
J. Austral. Math. Soc.72 (2002), 23–31

RADICALS AND POLYNOMIAL RINGS

K. I. BEIDAR, E. R. PUCZY ŁOWSKI and R. WIEGANDT

(Received 16 February 2000; revised 3 January 2001)

Communicated by C. F. Miller

Abstract

We prove that polynomial rings in one indeterminate over nil rings are antiregular radical and uniformly
strongly prime radical. These give some approximations of Köthe’s problem. We also study the
uniformly strongly prime and superprime radicals of polynomial rings in non-commuting indeterminates.
Moreover, we show that the semi-uniformly strongly prime radical coincides with the uniformly strongly
prime radical and that the class of semi-superprime rings is closed under taking finite subdirect sums.

2000Mathematics subject classification: primary 16N20, 16N40, 16N80.

1. Introduction and preliminaries

Köthe’s Problem (is the sum of two nil left ideals nil?) is perhaps the most challenging
problem in ring theory. It was posed in 1930 at the genesis of radical theory [5].
This problem has many equivalent formulations. One of the most interesting, which
stimulated many further studies, is the following one due to Krempa [6]:

DoesR ∈ N imply that the polynomial ringR[x] in indeterminatex over R is
in J , whereN andJ denote the classes of nil rings and Jacobson radical rings,
respectively?

In [11] it has been proved thatR ∈ N implies R[x] ∈ G , whereG stands for
the Brown-McCoy radical. This result can be viewed as an approximation of K¨othe’s
Problem from above, becauseJ ⊂ G . One can try to improve this approximation
replacingG with some other radicals containingN . Among the most natural radicals
to consider are:
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• TheBehrens radicalB. This is the upper radical determined by the class of
rings possessing a non-zero idempotent.

• Theantiregular radicalU ¹. This is the upper radical determined by the class
¹ of all von Neumann regular rings.

• The uniformly strongly prime radicalu. A ring R is said to beuniformly
strongly prime, if there exists a finite subsetF of R, called auniform insulator, such
that x Fy 6= 0 whenever 06= x; y ∈ R. The uniformly strongly prime radical is the
upper radical determined by the class of uniformly strongly prime rings [8].

• The superprime radical. A ring R is said to be (right) superprime[15] if
every non-zero idealI of R contains an elementa such thatr R.a/ = 0, wherer R.a/
denotes the right annihilator ofa in R. Thesuperprime radical¦ is the upper radical
determined by the class of all superprime rings.

The relations among these radicals are well known (see for instance [16]), and we
summarize them in the following proposition.

PROPOSITION1.1.N ⊂ J ⊂ B ⊂ G , B ⊂ U ¹, N ⊂ ¦ ⊂ u. Moreover
G ‖ U ¹, G ‖ u,U ¹ ‖ u,J ‖ u, where‖ stands for the relation‘not comparable’ .

COROLLARY 1.2.B ⊂ U ¹ ∩ G ⊂ G andU ¹ ∩ G ⊂ U ¹.

PROOF. Let V be a countably infinite dimensional space over the two element field
G F.2/ and letT be the ring of finite valued linear transformations ofV . Further,
let t be the linear transformation ofV such thatt .e2n/ = 0 and t .e2n−1/ = e2n,
n = 1;2; : : : , where{e1;e2; : : : } is a basis ofV . Let R be the subring of the ring
of linear transformations ofV generated byT ∪ {t}. It is not hard to check thatR
is a subdirectly irreducible ring with heart equal toT and R=T is nilpotent. Since
T contains idempotents,R 6∈ B. As R=T is a non-zero nilpotent ring andR is
subdirectly irreducible, we conclude thatR ∈ U ¹. Clearly R ∈ G . The rest follows
immediately from Proposition1.1.

The upper radicalNs determined by the class of rings which contain no non-zero
nil left ideals or, equivalently, no non-zero nil right ideals is called thelower strong
radical determined byN . Clearly,N ⊆Ns and Köthe’s problem is equivalent to the
equalityN =Ns. In this context it is natural to ask whetherNs behaves similarly to
N when one takes polynomials. In [10, Corollary 3.3], it was observed that from the
results of [11] it follows that if L is a nil left ideal of a ringR, then.L + L R/[x] ∈ G .
This and the well-known fact (see for instance [7]) that the class{R | R[x] ∈ G } is
radical easily imply that for everyNs-radical ringR, R[x] ∈ G . We shall show that
the same holds ifG is replaced byU ¹ or u (for u we in fact get more, namely that
polynomial rings in non-commuting indeterminates over rings inNs are inu).
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We do not know whether for every nil ringR the polynomial ringR[x]belongs to¦ .
However we show that it does not hold for polynomial rings in sets of non-commuting
indeterminates. We also answer some questions raised in [9] concerningu and¦ .

