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Abstract

Recently, Chen established a sharp relationship between the Ricci curvature and the squared mea
curvature for a submanifold in a Riemannian space form with arbitrary codimension. Afterwards, we
dealt with similar problems for submanifolds in complex space forms.

In the present paper, we obtain sharp inequalities between the Ricci curvature and the squared mea
curvature for submanifolds in Sasakian space forms. Also, estimates of the scalar curvature and the
k-Ricci curvature respectively, in terms of the squared mean curvature, are proved.
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1. Preliminaries

A (2m+1)-dimensional Riemannian manifolt¥l , g) is said to be &asakian manifold
if it admits an endomorphisi of its tangent bundI& M, a vector fieldt and a 1-form
n, satisfying:

P*=-1d+n®& nE) =1 ¢£=0 no¢=0,
g@X, oY) = g(X,Y) — n(X)n(Y), n(X) =g(X, &),
(Vx®)Y = —g(X, )E +n(Y)X, V& = ¢X,

for any vector fieldsX, Y on T M, whereV denotes the Riemannian connection with
respect ta.
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A plane sectionr in T,M is called ap-sectionif it is spanned byX and¢ X, where
X is a unit tangent vector orthogonal §0 The sectional curvature of ¢g-section
is called a¢-sectional curvature A Sasakian manifold with constagtsectional
curvaturec is said to be &asakian space forand is denoted b (c).

The curvature tensor d¥l (c) of a Sasakian space forM(c) is given by [1]

~ 3 -1
(L) ROGNZ = 002X — 9K 2V} + (0 (0n(2)Y

—n(Y)n(2)X 4+ g(X, 2)n()§ — g(Y, 2)n(X)é
+9(Y. 2)¢pX — 9@ X, 2)pY — 29(¢ X, Y)$Z},

for any tangent vector fieldX, Y, Z on M(c).

As examples of Sasakian space forms we merkigh* and S*™+?, with standard
Sasakian structures (se8)|

Let M be am-dimensional submanifold of a Sasakian space fbtg) of constant
¢-sectional curvature. We denote by (i) the sectional curvature dfl associated
with a plane sectiom C T,M, p € M, andV the Riemannian connection o,
respectively. Also, leh be the second fundamental form aR¢he Riemann curvature
tensor ofM. Then the equation of Gauss is given by

(1.2) R(X,Y, Z,W) = R(X,Y, Z, W) + g(h(X, W), h(Y, Z))
for any vectorsX, Y, Z, W tangent toM.

Let p € M and{e,, ..., &} an orthonormal basis of the tangent spaghl. We
denote byH the mean curvature vector, that is

1 n
(1.3) H(p) == hee.e).
i=1
We also set
(1.4) hi; = g(h(e, g), &)
and
(1.5) IhiI*> =" g(h(e, &), hee, e))).

ij=1

For any tangent vector field to M, we putp X = P X+ F X, whereP X andF X
are the tangential and normal components Xf, respectively. We write

(1.6) IPI>= )" g*(Pe.e).

ij=1
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Supposel is ak-plane section off M and X a unit vector inL. We choose an
orthonormal basige,, . .., g} of L such thae, = X.
Define theRicci curvatureRic, of L at X by

(1.7) Ric, (X) = Ky + Kys+ -+ + Ky,

whereK;; denotes the sectional curvature of the 2-plane section spanrecehyWe
simply called such a curvaturekaRicci curvature
Thescalar curvaturer of thek-plane sectiori is given by

(1.8) (L)y= Y Ky.

1<i<j=<k

For each integek, 2 < k < n, theRiemannian invarian®, on ann-dimensional
Riemannian manifoldM is defined by

(1.9) O(p) = |Ln;‘( Ric.(X), peM,

k—1
wherelL runs over alk-plane sections if,M andX runs over all unit vectors if..

Recall that for a submanifol in a Riemannian manifold, thelative null space
of M at a pointp € M is defined by

(1.10) Ny ={X eTMIh(X,Y)=0, forallY € T,M}.

2. Ricci curvature and squared mean curvature

Chen established a sharp relationship between the Ricci curvature and the square
mean curvature for submanifolds in real space forms (4Be [We prove similar
inequalities for certain submanifolds of a Sasakian space form.

