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Abstract

An algebraA is homogeneoui$ the automorphism group o acts transitively on the one dimensional
subspaces ofA. SupposeA is a homogeneous algebra over an infinite fikeld Let L, denote left
multiplication by any nonzero elemeate A. Several results are proved concerning the structufeinf

terms ofL,. In particular, it is shown thaA decomposes as the direct sum= kerL, @ Im L,. These

results are then successfully applied to the problem of classifying the infinite homogeneous algebras of
small dimension.

2000Mathematics subject classificatioprimary 17D99; secondary 17A36.
Keywords and phrase®Non-associative algebras, automorphism group.

1. Introduction

The algebras to be discussed are assumed to be finite dimensional ovelkaafield
are not necessarily associative. We call an alggbreontrivial if dim A > 1 and
A? £ 0. Also, Aut(A) will denote the group of algebra automorphismsof

An algebraA is homogeneoui Aut(A) acts transitively on the one-dimensional
subspaces of. This is a very strong condition indeed and the known examples fall
into two easily described classes. The existence of homogeneous algebras depenc
critically on the choice ok, the field of scalars, and a number of results are known
classifying these algebras according to the field. Kostrikirshowed how to con-
struct homogeneous algebras of any dimension over the finite field GF(2). Work by
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Shult [7], Gross B] and Ivanov fi] showed that ik is finite, then there are no algebras
other than those constructed by the method of Kostrikin. Djakif‘completely
classified homogeneous algebras over the reals and found only 3 examples, one eac
in dimensions 3, 6 and 7. It was shown by Swel [that there are no non-trivial
examples whatsoever when the scalar field is algebraically closed.

The first general study of homogeneous algebras was carried out by Sijeet [
and subsequently the authofs§] have completely classified the non-trivial algebras
of dimensions 2, 3 and 4 over any field. There it has been shown that no examples
exist other than those found by Kostrikin and by DjolkomvRecently, motivated by
the examples over the reals, Djokowdhd Sweetq] have shown that all non-trivial
homogeneous algebras over any infinite field satiéfy= 0 for all x € A, and hence
are anti-commutative.

The main purpose of this paper is to prove the following structure theorem which
applies to homogeneous algebras over any infinite field. FomanW, L, : A —> A
will denote left multiplication bya.

THEOREM. Let A be a non-trivial homogeneous algebra over an infinite field. Then
foranya € A\{0}, A=kerL, & ImL,.

This theorem has a number of interesting consequences regarding the possibls
structure of infinite homogeneous algebras which will provide important tools in our
continuing program of classifying these algebras.

In all that follows, A will be a non-trivial homogeneous algebra over an arbitrary
infinite field k.

2. Results and proofs

One of the immediate consequences of homogeneity Bgis that all left multi-
plications are projectively similar. More precisely, for amb € A, if « € Aut(A)
mapsa to Ab, thenaL,a=! = AL,. This fact has been exploited very successfully
in [6] and [8] to classify the homogeneous algebras of dimensions 2, 3 and 4. In
particular we use the matrix representatio.gfvith respect to some suitably chosen
basis. Note that if, b € A\{0} then rank_, = rankL,. Also if some coefficient of
the characteristic polynomial df, is zero then the corresponding coefficient of the
characteristic polynomial df,, is also zero.

THEOREM 2.1. Let A be a nontrivial homogeneous algebra over an infinite field
If a € A, thenL, has no nonzero eigenvalueskn

PrOOF. In [2] it is proved that any homogeneous algebraver an infinite field
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has the property thaf = O for allx € A. The theorem then follows from Theorem 3
of [8]. O

Our main result, which is Corollar.3, follows from the following theorem.

THEOREM 2.2. Let A be a nontrivial homogeneous algebra over an infinite field
Ifa,b e A\{0} andab= 0, thenimL, = ImL,.

PrROOF. Choose a basiB = {by, b,, ... b,} of Asuch thafb,, b, ...bs} is a basis
of kerL , and choose another ba€is= {c;, C,, ... c,} suchthat; = ab fors <i < n.
Then the matrix oL, with respect to the basd&andC is

ERd

wherer = n — sisthe rank ofL,. Letx € A be arbitrary and let

X1 Xz

X3 X
be the matrix ofL, with respect toB andC. Since therank of., +tL, = Ly
cannot exceed for all t € k, we conclude thaiX, = O. Hencex(kerL,) =
Ly(kerLy) C ImL,. Butxis arbitrary and sA(kerL,) C ImL,. Sinceb € kerL,,

Ab=ImL, C ImL,. ButrankL, =rankL, and so InL, and ImL, have the same
dimension. It follows that Ink., = Im L,,. O

CoROLLARY 2.3. Let A be a nontrivial homogeneous algebra over an infinite field
k. Ifa e A\{0}, thenA =kerL, ® ImL,.