Given a ringR, R∗ will denote the ring obtained by adjoining an identity toR.
Throughout this paperR[x] denotes the polynomial ring in an indeterminatex over

a ring R andR〈X〉 denotes the ring of polynomials in non-commuting indeterminates
from a setX. If X = {x}, then obviouslyR〈X〉 = R[x].

2. The antiregular radical

The following theorem gives in particular an approximation of K¨othe’s problem by
the antiregular radical.

THEOREM 2.1. For everyNs-radical ring R, R[x] ∈ U ¹.

PROOF. Note first that ife is a right identity of a ringA, that is,ae = a for every
a ∈ A, thenr A.e/ is an ideal ofA. Indeed, ifb ∈ r A.e/, thenAb = Aeb= 0. Clearly,
a − ea ∈ r A.e/ for eacha ∈ A. Hencee+ r A.e/ is an identity ofA=r A.e/. Thus A
can be mapped homomorphically onto a ring with an identity. Consequently,A is not
Brown-McCoy radical.

Suppose now thatR[x] 6∈ U ¹. Then there exists a surjective homomorphism
f : R[x] → B such that 06= B ∈ ¹. Since von Neumann regular rings contain
no non-zero nilpotent ideals, applying the Andrunakievich Lemma, one gets that
ker f is an ideal ofR∗[x]. Consequently,.R ∩ ker f /[x] ⊆ ker f . Let f̄ be the
canonical homomorphism ofSR[x], whereSR = R=.R ∩ ker f /, onto B induced by
f . Since R ∈ Ns and SR is a non-zero homomorphic image ofR, SR contains a
non-zero nil left idealL. Obviously f̄ .r / 6= 0 for somer ∈ L. Since B is von
Neumann regular, there exists an idempotente ∈ B such thatB f̄ .r / = Be. Now
f̄ ..SRr/[x]/ = f̄ .SR[x]r / = f̄ .SR[x]/ f̄ .r / = B f̄ .r / = Be. Obviouslye is a right
identity of Be, so Be is not Brown-McCoy radical and consequently.SRr/[x] is not
Brown-McCoy radical. On the other hand,SRr is a nil ring, so by [11, Corollary 3],
the polynomial ring.SRr/[x] is Brown-McCoy radical, a contradiction.

3. The uniformly strongly prime radical

THEOREM 3.1. .i/ Given a setX, a ring R is uniformly strongly prime if and
only if the polynomial ringR〈X〉 is uniformly strongly prime.
.ii/ For every ringR and every setX, u.R〈X〉/ = u.R/〈X〉.
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PROOF. (i) Suppose thatR is a uniformly strongly prime ring with uniform insulator
F . Let a = ∑

ai mi andb = ∑
bj n j , whereai ;bj ∈ R andmi ;n j are monomials, be

non-zero elements ofR〈X〉. Suppose thatm1 andn1 are some of monomials of the
least degree for whicha1 6= 0 andb1 6= 0. Thena1Fb1 6= 0, which easily implies that
alsoaFb 6= 0. HenceF is a uniform insulator forR〈X〉.

Assume now thatR〈X〉 is uniformly strongly prime with a uniform insulator
G = {g1; : : : ; gk}. Let g1 = ∑

r1i m1i , : : : , gk = ∑
rki mki , wherer ji ∈ R andmji

are monomials. The setF of all r ji is finite and it is clear that ifaFb = 0 for some
a;b ∈ R, then alsoaGb = 0. SinceG is a uniform insulator inR〈X〉 we conclude
thata = 0 or b = 0. ThusF is a uniform insulator forR.

(ii) If u.R/ = 0, thenR is a subdirect sum of uniformly strongly prime ringsRi .
Clearly R〈X〉 is a subdirect sum ofRi 〈X〉. Hence by (i) we get thatu.R〈X〉/ = 0.
It remains to prove that ifR is uniformly strongly prime radical, then so isR〈X〉.
Suppose thatR〈X〉 contains a proper idealI such thatR〈X〉=I is uniformly strongly
prime. Note thatI is also an ideal ofR∗〈X〉. Let� be the canonical homomorphism
of R∗〈X〉 onto R∗〈X〉=I . Clearly R〈X〉=I is generated by�.R/�.T /, whereT is
the free monoid generated byX. Let F = { f1; : : : ; fn} be a uniform insulator of
R〈X〉=I . Each fi is a finite sum of elements of the formai j mi j , whereai j ∈ �.R/
andmi j ∈ �.T/. It is clear that the set of allai j is a uniform insulator of�.R/, so
�.R/ is uniformly strongly prime. This contradicts the assumption thatR is uniformly
strongly prime radical.