A submanifoldM normal to¢ in a Sasakian space forM(c) is called aC-totally
real submanifold It follows that¢ maps any tangent space bf into the normal
space, that igy(T,M) C T, "M, for everyp € M.

THEOREM 2.1. LetM be ann-dimensionaC-totally real submanifold of &2m-+1)-
dimensional Sasakian space foivh(c). Then

(i) For each unit vectoX € T,M, we have

(2.1) Ric(X) < %{(n —1)(c+3) +n?|H]|?.

(i) If H(p) = 0O, then a unit tangent vectoX at p satisfies the equality case of
(2.0)ifand only if X € A4},
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(i) The equality case of2.1) holds identically for all unit tangent vectors atif
and only if eitherp is a totally geodesic point an = 2 and p is a totally umbilical
point.

PROOF. (i) Let X € T,M be aunittangentvectof atp. We choose an orthonormal
basise, ..., €, €1, ..., &me = &, SUch thaey, .. ., e, are tangent tdvl at p, with
e = X.

Then, from the equation of Gauss, we have
(2.2) n?[H|? = 2t + ||| = n(n — 1)(c + 3)/4.
From 2.2), we get

2m

(23) MIHIP=2t+ ) [(haoz + (- + )2 +2Z(h{j>2}

r=n+1

-2 Z Z h[lhrJl —n(n—l)is

r=n+12<i<j<n

i<j

1 m
=2T+EZ[(hrll+"'+h:m)2+(hr11_hr22_"'_h:m)z]
r=n+1
r rr c+3
S 3D ILTED D BT S e
r=n+1i<j r=n+12<i<j<n

From the equation of Gauss, we find

r K r C+3
(2.4) .J—Z[h..hJl i1+ ==

r=n+1
and consequently

Co ] nmn—DLH(n—-2)c+3
(2.5) > Ki= Z > hGnG — (i) + 2 4 -

2<i<j=<n r=n+12<i<j<n

Substituting 2.5) in (2.3, one gets

+3
(2.6) n2[[H|? >21+—||H|| +2Z Z(hgj) —2 Y K - 2(n—1)C—.

r=n+1 j=2 2<i<j=<n

Thereforen?||H||?/2 > 2 Ric(X) — 2(n — 1)(c + 3)/4 or equivalently 2.1).
(ii) AssumeH (p) = 0. Equality holds inZ.1) if and only if

.= ...=h =
(2.7) 12 in
h,=hy,+---+h, re{n+1,...,2m}.
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Thenhi; =0, foreveryj e {1,...,n},r e {n+1,...,2m}, thatisX € .4,.
(iii) The equality case ofZ.1) holds for all unit tangent vectors atif and only if

2.8) h{j=0, i#£j, re{n+1,...,2m},
' h,+---+h —2h =0 ie(l....,n,re(n+1, ..., 2m}

We distinguish two cases

(@ n # 2, thenpis atotally geodesic point;

(b)y n=2,itfollows thatp is a totally umbilical point.
The converse is trivial. O

In the following we will consider submanifoldd tangentto the Reeb vector figld

THEOREM2.2. Let M (c) be a(2m + 1)-dimensional Sasakian space form aiid
an n-dimensional submanifold tangent4o Then

(i) For each unit vectoX € T,M orthogonal to§, we have
(29)  Ric(X) <{(n—D(c+3) + BIPX|*—2)(c— 1)/2+n?|H|?}/4

(i) If H(p) = 0O, then a unit tangent vectoX € T,M orthogonal to¢ satisfies
the equality case of2.9) if and only if X € 47,

(i) The equality case d2.9) holds identically for all unit tangent vectors orthog-
onal to¢ at p if and only if p is a totally geodesic point.

PROOF. Let X € T,M be a unit tangent vectof at p, orthogonal t&;. We choose
an orthonormal basis, ..., e, = &, €..1, ..., &me1 SUCh thate, ..., e, are tangent
to M at p, withe; = X.