PrOOF. Leth € kerL,NImL,. If b # 0, then Theorer.2implies that ImL, =
Im L,. Butthenb € Im L, which contradicts Theoreth1l Hence ket.,NImL, =
{0} and soA = kerL, @ Im L. O

Let A be a nontrivial homogeneous algebra over a fielhd leta € A. If k is
finite it was shown by Shult7] thatL, is either invertible or nilpotent. Ik is infinite
the first case is impossible sineé = 0. Also, if k is infinite the above corollary
implies that the second case is also impossible. In fact, we have a slightly stronger
result.

COROLLARY 2.4. Let A be a nontrivial homogeneous algebra over an infinite field
k. If a € A\{0}, thenL, cannot have a nonzero nilpotent block in its rational
canonical form.
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Corollary2.3says thatA can be written as a direct sum of the sudosgs ket , and
Im L,. We now show that kdr, is actually a subalgebra.

THEOREM 2.5. Let A be a nontrivial homogeneous algebra over an infinite field
If a € A\{O}, thenkerL, is a zero subalgebra.

ProOF. Assumea € A\{0} and letx € A\{0} be arbitrary. Using Corollarg.3,
decompose\ into A = kerL, & Im L,. Then using a corresponding basis

_ O O . X1 X
La_[o Aj and LX_[X3 XJ'

Using the rank argument as in Theor@r, we conclude thak, = O forall x € A.
Now letb € kerL,\{0}. Then

O B
Butab= 0and so InL, = Im L, by Theoren?.2 This implies thatB, = O. Also
Corollary 2.3 implies thatA; is nonsingular and s8, is also nonsingular sincke,
andL, are projectively similar.

AssumeB; # O. Then there exists € kerL, such thatbc = d € ImL,\{0}.
SinceB, is nonsingular the equatiddyx = d must have a unique soluti@e Im L.
But thenbc = be and sob(c — e) = 0. It follows that ImL, = ImL._.. Since
¢ € kerL,, we again can assume that

O O
L=[2 ]

O E
L= [Es EJ .
Butnow ImL._, = Im(L.—Le) = ImL, = ImL,, and this implies thaE, = 0. But
e € ImL, ande? = 0 and scE, is singular. This isimpossible sintg is projectively
similar to L.
HenceB; = O and therefore kelr, is a zero subalgebra. O

On the other hand,

COROLLARY 2.6. Let Abe a nontrivial homogeneous algebra over an infinite feld
If a,b € A\{O} andab = 0, thenkerL, = kerL,. Also, denotingerL,\{0} by K3,
the setK} partition A\{0}.

PrOOF. Assumex € kerLy. Sincea € kerL,,, Theorem2.5implies thatax = O,
and sox € kerL,. Hence ket C kerL, and similarly kel, c kerL,. Hence
kerL, = kerLy. The proof of the second conclusion is similar. O
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Theoren.5shows that each kér, is a subalgebra. We now show that eachm
is not a subalgebra.

THEOREM 2.7. Let A be a nontrivial homogeneous algebra over an infinite field
Leta,b e A\{0}. If ImL, = Im Ly, thenkerL, = kerLy.

PrOOF. By using an argument similar to that found in Theor2&it can be shown
thatab = 0 and then the result follows directly from Corollazy. O

COROLLARY 2.8. Let Abe a nontrivial homogeneous algebra over an infinite feld
If a € A\{0}, thenlm L, is not a subalgebra.

PrOOF. Assume ImL_, is a subalgebra. LeA = kerL, & ImL,. Supposeé €
Im L,\{0}. Then as before
O O
Lo = [Bs 34] |

This implies that ImL, = Im L, and so ket., = kerL,. Thusb € kerL, nImL,
which is impossible. O

It is natural to look at the action of an automorphism on kgiand ImL,. The
next result is well known and the proof is easy.

REMARK. Let A be any algebra over a fiekl If a € A\{0}, @ € Aut(A) and
a(a) = b, thena(kerL,) = kerL, anda(ImL,) = ImL,.

CoOROLLARY 2.9. Let Abe a nontrivial homogeneous algebra over an infinite feld
If @« € Aut(A), a € A\{0} anda(kerL,) NkerL, # O, thena(kerL,) = kerL, and
a(lmL,) =ImL,.

ProOOF. The proof follows easily from the above theorem using Corolfafand
Theorem2.5. O

We now show that AtA) cannot be abelian ifA is a nontrivial homogeneous
algebra over an infinite fielld (the result is false whek is finite). LetZ (Aut(A))
denote the center of A(A).

