spin®-structure, and that the or-
bit space is compact. The action is said to be proper if the inverse image of any
compact set under the map

w:GE@x X — X xX,

(9,%) = (z,9- )
is compact. For example, the action of a compact Lie group on any manifold is
necessarily proper. On the other hand, the action of Z on S! by irrational rotations
is not proper, although it is free.

Under these assumptions, we establish the following equivariant version of Poincaré
duality:
Kg(X) = K§(X),
[E] — [D] N [E] := [Dg],
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where E is a G-equivariant complex vector bundle, D is the G-invariant Spin®-
Dirac operator on X, and D a twisted operator. This map is entirely similar to
that in the non-equivariant version of Poincaré duality. Now when the Lie group
G is non-compact, the elements of K2(X) cannot always be represented by finite-
dimensional G-equivariant vector bundles [4]. However, it can be shown that when
G has only finitely many connected components, finite-dimensional vector bundles
are enough [5], so that the above isomorphism makes sense.

The Poincaré duality in [1] is the first such result in equivariant K-theory for non-
compact groups acting on non-compact manifolds. It generalises a previous result
of Kasparov [2], which covers the case of compact G and compact X, to a much
larger class of Lie groups. The requirement that X be even-dimensional, which
we invoked above in order to simplify notation, can be removed without much
difficulty. In addition, in the same paper [1], we establish a more general Poincaré
duality where the assumption that M be Spin€® is dropped.
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