J. Austral. Math. Soc72(2002), 141

INTERPOLATION PROBLEM FOR ¢! AND A UNIFORM
ALGEBRA

TAKAHIKO NAKAZ|

(Received 18 May 1999; revised 12 December 2000)

Communicated by P. G. Dodds

Abstract

Let A be a uniform algebra ankll (A) the maximal ideal space @&. A sequencéa,} in M(A) is called
¢Y-interpolating if for every sequende,) in ¢* there exists a functiorf in A such thatf (a,) = a;

for all n. In this paper, arf-interpolating sequence is studied for an arbitrary uniform algebra. For
some special uniform algebras, &ninterpolating sequence is equivalent to a famili@rinterpolating
sequence. However, in general these two interpolating sequences may be different from each other.

2000Mathematics subject classificatioprimary 46J10, 46J15.
Keywords and phrasesuniform algebra,*, interpolation, maximal ideal space, pseudo-hyperbolic
distance.

1. Introduction

Let A be a uniform algebra on a compact Hausdorff spa@ndM (A) the maximal
ideal space oAA. Throughout this paper we assume tf&$ is an infinite sequence of
distinct points inM (A). For 1 < p < oo, a sequencés,} is called¢P-interpolating
if for every sequencéx,) in £P there exists a functiori in A such thatf (a,) = «,
for all n.

For A = H*(D), the set of all bounded analytic functions on the unit disin C,
an¢>-interpolating sequence was studied by Carle&barid Izuchi f]. Carleson ]
determined arf*°-interpolating sequence whéa,} is in D, lzuchi [4] studied the
general situation. Recently, Hatofl][showed that arf*-interpolating sequence is
equivalent to arf>°-interpolating sequence whea,} is in D. In this paper we study
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ant!-interpolating sequence for an arbitrary uniform algelmhen{a,} is in M (A).
For {a,} in M(A) put

J={feAf=00on{a}}, Xk={feA f=0o0n{a}nx}
and
o =sup|f@)l; f e, I fll <1}

Fora,bin M(A)
o(a b)=sup|f@)]|; f(b)=0,]|f] <1}.

WhenA = H*(D) and{a,} isin D,

o —ay
, = and =
o (2, a) lr_a%l Pr !1

@—ml
1-&an|
In general, we do not know whether

Pk = HG(ak, an).

n#k

However, under some mild condition (Hypothelsis Section4), we can show that

pe = [ Jo (@ an.

n#k

In generalp, > Oif and only if J, O, J. Hencep, > 0 if and only if there exists a
function f, in A such thatfy(a,) = 8. In this paper, fof{a,} in M(A) we assume
thatp, > O for all k.

In Sectior2, for an arbitrary uniform algebra we show tlat} is an¢*-interpolating
sequence if and only if ipfo, > 0. In Section3, we define a finite/*-interpolating
sequence and give a necessary and sufficient condition to characterize it. In Section
we show that if inf[ ], o (&, a) > 0, then{a,} is always a finite¢*-interpolating
sequence and under some mild condition it istainterpolating sequence. In some
sense, this type of theorem for &n-interpolating sequence was conjecturedli [

In Section5, we apply the results from the previous sections to concrete uniform
algebras. In Sectio, we comment on afg™-interpolating sequence.

2. {'-interpolating sequence

In this section we show thdg,} is an ¢*-interpolating sequence if and only if
inf, pox > 0. The argumentin the ‘only if’ part of Lemmniais similar to the one which
was used by Hatorid] when A = H>(D).
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LEMMA 1. {a,} is an¢*-interpolating sequence if and only if there exists a sequence
{f,} in Asuch thatf,(a) = (N > 1, k > 1) andsup, || f, + J|| < oco.

PrROOF. SupposeM = sup, || f, + J|| < oo andf,(a) = d.«. Lete be an arbitrary
positive constant. For eachthere existg, in J such that| f, + g, < M + ¢. If
(an) € £, put

f= Zan(fn + Oh).

n=1

Then f belongs toAand f(a,) = o, forn = 1,2, .... SupposeS = {a,} is ané*-
interpolating sequence. Then there exists a sequeht A such thatf,(ay) = .
For (a,) € ¢, put

T(an) = ian falS,

n=1

then by hypothesis there exists a functibrsuch thatT («,) = f|S. SinceA|Sis
algebraically isomorphic to the quotient algelaJ, we use the quotient norm of
A/J in A|S. By the closed graph theoreff,is bounded front* to A|Sand so

I+ I =IflSI < ITI
becausd ({8.}) = S O
LEMMA 2. Supposé f,} is a sequence i\ such thatf,(as) = 8.«. Then
I f.+3Jl=1/p, forn=12,....

