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Abstract

In this paper we study the existence and uniqueness of positive solutions of boundary value problems
for continuous semilinear perturbations, sayf : [0; 1/ × .0;∞/ → .0;∞/, of a class of quasilinear
operators which represent, for instance, the radial form of the Dirichlet problem on the unit ball ofR

N

for the operators:p-Laplacian (1< p < ∞) andk-Hessian (1≤ k ≤ N). As a key feature,f .r;u/
is possibly singular atr = 1 or u = 0. Our approach exploits fixed point arguments and the Shooting
Method.
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Keywords and phrases: quasilinear singular equations, radial positive solutions, fixed points, shooting
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1. Introduction

We study the existence and uniqueness of solutions for the class of quasilinear problems{
− (

r Þ|u′|þu′)′ = r 
 f .r;u/ in .0;1/;

u > 0 in .0;1/; u.1/ = u′.0/ = 0;
(1.1)

whereÞ; þ; 
 are given real numbers,f : [0;1/ × .0;∞/ → .0;∞/ is continuous
andu′ = du=dr . The main feature here is thatf is possibly singular atr = 1 or
u = 0. The study of (1.1) is motivated by the search of radial solutions for several
classes of quasilinear problems. In fact, denoting byB the unit ball ofRN , if f is
x-radially symmetric, (1.1) is the radial form of

−1pu = f .x;u/ in B; u > 0 in B; u = 0 on @B;

Research supported by CNPq/CAPES/Brazil.
c© 2004 Australian Mathematical Society 1446-8107/04$A2:00+ 0:00

125

http://www.austms.org.au/Publ/JAustMS/V76P1/j85.html


126 J. V. Goncalves and C. A. P. Santos [2]

where1p .1< p < ∞/ stands for thep-Laplace operator, providedÞ = 
 = N − 1
andþ = p − 2, and is further the radial form of

.−1/k Sk.∇2u/ = f .x;u/ in B; u > 0 in B; u = 0 on @B;

whereSk.∇2u/ (1 ≤ k ≤ N) is the k-Hessian operator,

Sk.∇2u/ =
∑

1≤i1<···<i k≤N

½i1 · · · ½i k
;

½i j
denoting the eigenvalues of the Hessian ofu, namely∇2u = .@2u=@xi@xj / where,

in the present case,Þ = N − k, 
 = N − 1 andþ = k − 1. We also remark that
S1.∇2u/ = 1, (the Laplacian), andSN.∇2u/ is the Monge-Amp´ere operator. We
refer the reader to Tso [20, 19] and its references for properties of the k-Hessian. It is
worth recalling that singular problems are also motivated by questions in the physical
sciences. The reader is referred to Nachman and Callegari [2] for the problem

−.r N−1u′/′ = kr N

u1=k
in .0;1/; u′.0/ = u.1/ = 0;

with k ∈ .0;1/, which appears in the theory of pseudoplastic fluids and Fulks and
Maybee [11] for singular equations driven by questions in the theory of heat conduction
in electrically conducting materials.

In the present article we shall exploit the following conditions:

þ > −1; 
 > max{−1; Þ − 1};(1.2)

f .r; ·/ is locally Lipschitz continuous in.0;∞/,
uniformly with respect tor ∈ [0;1/,

(1.3)

f .r; s/

sþ+1
is decreasing ins, for eachr ,(1.4)

lim
s→∞

f .r; s/

sþ+1
= 0; uniformly in r .(1.5)

Our main result is

THEOREM 1.1. Assume(1.2)–(1.5) hold. Then there isu ∈ C2..0;1//∩C1.[0;1//∩
C.[0;1]/ solution of (1.1) provided either

Þ ≤ 0 and lim
s→0

f .r; s/

sþ+1
= ∞ uniformly inr(1.6a)

or

Þ > 0 and f .r; s/ ≥ �Ž.r /; 0< r < 1=2; s ≤ Ž;(1.6b)

for someŽ > 0 and�Ž ∈ C..0;1=2// with �Ž > 0. Moreover,u ∈ C2.[0;1// if and
only if þ ≤ 
 − Þ and furtheru is uniquely determined iff .r; ·/ is nonincreasing for
eachr .
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REMARK. Condition (1.6b) holds if f .r; s/
s→0−→ ∞ uniformly with respect to

r ∈ [0;1=2/.
A few examples of termsf .r; s/ to which Theorem1.1applies are,

.r + 1/3.r − 1/2s−p;

sin.r /s−p + cos.r /sq; 0 < q < þ + 1;[
2 + sin

(
1

1 − r

)] (
s−p + sq

)
; 0 < q < þ + 1;

provided eitherp ≥ 0 andÞ > 0 or p > −1 − þ andÞ ≤ 0. Moreover, by our
theorem, (1.1) is uniquely solvable in the case of the first example, providedp > 0.

Theorem1.1 improves the main result of Hai and Oppenheimer [12] on equations
like

−.p.r /'.u′//′ = p.r / f .r;u/ in .0;1/;(1.7)

where' : R → R is an increasing homeomorphism with concave inverse'−1, for
instance,'.r / = |r |þr with þ ≥ 0 and the main result in Wong [22].

Concerning singular problems, we would like to refer to Crandall, Rabinowitz and
Tartar [8], Taliaferro [18], Kuzano and Swanson [17], Chabrowski [3], Choi, Lazer
and McKenna [5], Lair and Shaker [15], Choi and Kim [4], Zhang [23], Wong [21]
and their references.