PROPOSITION3.2. Suppose thatS is a multiplicative semigroup with 0. IfS is nil,
then for every finite (non-empty) subsetF of S and everya ∈ S for whichaFa 6= 0
there existsb ∈ Ssuch thataba 6= 0 and|abaFaba| < |aFa|.

PROOF. Suppose thatF = {x1; : : : ; xn} and aFa 6= 0. We can assume that
ax1a 6= 0. Let k be a natural number such that.ax1/

k 6= 0 but .ax1/
k+1 = 0. If

.ax1/
ka 6= 0, then forb = x1.ax1/

k−1 (for k = 1 we takeb = x1), aba = .ax1/
ka 6= 0

andabaFaba⊆ aba{x2; : : : ; xn}aba, so we are done. If.ax1/
ka = 0, thenk ≥ 2

and forb = x1.ax1/
k−2, aba 6= 0 andabax1aba = .ax1/

kaba = 0. Hence again
|abaFaba| < |aFa|. The result follows.

COROLLARY 3.3. .i/ If S is a non-zero nil semigroup with 0, then for every
finite subsetF of S there is a non-zeroa ∈ S such thataFa = 0.
.ii/ If Ris a ring generatedby a nil subsemigroupSof the multiplicative semigroup

of R, thenR ∈ u.

PROOF. Statement (i) is a direct consequence of Proposition3.2.
(ii) Let � be a ring homomorphism ofR onto R′. Obviously R′ is generated by

�.S/. Take anyr1; : : : ; rn ∈ R′. For every 1≤ i ≤ n there is a finite set{si j } ⊆ �.S/
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and integersei j such thatri = ∑
j ei j si j . Since the semigroup�.S/ is nil, by (i),

�.S/ = 0 or there is 06= a ∈ �.S/ such thatasi j a = 0 for all i; j . Henceari a = 0
for all 1 ≤ i ≤ n. This shows thatR′ is not uniformly strongly prime. Consequently,
R ∈ u.

Clearly Corollary3.3 (ii) implies thatN ⊆ u (see for example [14]). In fact it
gives more.

COROLLARY 3.4.Ns ⊆ u.

PROOF. Obviously it suffices to prove that if a ringR has a non-zero nil left ideal
L, thenu.R/ 6= 0. Note that{lr | l ∈ L ; r ∈ R∗} is a nil subsemigroup of the
multiplicative semigroup ofR generatingL R∗ as a ring. Hence by Corollary3.3(ii),
L R∗ ∈ u. Consequently, 06= L R∗ ⊆ u.R/.

Theorem2.1, Theorem3.1and Proposition1.1along with the quoted result of [11]
yield

COROLLARY 3.5. If R ∈ N , thenR[x] ∈ U ¹ ∩ G ∩ u. The positive solution of
Köthe’s Problem would imply thatR[x] ∈J ∩ u for every nil ringR.

Thus Corollary3.5provides also another equivalent formulation of K¨othe’s Prob-
lem: DoesR ∈ N imply R[x] ∈J ∩ u?

The position of the radical classes discussed so far is given in the following diagram:

U ¹ G U

U ¹ ∩ G

B U ¹ ∩ G ∩ U

J

J ∩ U ¦

Ns

N

Olson, Le Roux and Heyman [9] defined a ringR to besemi-uniformly strongly
prime if every non-zero idealI of R contains a finite subsetF , called aninsulatorof
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I , such that for every 06= i ∈ I , i Fi 6= 0. They proved that the class of all semi-
uniformly strongly prime rings is weakly special. The upper radicalu′ determined by
this class could be potentially another radical to examine when approximating K¨othe’s
Problem. However, as we shall show, it coincides with the uniformly strongly prime
radical. This answers a question raised in [9].

We shall need the following two lemmas proved by Handelman in [3].

LEMMA 3.6 ([3, Lemma 7]).If a semiprime ringR contains no infinite direct sums
of non-zero ideals, thenR satisfies the ascending and descending conditions on
annihilators of ideals.

LEMMA 3.7 ([3, Lemma 8]).If I is a non-zero ideal in a semiprime ringR and the
annihilator Ī of I is maximal among annihilators of ideals inR, thenR= Ī is a prime
ring.

PROPOSITION3.8. The radicalu′ coincides with the uniformly strongly prime rad-
ical u.