Then, from the equation of Gauss, we have

(2.10) n?|H|* =2z + ||h|*> = n(n — 1)(c + 3)/4 — 3| P|I> — 2n + 2)(c — 1)/4.

From .10, we get

2m+1
(211) n?H|?=2r+ ). [(h31)2+(h;2+---+hrnn)2+2z(h?j)2}
r=n+1 i<j
2m+1
r r C+3 C_l
-2y Zh“h“—n(n—l)T—(SIIPI|2—2n+2)T
r=n+12<i<j<n
1 2m+1
=20+ > [y 4+ B2 (R — Ry — - — )]

r=n+1
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2m+1 2m+1

r rr c+3
+22 Z(hij)z_zz Z hiihjj —n(n—l)T

r=n+1li<j r=n+12<i<j<n

c—-1
— @|IP|>—2n+ D=

From the equation of Gauss, we find

2m+1
Co . nmn—DLH(n—-2)c+3
(2-12) Z Kij = Z Z [hiihjj _(hij)2]+ 2 2
2<i<j<n r=n+12<i<j<n
c—-1

+ B[IP|* - 3|Pel*—2n + 4)7'
Substituting .12 in (2.1J), as in the proof of Theore. 1 one gets
n?||H?/2 = 2Ric(X) — 2(n — 1)(c + 3)/4 — B[P X|* — 2)(c — 1) /4,

which is equivalent to4.9).

The proofs of (ii) and (iii) are similar to their corresponding statements of Theo-
rem2.1 In this case, sincé is tangent toM, it follows that a totally umbilical point
is totally geodesic. O

A submanifoldM tangent tc is said to benvariant(respectivelhanti-invarian) if
¢(T,M) C T,M, for everyp € M (respectivelyp (T,M) C T, M, for everyp € M).

COROLLARY 2.3. Let M be ann-dimensional invariant submanifold of a Sasakian
space formM(c). Then

(i) For each unit vectoX € T,M orthogonal to§, we have
(2.13) Ric(X) < {(n — 1)(c+3) + (c — 1)/2}/4.

(i) A unit tangent vectoX € T,M orthogonal toé satisfies the equality case
of (2.13 ifand only if X € .4},

(i) The equality case of2.13 holds identically for all unit tangent vectors or-
thogonal to¢ at p if and only if p is a totally geodesic point.

COROLLARY 2.4. Let M be an n-dimensional anti-invariant submanifold of a
Sasakian space fortd (c). Then

(i) For each unit vectoX e T,M orthogonal to§, we have
(2.14) Ric(X) < {(n—1(c+3) — (c—1) +n|H|*}/4

(i) If H(p) = 0O, then a unit tangent vectoX € T,M orthogonal to¢ satisfies
the equality case of2.14) if and only if X € 4.
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(i) The equality case of2.14) holds identically for all unit tangent vectors or-
thogonal to¢ at p if and only if p is a totally geodesic point.

A submanifoldM tangenttc is called acontact CR-submanifoli8] if there exists
a pair of orthogonal differentiable distributiof andZ+ on M, such that:

i) TM = 2@ 2" @ (&}, where{¢} is the 1-dimensional distribution spanned

by €.
(i) & isinvariant byg, that is¢ (Z,) C %,, for everyp € M.
(i) 2+ is anti-invariant byp, thatis¢ (Z,) C T, M, for everyp € M.

COROLLARY 2.5. Let M be ann-dimensional contadf R-submanifold of a Sasa-
kian space fornM (c). Then

(i) For each unit vectoX € %, we have
Ric(X) < {(n—1)(c+3) + (c — 1)/2+ n’||H|?}/4.
(i) For each unit vectoX € Z+, we have

Ric(X) <{(n—1(c+3) — (c—1) +n’|H|*}/4

3. k-Riccicurvature

In this section, we prove a relationship between khRicci curvature and the
squared mean curvature for submanifolds in Sasakian space forms.

First, we state an inequality between the scalar curvature and the squared meal
curvature forC-totally real submanifolds.

