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Abstract

Let G be a locally compact abelian group<lp < oo, and A be a commutative Banach algebra. In this
paper, we study the space of multipliers bA(G, A) and characterize it as the space of multipliers of
certain Banach algebra. We also study the multipliers spa¢é @@, A) N LP(G, A).

2000Mathematics subject classificatioprimary 43A22.

1. Introduction and preliminaries

Let G be a locally compact abelian group with Haar measérbge a commutative
Banach algebra with identity of norm 1. Denotelby(G, A) the space of all Bochner
integrableA-valued functions defined d&. Itis acommutative Banach algebra under
convolution and has an approximate identitydg(G, A) of norm 1,LP(G, A) is the
set of all strong measurable functiohs G — A such that| f (x)| % is integrable for
1< p < oo, thatis,|| f(x)|R € LY(G). The norm of a functionf in LP(G, A) is
defined as

1/p
I fllecn = (/ I f(X)”/’idX) 1<p<oo.
G

ItfollowsthatL P (G, A)isaBanach spaceford p < coandLP(G, A)isanessential
LY(G, A)-module under convolution such that fére L1(G, A) andg € LP(G, A),
we have

I« glleen = 1 Tllieallloe,-
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Denote byC.(G, A) the space of allA-valued continuous functions with compact
support.C.(G, A) is dense inLP(G, A) (for more details se€[ 6, 7).

For eachf € LG, A), define the mappind; by T;(g) = f * g whenever
g € LP(G, A). T is an element of(LP(G, A)), Banach algebra of all continuous
linear operators fronk.P(G, A) to LP(G, A), and||T¢|| < [ fll,.,- ldentifying f
with Ty, we get an embedding &f' (G, A) in £(LP(G, A)). LetH i a(LP(G, A))
denote the space of all module homomorphismk '@, A)-moduleL?(G, A), that
is, an operatof € £(LP(G, A)) satisfiesT (f xg) = f*T(g) foreachf € L(G, A),
geLPG,A).

The module homomorphisms space, calledrthatipliers space

Hiie.m (LP(G, A)),

is an essentialL (G, A)-module by(f o T)(g) = f *T(g) = T(f * g) for all
gelLPG,A.

Let A be a Banach algebra without order, forale A, X A = Ax = {0} implies
x = 0. Obviously if A has an identity or an approximate identity then it is without
order. A multiplier of Ais a mappindrl : A — A such that

T(fg)=1fT(@ =(THg, (f,geA.

By M (A) we denote the collection of all multipliers 8f Every multiplier turns out
to be a bounded linear operator én If A is a commutative Banach algebra without
order, M(A) is a commutative operator algebra akti A) is called the multiplier
algebra ofA [15].

In this paper we are interested in the relationship between the multipfié@ A)-
module and the multipliers on a certain normed (or Banach) algebra. The multipliers
of type (p, p) and multipliers of the groujrP-algebras were studied and developed
by many authors. Let us mention McKenndkD[ 11] Griffin [5], Feichtinger B]
and Fisher4]. In these studies, a multiplier is defined to be an invariant operator (a
bounded linear operatdrcommutes with translation). Inthe case of a scalar function
space onG, the multipliers are identified with the translation invariant operators.
However, in the Banach-valued function spaces, an invariant operator does not neet
to be a multiplier 8, 14]. Dutry [1] gave a new proof of the identification theorem
concerning multipliers of.*(G)-module and of Banach algebra. His ideas are used
in this paper for the generalization of the results of McKennon concerning multipliers
of type (p, p) to the Banach-valued function spaces.

We briefly describe the content of this paper. In Secflowe construct thep-
temperate functions space for the Banach-valued function spaces whenevgi<l
oo and study their basic properties. In Secti®mwe characterize the multipliers
space ofLP(G, A) as a certain Banach algebra and extend the results of McKennon
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to Banach-valued space. In Sectibmve study the multipliers space af (G, A) N
LP(G, A).

2. The L,(G, A) space and its basic properties

Let G be a locally compact abelian group with Haar measiér@, commutative
Banach algebra with identity of norm 1.

DEFINITION 2.1. An elementf € LP(G, A) is calledp-temperate function if

I f Lo a = SUAIIG * fllLsem | € LP(G, A), I9llLre.a < 1} <00
or

I F Lo a = SUAIIG * fllee.a | 9 € C(G, A), I9llLre.n < 1} < oo

The space of all sucli is denoted byt |, (G, A). Itis easy to see that

(Lo AL I )

is a normed space. For eadhe L|(G, A), there is precisely one bounded linear
operator orLP(G, A), denoted by, such that

(2.1) Wi(@) =g= f and W] =Tl

LPG.A "

Itis easy to check that/; € Hii A (LP(G, A)).
PROPOSITION2.2. L‘p(G, A) is a dense subspace bf (G, A).