PROOF. It suffices to prove that every semi-uniformly strongly prime ringR can be
homomorphically mapped onto a non-zero uniformly strongly prime ring. ClearlyR
is semiprime and contains no infinite direct sum of non-zero ideals. Hence applying
Lemma3.6 and Lemma3.7 we obtain thatR contains a non-zero idealK such that
R=SK is a prime ring. We claim thatR=SK is uniformly strongly prime. LetF
be an insulator ofK . We shall prove thatF + SK is a uniform insulator ofR=SK .
Suppose thatx; y ∈ R \ SK and x Fy ⊆ SK . Let P = {r ∈ R | x Fr ⊆ SK } and
L = {r ∈ R | r F P ⊆ SK }. ClearlyP andL are right and left ideals ofR, respectively,
and both of them strictly containSK . Hence 06= K L ⊆ K ∩ L and 06= P K ⊆ P ∩ K ,
so P ∩ K and L ∩ K are non-zero right and left ideals ofK , respectively. Since
R=SK is a prime ring andK is isomorphic to an ideal of that ring,K is a prime ring.
Consequently, 06= .P ∩ K /.L ∩ K / ⊆ L ∩ P ∩ K . Now for every 06= t ∈ L ∩ P ∩ K ,
t Ft = 0. HenceF is not an insulator ofK , a contradiction.

4. The superprime radical

ClearlyN ⊆ ¦ but we do not know whetherNs ⊆ ¦ . We also do not know
whether if R ∈ N , then R[x] ∈ ¦ . This would improve the approximation of
Köthe’s Problem. It is not hard to check that for every ringR the ring M.R/ of
countable matrices overR which have only finitely many non-zero entries is in¦ , and
if R ∈ Ns then alsoM.R/ ∈ Ns. In particular, if R ∈ N then M.R/ ∈ Ns. The
problem whetherfor everyR ∈ N alsoM.R/ ∈ N is equivalent to K¨othe’s problem



[7] Radicals and polynomial rings 29

([6, 13]). It is clear that ifR is locally nilpotent, thenM.R/ ∈ N . There also exist
not locally nilpotent ringsR such thatM.R/ ∈ N . As it was noted in [7] and in [1,
Lemma 59] ifR is Golod’s example of [2] (recall that this is an example of a nil ring
which is not locally nilpotent), thenR[x] ∈ N , which implies thatM.R/ ∈ N . An
example of a ringR for which M.R/ is nil andR[x] is not nil was constructed in [12].
Note that for every ringR and every setX, M.R/〈X〉 ' M.R〈X〉/ ∈ ¦ . These show
that there are many nil ringsR such that for every setX, R〈X〉 ∈ ¦ . We shall show
that there are also nil rings for which it does not hold.

A ring R is called (right) strongly primeif every non-zero ideal ofR contains
a finite subsetF such that the right annihilatorr R.F/ of F in R is equal to zero.
Obviously every strongly prime ring is prime and every superprime ring is strongly
prime.

If R is a finitely generated non-nilpotent ring, then applying Zorn’s lemma one can
find in Ran ideal maximal with respect to the property thatRn 6⊆ I for all n = 1;2; : : :
(Zorn’s lemma applies because allRn are finitely generated rings). ObviouslyR=I is
a prime ring. For every idealJ of R strictly containingI there is a natural number
n such thatRn ⊆ J. The ring Rn is generated by a finite set, say,F . Clearly for
arbitraryx ∈ R, Fx ⊆ I if and only if Rnx ⊆ I . This easily implies thatR=I is
strongly prime.

There are finitely generated non-nilpotent nil rings. Hence the foregoing remark
implies that there exist strongly prime nil rings.

Now we shall prove

THEOREM 4.1. If R is a strongly prime ring, then for every setX with |X| ≥ 2, the
ring R〈X〉 is superprime.