PROOF. Since(p, fn) (@) = pndnks Ilon fn + J|| = 1. By definition ofp,, for each
| > 1 there existgy € Asuchthat|gl| =1,g(a, = 0forn # kand

ok —1/1 < g @) < px.
PutG, = g/g(a), thenG, € Aand

1 1

— <Gl = < )

Pk la@) ~ ok —1/I
Moreover,G,(a) = 1, G (a,) = 0 forn # k and soG, € f,+ J. Since| fy + J|| <
(o — 1/t foranyl > 1, [|pc fe + J|| < 1. O

THEOREM 1. Let A be an arbitrary uniform algebra and I¢&,} be inM (A). Then
{a,} is a£t-interpolating sequence if and onlyiiff, o, > O.

ProOOF. The proof follows from Lemmé& and Lemma. O
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3. Finite £*-interpolating sequence

We say thafa,} is afinite ¢*-interpolating sequendéthere exists a finite positive
constanty which satisfies the following: For any finite= 1 and for any(«,,) in the
unit ball of ¢, there exists a functiof, in A such that

F@) =«a, forl<nc<l
and||FR|l <.
For{a,}in M(A)and 1<k <| < oo, put

J={(feA f(@a)=0ifl<n<l},

J={feA f@a)=0ifl<n<l n#k}
and

oo =suplf@l; fed, [Tl <1

Thenpg > pierand lim_ o o = px.

LEMMA 3. {a,} is a finite *-interpolating sequence if and only if for eath> 1
there exists a sequendd ,}! _, in A such thatf, ,(ax) = 8 for 1 < k < | and
SUR SUP g Il fin + 3l < oo

PROOF. (a,) denotes an element in the unit ball@f Suppose
M =supsup | fi,+ J'| < o0
| 1<n<l

and f, ,(a) = 8. for 1 < k < |, then for any finitd > 1

| |
Sanfiot 3| < (Zw) v,
n=1 n=1

If y=M+1, then for any > 1 there existgj € J' suchthaf] 3, _; o fi n+0 | < . Set

F =Y afin+g,thenF(a,) = a,forl <n <land|F| < y. Supposda,} is

a finite ¢*-interpolating sequence. Sin¢a,} is an infinite sequence of distinct points
in M(A), for eacH > 1 there exists a sequengg,}._, in Asuch thatf, ,(a) = dn«
forl <k <n. Put

|
Tl(an) = Zan fl,n + JI;

then | T ()| < ||IT' ||(Z'n:1|an|). IfnT|1T'|| — oo asl — oo, then there exists
(o) in the unit ball of ¢* such that||T'(e,)|| — oo asl — oo. On the other
hand, by hypothesi$T'(a,)|| < ¥ < oo for all |. This contradiction implies that
M = sup ||T"|| < co. This shows that for any> 1 and anyk > 1 withk <1,

i+ 3 = 1T (S8l < M. a
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LEMMA 4. Forl =1,2,... andl <k <, || f+ J3'| = 1/p,-
Proof is almost the same as the proof of Lenitna

THEOREM 2. Let A be an arbitrary uniform algebra and I¢&,} be inM (A). Then
{a,} is a finite ¢*-interpolating sequence if and onlyiiff lim,_, ., px; > O.

PrOOE The statement of the theorem follows from Lemfand Lemmat. O

4. Uniformly separated sequence

WhenA = H*(D) and{a,} is in D, for anyk > 1
Pk = HG(ak, a,) = I'LTOPkJ-
n#k

When {a,} is in M(A), lzuchi [4] showed essentially that ipp, > O implies
infy ]_[nﬂo(ak, a,) > 0. However, this is not true in general. YT (1 — p,) < oo,
then inf ]_[nﬂo(ak, a,) > 0. Infact,p, < o(&,a,) forn # k and so[ [, pn <
[Toaco (@, a,) foranyk > 1. When} *,(1 - p,) < oo, 0 < [];2; pn @and so
infy ]'[n#ko(ak, a,) > 0. In this section, we study these three quantities.