PrOOF. Since eachf € C.(G, A) belongs toL‘p(G, A) andC,(G, A) is dense in
LP(G, A), the proof is completed. O

LEMMA 2.3. The spaceL‘p(G, A) is a normed algebra under the convolution.

PrROOF. By (2.1) we get

t
If*gll,.,= sup [hx(f*xPleca = sup [Wgth* Hllrca
IhllLpe.a =<1 Il g =1
t t
S ”Wg” ”iﬁjfjj_ ”h * f ”LP(GA) = ||g||Lp(GAA)|| f ”LP(GA)

forall f andgin L}(G, A). Hence(L|,(G, A), || - |

LP(GAA>) is a normed algebra.
Let us notice that
(22) Wf*g = Wf o Wg — Wg 1o Wf

for all f andg in L‘p(G, A). Moreover, the closed linear subspace@fP (G, A))
spanned byW,q | f € L|(G, A), g € Cc(G, A)} is denoted by » 4)- O
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THEOREM 2.4. The space\  ». ) IS @ complete subalgebra &f 1 4 (LP(G, A))
and it has a minimal approximate identity, that is, a G€t) such thatim,||T,|| < 1
andlim, [T,o T —T| =0forall T € ALrc.a-

PrROOF. Let f € L‘p(G,A), then W; € £(LP(G, A)). SinceLP(G, A) is a
L*(G, A)-module we have

Wi(gxh)y=gxhx f =gxW;(h)

forallg € LY(G, A) andh € LP(G, A).

Thus Wy belongs toH i a4 (LP(G, A)). Since Hiic A (LP(G, A)) is a Ba-
nach algebra under the usual operator nofm; s ) IS @ complete subalgebra of
Hiic.a (LP(G, A).

Now we only need to prove the existence of minimal approximate identity of
Arr.a- Let(®y,) be a minimal approximate identity fdr'(G, A) [2]. If (®,)
denotes the product net ¢by,) with itself, then(®,) is again minimal approximate
identity forL*(G, A). Itis easytosee thatthe N, iSin A rc.a) andﬁanW% II<1.

Let f € L,(G,A) andg € C.(G, A) . Since(2.2) and (®,) is a minimal
approximate identity fot*(G, A), we get

MW, o Wi.g — Wigll = im (W, o Wy — Wg) o Wy | < Tim || Wy, gl W]
<Timlig* @, — gllie.n Wil =0.
Consequently, we haven, [W, oT —T||=0forall T € Asg a- O

PROPOSITION2.5. The space\ 4 is an essentialL*(G, A)-module.

PROOF Letg € Ll(G, A),Wf € ALP(G,A)- Definegon . Lp(G, A) — Lp(G, A)
by letting (g o W;)(h) = W;(h % g) = W; (g x h) for eachh € LP(G, A).

9o Wil = ) sup lIIWf @*Mleea <IIf IItLp(G,A)||g||L1<G,A>.
IhllLpe,a=<
ConsequentlyA s, a is aLY(G, A)-module. On the other hand, sint&G, A) has
a minimal approximate identitgd, ), (®, > 0) with a compact support such that it is
also an approximate identity inP(G, A), [2].
For anny € ALP(G,A)y we have

[®y 0o Wy —Wi|l = sup [[(®, 0o W; —Wi)(h)]
IhllLpe.a=<1

sup  [[Wi(de xh—h)]

ll9lliLp A=<l

t
||f|||_pGA [, *h— h”LP(G,A) =0
(G,A)

LP@G.A)

LP(G.A)

A
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forallh € LP(G, A). Using [L3, Proposition 3.4] we have that, » s ») iS an essential
L1(G, A)-module. MoreoverA s a containsL*(G, A). O

3. Identification for the multipliers spaces of L(G, A)-module with the
multipliers space of certain normed algebra

In this section, we obtain the generalization of the results of McKenh@ri [, 12]
to the Banach-valued spaces.

PrROPOSITION3.1. LetT beinH 1 o (LP(G, A)) andf, g € LP(G, A). Then,
(i) if feLL(G, A),T(f)eLL(G, A);

(i) ifgeLL(G A, T(fxg) =fxT(g.

PrOOF. (i) Let f be inL,(G, A). By the definitionT € Hiic ) (LP(G, A)),

||T(f)||t|_p(G,A) = sug|lh* T(f)llee.a | h e C(G, A), [IhllLrc.a <1}
= sup[IT(hx f)] I heCu(G, A), lIhllrea < 1}

t
< [T f ”LP(G,A) < O0.