THEOREM 2.10. Let A be a nontrivial homogeneous algebra over an infinite field
If « € Z (Aut(A)) anda € A\{0}, thena(kerL,) = kerL, anda(ImL,) = ImL,.
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PrROOF. Leta € Z (Aut(A)). We define a new multiplicatioao b on Ato make a
new algebraA” as follows:

aob=au(b).
Then ify € Aut(A)
y@ob)=y@ad) =y@yb) =y@alyb) =y@oyb)
and soy € Aut(A*). ThusA” is a homogeneous algebra. Hence
aoca=aa(@ =0.
Thusa(a) € kerL,, Va € A, and the result follows from Corollarg.9. O

COROLLARY 2.11. Let A be a nontrivial homogeneous algebra over an infinite
fieldk. ThenAut(A) is not abelian.

PrOOF. This follows immediately from Theore 10 O

The remaining theorems use the direct sum decomposition to study the possible
dimension of ket_,.

THEOREM 2.12. Let A be a nontrivial homogeneous algebra over an infinite field
If a € A\{0}, thendim(kerL,) < (1/2) dim(A).

PrOOF. Lett=dim(kerL,) andn=dim(A). Assumet>n/2. Let{a;, ay, ... , &}
be a basis of kdr, and decomposa as A = kerL, & ImL,. It follows from
Theorem?2.5that each.,, is of the form

O O
L-[2 9]
whereA, is a nonsingulatn — t) x (n —t) matrix.

Sincet > n/2 there exists a nontrividd = x;a; + X,a, + - - - + %& such that

-0 o -

* ... *

0 ... 0 by |

But thenb,, = 0 by Theoren®.1, and hencé , is not projectively similar td_,. This
is a contradiction and hente< n/2. O
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THEOREM 2.13. Let A be a nontrivial homogeneous algebra over an infinite field
If n=dim Ais odd andnh > 3, then fora € A\{0}, dim(kerL,) < (n—1)/2.

PrOOF. By Theorem2.12we know that = dim(kerL,) < n/2 and so it suffices
to showthat # (n—1)/2. Assume otherwise. Decompo&@asA = kerL,®Im L.
Letbe ImL,andletB = {b, b,, ..., b} be abasis forker,. Eachb; can be written
uniquely as

b =a +b,

whereg, € kerL, andb/ € ImL,. LetB" = {b, b, ..., b}. We claim thatB’ is an
independent set. For suppds® + A0, + ... + A = 0. Then

a(rb + A0, + - + Abp) = a(b + A0, + - - + Ay) = 0.

Sorb+ Asb, + - - -+ A by € kerL, NkerLy = {0}. But B is an independent set, and
so B’ must also be an independent set.

Let c be any vector in the complement of the sparBbin ImL,. ThenB’ U {c}
is a basis of ImL,. Nowb b/ = bja € ImL, and so using any basis for Kef and
B’ U {c} as a basis of Inh.,, we have

0 0 ... 0 by
0 0 ... 0 by
=] ol:: & : and Lc=[§2 (ﬂ
0 0 ... 0 by
* *

Sincec ¢ kerL,, the columns ofC, are independent and so ra@k = t. Also
¢ ¢ kerL, implies thatC,; # 0 and so ranlC; = 1. Sincen > 3 this implies that
there exists a nonzetw in the span oB’ such that

Lb/z[o o]'
* *

Sinceb’ ¢ kerL, this is impossible. O

Our final result involves a lower bound for dikerL,). First we need the well-
known result described in the following lemma.

LEMMA 2.14. Let M be ann x n matrix with entries from a fiel#. SupposeM is
skew-symmetric anah; = Ofor 1 <i < n. If nis odd, thenM is singular.
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THEOREM 2.15. Let A be a nontrivial homogeneous algebra over an infinite field
Leta € A\{0}. If dim Ais even, thenlim(kerL,) > 1.

PrROOF. Suppose dinA = n and leta € A\{0}. Then decomposA as
A=kerL,®ImL,.

Let {a, e, ..., e} be the corresponding basis and assume(kimL,) = 1. We
consider the top rows dfe,, Le,, ... , Le. SinceAis anticommutative these rows are
of the form

R : 0 O €3 €4 €5 ... €y

Rs: 0| —ex 0 €34 €s ... 63

Ry : 0| —€s €y 0 €5 ... €

R, : O| —en —€n —€n —6, ... 0.