LEMMA 5. (1) Foranyl > 1, p, > ]'['n#ko(ak, a,). Hence forank > 1

Ilim Prl = na(ak, an)-
—00 ik

(20 Forl<n<landn #Kk, p <o(a,a,). Hence for ank > 1
lim o < inf o (@, a).

PrOOF. (1) Fix any positive constast> 0. For eacm with| > n > 1 andn # k,
there existsF; € A such that|F:|| < 1, Fi(a,) = 0 ando (&, a,) > |Fi(a)| >
o (a. a)) — e. ThenF* = [T, F: belongs toJ i, | F*|| < 1 and

|
o= [Ff @) = [ [{o (@ an) — &)
n#k

Ase — 0, i > [0 (a. a) for anyl > 1 and hence
I'L”;o Pl = l_[o'(ak’ an)-
n#k
(2) is clear by the definitions g, ando (&, a,) for 1 < n <1 andn # k. O
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THEOREM 3. Let A be an arbitrary uniform algebra and I¢a,} be inM (A).

(1) Ifinf, ]'[n#ko(ak, a,) > 0, then{a,} is a finite ¢*-interpolating sequence.
(2) If {a,} is a finite¢*-interpolating sequence, thenf ., o (&, a,) > 0.

PrOOF. (1) By Lemmab5(1), infglim ., px; > 0 and so, by Theorem, {a,} is a
finite ¢*-interpolating sequence.
(2) By Theoren®infy lim,_. ., px;>0and so, by Lemm@a(2), inf, .« o (&, a,)>0. O

HypoTHESISI. Let A be a uniform algebra and lefa,} be in M(A). If g is a
functioninAand|g| < 1forl =1,2,...,then there exist a subsequerigg;, }; of
{9} and a functiong in A such that||g|]| < 1 andlim;_ - g (@) = g(a,) for any
n>1

HypoTHESISII. Let A be a uniform algebra and Igg,} be inM (A). For anya, b
in {a,} witha # b, if the functionf in Asatisfiesf (a) = f(b) = Oand| f| < 1, then
foranye > Othere existtwo functiorgandhin Asuch that|g| < 1+e, ||h|| < 1+-¢,
g@ =0,h(b) =0and f = gh.

LEMMA 6. Let A be an arbitrary uniform algebra and le,} be in M(A). If
{a,} satisfies Hypothesis thenlim,_, ., px;, = px for anyk > 1, and hence a finite
¢*-interpolating sequence is ati-interpolating sequence.

PROOF. lim|_, o pxi = px foranyk > 1. Iflim,_ . o« > ¢ > 0O, then for each
there existy € J! such thatjg | < 1 and|g (a)| > ¢ > 0. By hypothesis, there
existsg € J such that|g| < 1 and|g(a)| > ¢ > 0. Thus lim_., px; < px and
so lim_ . px; = px. This together with Theorethand Theoren2 also imply that a
finite ¢*-interpolating sequence is df-interpolating sequence. O

LEMMA 7. Assume Hypothesik. If f is a function inJy, with || f|| < 1, then for
anye > 0, f =[], fa. fa(@) =0 # k) and | fl| < (1+ &)L

PrROOF. We may assum& = 1. Fix anye > 0. By Hypothesidl, f = g,0s,
l9ill < 1+e (j =2 3)andg,(a) = gs(a) = 0. Sincef(ay) =0, go(au) = 0
or gz(ay) = 0. We may assume,(a;) = 0. By Hypothesisll, g, = 0204,
g2l < (14 ¢)? (j = 2,4), andgza(ay) = g(as) = 0. Hence there exist,, hs, h,
such thatf = hyhsghy, [|hjll < (14 )% (j = 2,3,4) hy(a) = hs(as) = hs(ay) = 0.
This argument implies the proof. O