LP@G.A)

Hence we geT (f) € L‘p(G, A).
To prove (ii), letg be in L‘p(G, A). SinceC.(G, A) is dense irLP(G, A), for each
f € LP(G, A) there existg f,) € C.(G, A) such thatlim || f, — f|lLsc.a = 0.
From 2.1) we get lim, || f, * g — f % gl ,,, = 0. By (i) we have

|i{]n [foxT(@ —f+T@I,. , =0
andf «T(g) = lim, f,«T(Q) =Ilim, T(f,*xg) = T(f %xQ). O
DEFINITION 3.2. For the space\  »c. ), the spacéA »q ) is defined by
(Are.a) ={T € Hiea(LP(G, A) | ToW € Alpga, forall W e A pe al-
LEMMA 3.3. The spacé&A», a) iS equal to the spackl i 4 (LP(G, A)).

PROOF. Let T € Hi1 4 (LP(G, A)). For anyS € Airc a), We haveS = Wy,,
for eachf ¢ L‘p(G, A), g € C.(G, A). By Proposition3.1we get

(ToWpg)(h) =T(hx fxg) =hx*T(f*0g) = Wr(t.(h) = Wy,r(s),(h)
forallh € LP(G, A). ThusT o Se A rc a. Consequently,

(Atra) = Hig a (LP(G, A)). O
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Let us note that we have the inclusiv(A Lr.a) C Hiic.a(ALrc.a)-

THEOREM 3.4. Let G be a locally compact abelian groufl, < p < oo, and A
be a commutative Banach algebra with identity of ndrmTrhe space of multipliers
on Banach algebra\ r a, M(ALrc. a), IS isometrically isomorphic to the space
(Arre,n)-

PrOOF. Define the mapping : Airc.a — M(ALrc.a) by letting £ (T) = pr
for eachT € Ar.a), Wherepr (S) =T o Sforall Se A pc a. Note thatf is well
defined and moreover it (So K) = ToSo K = pr(S) oK forall S,K € Apr.a),
p1 € M(ALrc.a)-

Itis obvious that the mapping — p+ is linear. We now show that it is anisometry.
We obtain easily|T| > |pr]l. SinceW,, is a minimal approximate identity for the
SpaceA r . a), We have

ToS T oW,
Sup IT oSl > su [T oW, |l .
seapen IS o (We,ll

lorll =

Therefore]lpr|| = |IT|.

Finally, we show that the mappinig — p+ is onto. Itis sufficient to show that if
is an element oM (A » . p)), the limit of p®, exists for the strong operator topology
and this limitT satisfiesor = p. Let p be inM (A s a) and(®,) C LY(G, A). By
p®,(f xg) = p(P, * f)g, we have

(3.1) lim(p@,)(f +g) = pf(9)

forall f € LYG, A), g € LP(G, A). SinceLP(G, A) is an essentiaL}(G, A)-
module, the limit of(p®,)(f * g) exists inLP(G, A) and is denoted by g, and
Tg e Hiea(LP(G, A). From @.1) we get, for allf € LY(G, A),

(3.2) foT =pf.

So for allW € A A We have

(3.3) To®d,oW=(pd,) oW = p(P, o W).

Since A s, p iS an essential*(G, A)-module, we havd o W = p(W) and also
/OT(W) = ,O(W) forall W € ALP(G,A) . SOpT = P. O

CoroLLARY 3.5. The following spaces of multipliers are isometrically isomorphic
M(ALrc.a) = Hiea (LP(G, A).
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REMARK 3.6. (i) Letp = 1. SinceL!(G, A) is a Banach algebra, it follows
that L{(G, A) = LY(G, A) and A sc.a is isomorphic toL'(G, A) as a Banach
algebra. Thus byll4 we getH,:c A (LP(G, A)) = M(LY(G, A)) = M(G, A).
HereM (G, A) denotesA-valued bounded measure space.

(i) If A=¢ we have the case of the scalar valued function spacjri.[].

4. The identification for the spaceL(G, A) N LP(G, A)

Before starting the identification, let us mention some properties of the space
LY(G, A) N LP(G, A).

If 1 < p < oo, then the spack!(G, A) N LP(G, A) is a Banach space with the
norm|| fll = [ fll.xe.a + Il fllLee.n for f e LY(G, A) NLP(G, A).

LEMMA 4.1. For LY(G, A) N LP(G, A),

(i) LYG, ANLP(G, A) isdenseirL*(G, A) with respectto the normi- || 1. -
(i) Foreveryf e LYG, A)NLP(G, A) andx € G, x — L, f is continuous,
wherelL, f(y) = f(x ty) forall y € G.