Considern, R, + X3Rs + - -+ + xR, = 0. This is a homogeneous linear system
of the formMx = 0, whereM is a(n — 1) x (n — 1) skew-symmetric matrix, with
m; = O (we discard the first column). By Lemn2al4 M is singular and so the
system has nontrivial solutions. Thus there exists a nonzerém L, such that

LX=|:00... 0i|
* *

Again this is impossible since ¢ kerL,. This completes the proof. O

3. Homogeneous algebras of small dimension

The general results described in the previous section are strong enough to limit
the possible existence of homogeneous algebras having small dimension. Their ree
strength lies in the fact that they do not depend on the choice of the scalar field. These

theorems allow us to dramatically shorten the work involved in classifying dimensions
2,3 and 4, (asreported ifiland [8]) and to make some additional useful observations.

We first briefly describe the only known examples of infinite homogeneous algebras.

These exist over the real field and are described by Djakiov{1]. In that paper,

he shows that there are only 3 such algebras. The first two are well-known: the 3-
dimensional algebra consisting of the pure quaternions and the 7-dimensional algebr:
consisting of the pure octonions. In both cases the multiplication is redefined to make

x? = 0. There is also a 6-dimensional algefra= C® considered as a real vector
space with multiplication as follows: for = (x4, X,, X3) andy = (y1, ¥», ¥a), let

XY = (XaY3 — XaY2, XaY1 — X1¥3, X1Y2 — X2Y1) -
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We conclude with a summary of the results of applying Theorémg 2.13
and2.15to algebras of dimension up to 7. It may be that any further progress on
classification will depend on specifying the scalar fikld

e Dimension 2By Theorem2.15 dim(kerL,) = 2 = dim(A). Thus there
are no non-trivial homogeneous algebras over any infinite field. This result was first
shown in P].

e Dimension 3By Theorem2.12 we must have dirtkerL,) = 1. Such an
algebra exists as described above (also over certain other field§].see [

e Dimension 4 By Theorem?2.12, dim(kerL,) < 2, but by Theoren®.15
dim(kerL,) > 1. Therefore there are no non-trivial homogeneous algebras over any
infinite field. This is an improvement on the authors’ work&h [

e Dimension 5According to Theorem.13 the only possibility for a homoge-
neous algebra is to have dikerL,) = 1. This case has not yet been resolved, but
we conjecture no such algebra exists over any infinite field.

e Dimension 6According to Theorem8.12and2.15 the only possibility is for
dim(kerL,) = 2. Such an algebra does exist over the reals, as described above.

e Dimension 7By Theoren?2.13 there are two possibilities: ditkerL,) = 1
or 2. The case of ditkerL,) = 1 can occur: the algebra of pure octonions described
above. The case of ditkerL,) = 2 is unresolved, but we again conjecture no such
algebra exists over any infinite field.

Acknowledgement

The authors would like to thank the anonymous referee for suggestions which
improved both the content and presentation of this paper.

References

[1] D. Z. Djokovic, ‘Real homogeneous algebraBipc. Amer. Math. Soell (1973), 457—-462.

[2] D. Z. Djokovic and L. G. Sweet, ‘Infinite homogeneous algebras are anti-commutaiie,
Amer. Math. So¢127(1999) 3169-3174.

[3] F. Gross, ‘Finite automorphic algebras o@F(2)’, Proc. Amer. Math. So&1 (1971), 10-14.

[4] D. N. Ivanov, ‘On homogeneous algebras o@&F(2)’, Vestnik Moskov. Univ. Matematikav
(1982), 69-72.

[5] A.l.Kostrikin, ‘On homogeneous algebra&yvestiya Akad. Nauk USSR (1965), 471-484.

[6] J. A. MacDougall and L. G. Sweet, ‘Three dimensional homogeneous algeBeasfic J. Math.
74(1978), 153-162.

[7] E.E. Shult, ‘On the triviality of finite automorphic algebraltfinois J. Math.13(1969), 654—659.

[8] L. G. Sweet and J. A. MacDougall, ‘Four dimensional homogeneous algeBaasgic J. Math.
129(1987), 375-383.



56 L. G. Sweet and J. A. MacDougall [10]

[9] L.G. Sweet, ‘On homogeneous algebrd&cific J. Math59 (1975), 385-594.
[10] , ‘'On the triviality of homogeneous algebras over an algebraically closed fiafatt, Amer.
Math. Soc48(1975), 321-324.

Department of Mathematics Department of Mathematics
and Computer Science University of Newcastle
University of Prince Edward Island Callaghan NSw 2308
Charlottetown PEI C1A 4P3 Australia
Canada e-mail: mmjam@cc.newcastle.edu.au

e-mail: sweet@upei.ca


mailto:sweet@upei.ca
mailto:mmjam@cc.newcastle.edu.au