LEMMA 8. Let A be an arbitrary uniform algebra and lég,} be inM (A). If {a,}
satisfies Hypothesis, then forl < k <1, py, = ]‘['k#na(ak, a,). Moreover, if{a,}
satisfies Hypothesisthenp, = [ [, ., 0 (&, ).
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PrROOF. By (1) of Lemma5 it is sufficient to show thap,, < HL#U(ak’ a,). If
0 < 8§ < py,, then there exist$ € Ji, with || f|| < 1 such that

Pl — 8 < [ f@)l < p-

For anye > 0, by Lemma?, f can be factorized aé = ]'['n#k fou I full < L+ )2
and f,(a,) = 0 forn #£ k. Hence

| |
[Tif@l = @+ 2] o @ an).

n#k n#k
Ase — 0, — 8 <[40 (a. &). Sinces is arbitrary,o < [T, 0@ a.). O

THEOREM4. Let A be an arbitrary uniform algebra and I¢a,} be inM (A).
(1) Under Hypothesisl, {a,} is a finite ¢!-interpolating sequence if and only if
inf, ]_[nﬂo(ak, a, > 0.
(2) Under Hypothesesand|l, {a,} is an ¢*-interpolating sequence if and only if
inf, ]_[n#ko(ak, a, > 0.

PrOOF. Theoreml, Theoren? and LemmaB imply the theorem. O

WhenA = H>®(D) and{a,} is in D, {a,} satisfies Hypothesdsandll. Let A be
a disc algebra. Then {fa,} is in D, then{a,} satisfies Hypothesi$ (see Sectior).
On the other hand, it is easy to see that there exists a seq{eghde D which does
not satisfy Hypothesis

5. Special uniform algebras

WhenA = H>*(D) and{a,} in D, Hatori [3] showed thata,} is an¢*-interpolating
sequence if and only ifimf]‘[n#ko(ak, a,) > 0. Sinceitis clearthdh,} in D satisfies
Hypotheses$ andll, this is a corollary of (2) of Theorerh Corollary3is also a result
of Hatori [3]. We give another proof of it. HatorB] also shows this type of theorem
for a Hardy spacéi? (1 < p < oo) on afinite open Riemann surface and generalizes
a theorem of Shapiro and Shield§.[

COROLLARY 1. Let Abe a uniform closed algebra between the disc alge#drand
H> (D), andlet{a,} be inD. Suppose that/zbelongs toAfor f in Awith f(0) = 0.
Then{a,} is a finite¢*-interpolating sequence if and onlyiiff, [Tnaco @ an) > 0.
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ProoOF. If f € Aandf(a) = 0 for somea € D, thenf(2)/(z— a) belongs toA
(see p]). Hence
1-a

and (z — a)/(1 — az is a unimodular function inez. Therefore,{a,} satisfies
Hypothesidl and so (1) of Theorem implies the corollary. O

COROLLARY 2. Let A = H>*(D™) and let{a,} be in D™. Suppose,, = (a}, a2,
,aMmand) 2., (1—a|) < ooforl<I| <m. Then{a,} is an¢*-interpolating
sequence if and only iiff, ]'[n#ko(ak, a, > 0.

PrOOF. By Theorem2 and Lemmas, the ‘if’ part is proved. We will prove the
‘only if’ part. Put

B =Bu(z, ...,z = l_[l_[ |al| l an2|

1=1 n#k

then B, belongs toH>(D™) because) -, (1 —|a|) < cofor1 < | < m. If
Fi = By/Bk(a), thenF(a,) = 6 and

P+ Il = IBe(@)| 1B + Il = |Be(@) ™
thuspx = |By(a)|. Theoreml implies that inf | Bc(ax)| = infy px > 0. Since
S
1-aw|  |1-aray

o (8, an) = max(

(see [, page 162]),
1Be@)| < [ Jo(aan.

k#n
This proves the corollary. O

COROLLARY 3. Let R be a finite open Riemann surface aid= H*(R) the set of
all bounded analytic functions oR. Then{a,} in Ris an¢!-interpolating sequence
if and only ifinf, ]_[nﬂo(ak, a, > 0.