PROOF. (i) SinceC.(G, A) isdenseirL(G, A) with respectto the norm- || 1. A
andC.(G, A) c LY(G, A) N LP(G, A) c LYG, A) it is obtained.

(i) Let f € LY(G, A) N LP(G, A). Itis easy to see thdtL, f|| = || f|l. By [2]
the functionx — L, f is continuousG — LP(G, A), where 1< p < oo. Therefore
for anyx, € G ande > 0, there existy); € ¥, andU, € ¥, such that for every
x e U

Ly f — Ly, f Lo n < €/2
and for everyx € U,
ILxf — Ly fllliga < €/2

SetV =U; NU,, thenforallx € V, we have||lL,f — L, f|| <e. O

PROPOSITION4.2. The spaceL!(G, A) N LP(G, A) has a minimal approximate
identitiy in L*(G, A).

LEMMA 4.3. The spacea.'(G, A) N LP(G, A) is an essential}(G, A)-module.

PrROOF. Let f € LY(G, A) andg € LG, A) N LP(G, A). SincelLP?(G, A) is an
L*(G, A)-module, we have

Ifgll =1f=gllca + I *glleca < Il
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By [13, Proposition 3.4] we get that!(G, A) N LP(G, A) is an essentidl'(G, A)-
module. O

PrOPOSITION4.4. LY(G, A) N LP(G, A) is a Banach ideal irL*(G, A).
PrROPOSITION4.5. LY(G, A) N LP(G, A) is a Banach algebra with the norif- ||.
PrOOF. For anyf, g e LY(G, A) N LP(G, A), using the inequality
-l < -1
we getthaf f = gll < I fll ligll. U
COROLLARY 4.6. The spacd (G, A) N LP(G, A) is a Segal algebra.

PrROOF. By Lemma4.1and Propositiont.5 we obtain that.*(G, A) N LP(G, A)
is a Segal algebra. O

We now return to Sectio to mention the multipliers of.*(G, A) N LP(G, A).
SinceL*(G, A) N LP(G, A) is anL*(G, A)-module and a Banach algebra, then we
get easilyM (LY(G, A) N LP(G, A)) = Hiie.a (LY(G, A) NLP(G, A)).

PROPOSITION4.7. Hise 4 (LY (G, A) N LP(G, A)) is an essential Banach module
overL(G, A).

PROOF. Let f € LY(G, A) andT € Hii(LYG, A) NLP(G, A)). Define the
operatorf T onLY(G, A)NLP(G, A) by (fT)(g) = T(fxg)forall f € LY(G, AN
LP(G, A). By Propositiont.5T is well defined. Them, 1 4 (LG, A)NLP(G, A))
is anL(G, A)-module. Let(®,) be a minimal approximate identity fdr(G, A)
andT beinHyig (LY (G, A) N LP(G, A)). We have

lim |®, o T — T| = O.

By [13, Proposition 3.4], we have thét, . 4 (L*(G, A) N LP(G, A)) is an essential
Banach module over'(G, A). O

Definep to be the closure of*(G, A) in Hi i a4 (LY (G, A) N LP(G, A)) for the
operator norm. Evidently,

Hiie.a (LY (G, A)NLP(G, A) = (Huiea (LY(G, A NLPG, A))e = o = (9)e
where(-), denotes the essential part and we have

Hiiea (LY(G, A NLP(G, A) = ().
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Here(g) is defined as the space of the eleménts H, 1 4 (L*(G, A) N LP(G, A))
such thafl o p C .
Using the same method as in Theorgmwe get the following lemma.

LEMMA 4.8. The multipliers space of Banach algelgsas isometrically isomorphic
to the spacéyp).

We also get the following corollary.

COROLLARY 4.9. Hiig 4 (LY (G, A) N LP(G, A)) = M(p).

So the multipliers space &f'(G, A) N LP(G, A) can be identified with the multi-
pliers space of the closure &f (G, A) in Hiig a (LY(G, A) N LP(G, A)).

REMARK 4.10. (i) Itis evident that every measuree M (G, A) defines mul-
tiplier for L*(G, A) N LP(G, A), 1 < p < oo. This is obvious from the fact that
lle s £ < el £1I, f € LYG, A) N LP(G, A).

Onthe other hand, for € M(G, A), we haveuo LY(G, A) C LY(G, A), theinclusion
in the spaceH 1. (LG, A) N LP(G, A)).
Henceu o p C g, thusM (G, A) can be embeded ini@).

(i) If A =g andG is a noncompact locally compact abelian, we have the more

general result than the Corollary 3.5.1 in Larsgh [
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