PROOF. Let I be a non-zero ideal inR∗〈X〉 contained inR〈X〉 and letm be a
monomial of least degree such that for some 06= r ∈ R, r1; : : : ; rn ∈ R and some
monomialsm1; : : : ;mn, rm + r1m1 + · · · + rnmn ∈ I . The setJ consisting of all
coefficients ofm in elements belonging toI is a non-zero ideal ofR∗. SinceR is
strongly prime there are elementsa1; : : : ;at ∈ J such thatr R.{a1; : : : ;at}/ = 0.
Suppose that they appear as coefficients ofm in polynomials f1; : : : ; ft ∈ I . Let x
andy be two distinct elements inX. Then f = f1xyt + f2x2yt−1+· · ·+ ft xt y ∈ I . We
claim thatr R〈X〉. f / = 0. Indeed, if for someg ∈ R〈X〉, f g = 0, then f̄ ḡ = 0, wheref̄
andḡ are the least components off andg with respect to the gradation ofR〈X〉 given
by the degree. Suppose thatf̄ = b1 p1 + · · · + bl pl , wherebi ∈ R and pi are distinct
monomials and similarlȳg = c1q1+· · ·+csqs. Note that{a1; : : : ;at} ⊆ {b1; : : : ;bl }.
Moreoverpi qj = puqw if and only if pi = pu andqj = qw. This shows thatbi cj = 0
for all i; j . Consequently,cj ∈ r R.{a1; : : : ;at}/ = 0 andḡ = 0, a contradiction. Now
it suffices to apply the Andrunakievich lemma to get that every non-zero ideal ofR〈X〉
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contains an elementi such thatr R〈X〉.i / = 0. This proves thatR〈X〉 is superprime.

Olson, Re Roux and Heyman [9] defined a ringR to be (right) semi-superprime
if for every non-zero idealI of R there existsi ∈ I such thatr I .i / = 0. They
proved that all semi-superprime rings are finite subdirect sums of superprime rings
and asked whether the converse holds. We shall show that it is indeed the case. Since
all superprime rings are semi-superprime it suffices to prove the following

THEOREM 4.2. Every ring which is a subdirect sum of two semi-superprime rings
is semi-superprime.

PROOF. It is clear that every semi-superprime ringR contains no infinite direct
sum of non-zero ideals. Note that ideals ofR are preciselyR ⊗ Rop-submodules of
R. Hence the Goldie dimension ofR as R ⊗ Rop-module is finite. Thus a direct
sum R1 ⊕ · · · ⊕ Rn of uniform R ⊗ Rop-submodules ofR is an essentialR ⊗ Rop-
submodule ofR. Since the class of semi-superprime rings is hereditary and consists
of semiprime rings, an idealI of R is uniform as anR ⊗ Rop-module if and only ifI
is a prime ring. Clearly prime semi-superprime rings are superprime. Consequently,
every semi-superprime ringR contains a direct sumI1 ⊕ · · · ⊕ In of idealsIi which
are superprime rings and such thatI1 ⊕ · · · ⊕ In is an essential ideal ofR.

Suppose now thatR is a subdirect sum of two semi-superprime rings, that is,R
contains idealsI ; J such thatI ∩ J = 0 and R=I and R=J are semi-superprime
rings. SinceI is isomorphic to an ideal inR=J and R=J is semi-superprime,I
contains an essential direct sumI1 ⊕ · · · ⊕ In of ideals which are superprime rings.
Applying the Andrunakievich lemma it is not hard to show that allIi can be chosen
to be ideals ofR. Note that ifIn+1; : : : ; I t are non-zero ideals inR such that the sum
I1 +· · · + In + In+1 +· · · + It is direct, then.I + In+1/=I +· · · + .I + It /=I is a direct
sum of non-zero ideals ofR=I . Thus t − n does not exceed the Goldie dimension
of the .R=I / ⊗ .R=I /op-moduleR=I . Consequently, we can assume that allIi are
superprime rings andI1 ⊕ · · · ⊕ It is an essential ideal ofR. Note that if M is an
ideal of I1 ⊕ · · · ⊕ It , then M ∩ Ii 6= 0 if and only if ³i .M/ 6= 0, where³i is the
natural projection ofI1 ⊕· · · ⊕ It onto Ii . If T is a non-zero ideal inI1 ⊕· · · ⊕ It , then
.T ∩ I1/⊕· · ·⊕.T ∩ It / is an essential ideal inT . Indeed, ifM ⊆ T is a non-zero ideal
of I1 ⊕ · · · ⊕ It , then³i .M/ 6= 0 for somei , so 0 6= M ∩ Ii ⊆ T ∩ Ii . Take now any
non-zero idealK in R and putT = K ∩ .I1 ⊕· · · ⊕ It /. SinceI1 ⊕· · · ⊕ It is essential
in R and R is semiprime,T is essential inK . Note that since allI i are superprime,
for everyi for whichT ∩ I i 6= 0 there is anai ∈ T ∩ Ii such thatr Ii

.ai / = 0. Then for
a = ∑

ai , rU .a/ = 0, whereU = .T ∩ I1/⊕ · · · ⊕ .T ∩ It/. HoweverU is essential
in T andT is essential inK , soU is essential inK . Now U ∩ r K .a/ = rU .a/ = 0, so
r K .a/U = 0. Hence, sinceU is semiprime and essential inK , rK .a/ = 0. The result
follows.
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