PrROOF. It is known [8] that {a,} is an{>-interpolating sequence if and only if
infy ]'[n#ko(ak, a,) > 0. If {a,} is an¢*-interpolating sequence, then jnf, > 0 by
Theoreml and so by 8, Theorem 5.91a,} is a¢>-interpolating sequence. O

LetD,={ze C;|z—cy| < rn},Cn > 0asD, N D, = @ (n # m), D, ¢ D\{0}
(n=123,...)and) ", r,/c, < co. U = D\, D, is called aZalcman domain
[9]. WhenA = H*(U) and{a,} isin U, if infk]_[n#ko(ak, a,) > 0, then{a,} is an
¢*-interpolating sequence by (1) of Theor@wand Lemmab becausda,} satisfies
Hypothesid but{a,} is not necessarily afr°-interpolating sequence bg][
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6. £>-interpolating sequence

When {a,} in M(A) satisfies Hypothesi, it is interesting to give a sufficient
condition or a ecessary condition for aéf°-interpolating sequence. Berndtsson,
Chang and Lin J] give the following problem: LetA = H>(Y) and let{a,} C Y
be a bounded domaiM ¢ C". Suppose inJ]_[n#ko(ak,an) > 0. Is{a,} an¢£>-
interpolating sequence? In Propositibnd ., (1 — p,) < oo and so by the remark
above Lemm, infy ]'[n#ko(ak, a,) > 0.

ProOPOSITIONL. Let A be an arbitrary uniform algebra and lgg,} be in M(A).
Supposéa,} satisfies Hypothesis If p, > 2(n' + 1)(n' +2)/{(n* + 1)? + (n' + 2)?}
forn=1,2,3,... and somé > 1, then{a,} is an{>-interpolating sequence.

PrOOF. By Hypothesisl there exists a sequen¢E,} in A such that|F,|| < 1,
F.(a) = 0if k £ nand|F,(&,)| = p, forn = 1,2,.... lzuchi [4, Theorem 1]
has essentially proved the theorem. We use the notation fipifiheorem 1]. Set
on = 21— 8,)/{1+ (1 —68,)?} with 0 < §, < 1/(n' + 2); this is possible by the
hypothesis om,. If ¢, = 1/n”, then) " &, < coand so[[-~,(1+&,) < co. Then

1
VIF2e,

By the proof of B, Theorem 1], there exists a seque;ec A such that

o< 1-—

ilGnl < i(1+8n) < ooonX.

n=1 n=1

Hypothesid implies that{a,} is an¢{>-interpolating sequence. O

PrROPOSITION2. Let A be an arbitrary uniform algebra and l€g,} be in M(A).
Suppose! f ¢ is a sequence iMA such that fy(a,) = . Then{a,} is an ¢P-
interpolating sequence if and only if

oo 1/q
sup o (fa)|® < 00,
peANIL g] <1 (;

wherel/p+1/g=1andA*NJ*+ ={¢p € A';¢p =00nJ}. For p=1andq = oo

we assume that

© 1/q
sup(Z |¢<fn>|‘*) = SUpSUPI® (fo)| = Supl fy + .

4 n=1
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PROOF. Suppose that

0 1/q
sup (Z |¢<fn>|Q) =y < 0.

peA NI lpl<l \ 7y

For anyp € A* N J*+ with ||¢| < 1and any < oo,

ol (o e

n=1

and so
(o] o0 l/p
Zan fol| < Yaq (Z |an|p) )
n=1 n=1

wheref, = f,+ J. Thus if(a,) € ¢°thenf = Y>> «, f, belongs toA/J. Then
f(a,) =a,forn=1,2,... and sof{a,} is an¢P-interpolating sequence. Conversely,
supposes = {a,} is an{P-interpolating sequence. Fax,) € £P, set

T(an) = ian falS;

n=1

then there exists a functiohsuch thafl («,) = f|S. SinceT turns out to be bounded
from ¢P to A/J (see Lemmd), for ¢ € A*/J+ with ||¢| < 1 we have

o0 o0 1/p
B =D and(f)| < IT| (Z |an|°> :
n=1 n=1
Hence sup. sy g1 <1(Xney [ (F2)| DY < oco. O

Hatori [3] is interested in when agt-interpolating sequence is @fr-interpolating
sequence. He showed thatAf= H*(R) and{a,} in R, then{a,} is such a sequence
(see Corollang). In general, Propositiofi gives a necessary and sufficient condition
for this to happen.
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