THEOREM 3.1. LetM be ann-dimensionaC-totally real submanifold of a Sasakian
space formM(c). Then we have

2T c+3
3.1 H|? > —
(3.1) IHl Z hn-1 2
PrOOF. We choose an orthonormal bages, ..., €, €41, ...,68m1 = E} At p
such thag,,, is parallel to the mean curvature vectd( p) andey, .. ., e, diagonalize

the shape operatd,.;. Then the shape operators take the forms

=N o ... 0
0 a - 0
Ans1 = A I
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A=M). ij=L....nmr=n+2....2m traceA, _X:hr =0.
i=1

From 2.2), we get
3
(3.2) || H |12 2T+Zay + Z Z(hf) —n(n—1)i
r=n+2i,j=1

On the other hand, since 8 > _ (& —a)> = (n—-1) ) a* -2}, _ aa, we
obtain

n 2
(3.3) nZIIHIIZ=(Za) Za +2) aa ana
i=1 i<j
which implies)_" , @ > n||H||2. We have from 3.2
(3.4) N?[H > > 2t + n|[H||*> — n(n — 1)(c + 3)/4,
which is equivalent to3.1). O

Using Theoren3.1, we obtain the following.

THEOREM3.2. Let M be ann-dimensionalC-totally real submanifoldM of a
Sasakian space for (c). Then, for any integek, 2 < k < n, and any poinip € M,
we have

(3.5) IHI?(p) = ©(p) — (c+3)/4.

PROOF. Let {ey, ..., e} be an orthonormal basis di,M. Denote byL;, ; the
k-plane section spanned by, ..., &,. It follows from (1.7) and (L.8) that

1 . 1
(3.6) 7(Li.i) =3 > Ric, (&) and t(p) = o > Tl

iefi,.ir} N—=2 1<j;<--<ix<n
Combining (.9 and @.6), we find thatz(p) > n(n — 1)©,(p)/2, which together
with (3.1) gives us 8.5). O

Next, we obtain analogous estimates for submanifolds tangént to

THEOREM 3.3. Let M(c) be a Sasakian space form aiian n-dimensional sub-
manifold tangent tg. Then we have

2t c+3 BIIPI?=2n+2)(c—1)

2 —
3.7) IHIF = nn — 1) 4 4n(n — 1)
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PrOOF. We choose anorthonormalba&s ..., e, =&, €,.1, ..., €me1} @tpsuch
thate,,, is parallel to the mean curvature vectér p) ande,, ..., e, diagonalize the
shape operatoA,,,;. Then the shape operators take the forms

=N o ... 0
0 a - 0
Aa=|. . . .|

n
A=0), iLj=1....,n,r=n+2...,2m+1, traceAr=2:hiri =

i=1
From .10, we get

2m+1 n

n’[H? 2r+za + > 3 ()P —n(n—1(c+3)/4

r=n+2i,j=1
— (3] P|| —2n+2)(c—1)/4
Since, by 8.4), we have_" , a? > n||H |, it follows that

c+3 1
n?|H|? > 2t +n|H|? —n(n—l)——(3||P|| —2n+2)—

which is equivalent to3.7). O
From 3.6) and 3.7), we obtain the following theorem.
THEOREM 3.4. Let M(c) be a Sasakian space form aiian n-dimensional sub-

manifold tangent t&. Then, for any integek, 2 < k < n, and any pointp € M, we
have

c+3 @IPIP=2n+2)(c-1)
4 In(n —1)

(3.8) IHI%(p) > ©k(p) —

COROLLARY 3.5. Let M be ann-dimensional invariant submanifold of a Sasakian
space formM(c). Then, for any integek, 2 < k < n, and any pointp € M, we have
Ok(p) < (c+3)/4+ (c—1)/(4n).

COROLLARY 3.6. Let M be an n-dimensional anti-invariant submanifold of a
Sasakian space forvi(c). Then, for any integek, 2 < k < n, and any point
p € M, we havelH |?(p) > ©(p) — (c+3)/4+ (c—1)/(2n).
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COROLLARY 3.7. Let M be ann-dimensional contadf R-submanifold of a Sasa-
kian space fornM (c). Then, for any integek, 2 < k < n, and any pointp € M, we
have

c+3 GBh—-n+1(c-1
4 2n(n — 1)

’

IHI%(p) > ©k(p) —

where2h = dim Z.
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