For problems involving the operator in (1.7) or .r Þ|u′|þu′/
′
, but with nonsingu-

lar term f .r;u/, see Hai, Schmitt and Shivaji [14, 13], Clement, Figueiredo and
Mitidieri [ 6], Clement, Manasevich and Mitidieri [7], Figueiredo, Goncalves and
Miyagaki [10].

2. Auxiliary results

One basic tool in the proof of Theorem1.1 is the shooting method. Consider the
following family of initial value problems,{

−.r Þ |u′|þu′/′ = r 
 f .r;u/ in .0;1/;

u.0/ = a; r Þ|u′.r /|þ+1 r →0−→ 0;
(2.1)

wherea > 0 is the shooting parameter. We point out that solving (2.1) is equivalent
to solve the integral equation,

u.r / = a −
∫ r

0

[
s−Þ

∫ s

0

t
 f .t;u.t//dt

]1=.þ+1/

ds(2.2)
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and that a solutionu of (2.1) has zero derivative atr = 0. Letting

Fu.r / = a −
∫ r

0

[
s−Þ

∫ s

0

t
 f .t;u.t//dt

]1=.þ+1/

ds(2.3)

it follows that the eventual solutions of (2.2) are the fixed points ofF in a suitable
function space. We state next a crucial result on (2.1).

THEOREM 2.1. Assume(1.2) − (1.4) hold. Then for eacha > 0 there is some
T.a/ ∈ .0;1] and a unique solutionu.·;a/ ∈ C2..0;T.a/// ∩ C1.[0;T.a/// of (2.1)
satisfying:

u.r;a/ → 0 asr → T.a/ providedT.a/ < 1;(2.4)

u.·;a/ ∈ C2.[0;T.a/// if and only if þ ≤ 
 − Þ:(2.5)

The proof of Theorem2.1 uses Banach’s Fixed Point Theorem. The technical
lemmas below will be used in the proof of Theorem1.1. In order to state the first
lemma we establish some notations. GivenT ∈ .0;1/ andh > 0 set

X ≡
{
w ∈ C1.[0;T]/ | w ≥ h; r Þ|w′.r /|þ+1 r →0−→ 0

}
:

If w1;w2 ∈ X let H : [0;T] → R be a continuous function defined by

H .r / = r Þ
[∣∣∣(w1=.þ+2/

2

)′∣∣∣þ (
w

1=.þ+2/
2

)′
w

−.þ+1/=.þ+2/
2

−
∣∣∣(w1=.þ+2/

1

)′∣∣∣þ (
w

1=.þ+2/
1

)′
w

−.þ+1/=.þ+2/
1

]
.w1 −w2/.r /;

for r ∈ .0;T ] andH .0/ = 0. The first lemma is

LEMMA 2.2. If w1;w2 ∈ X, then

H .T/ ≤
∫ T

0

[(
r Þ

∣∣∣(w1=.þ+2/
2

)′∣∣∣þ (
w

1=.þ+2/
2

)′)′
w

−.þ+1/=.þ+2/
2

−
(

r Þ
∣∣∣(w1=.þ+2/

1

)′∣∣∣þ (
w

1=.þ+2/
1

)′)′
w

−.þ+1/=.þ+2/
1

]
.w1 −w2/dr:

Now, the second lemma

LEMMA 2.3. Assumea < b and letu.·;a/, u.·;b/ be the corresponding solutions
given by Theorem2.1. Thenu.·;a/ < u.·;b/ in [0;T.a// and moreoverT.a/ ≤ T.b/.

The third one is



[5] Quasilinear singular equations 129

LEMMA 2.4. Assume(1.2)–(1.4) hold. Let{an} be a sequence in.0;∞/ such that
an ↗ a or an ↘ a for somea > 0 and letu.·;an/, u.·;a/ be the solutions given by
Theorem2.1. If K ∈ .0;min{T.a/; supn T.an/}/ then

‖u.·;an/ − u.·;a/‖
C.[0;K ]/

n→∞−→ 0 and u′.r;an/
n→∞−→ u′.r;a/; r ∈ [0; K ]:

3. Proof of Theorem2.1

Let a > 0. By (1.3) there is someIa > 1 such thatf .r; ·/ is Lipschitz continuous
on [a=Ia;a] uniformly for r ∈ [0;1/. Let ž ∈ .0;1/ small, set

Xa;ž ≡ {u ∈ C.[0; ž]/ | u.0/ = a; a=Ia ≤ u.r / ≤ a; r ∈ [0; ž]}

and notice that.Xa;ž ; ‖ · ‖∞/ is a complete metric space. We claim that

(i) F .Xa;ž / ⊂ Xa;ž ; (ii) ‖F .u1/ −F .u2/‖∞ ≤ k‖u1 − u2‖∞(3.1)

for somež > 0 small enough, for allu1;u2 ∈ Xa;ž and for somek ∈ .0;1/.
We present the proof of (3.1) in Appendix. Assuming it has been done,F has an

only fixed pointu ∈ Xa;ž and so (2.1) has a unique local solution. Setting

T.a/ ≡ sup{r ∈ .0;1/ | (2.1) has an only solution in[0; r ]}

and lettingu.·;a/ : [0;T.a// → R be the solution of (2.1), notice that by (2.2),
u.·;a/ ∈ C.[0;T.a/// and, in fact,

u′.r;a/ = −
[

r −Þ
∫ r

0

t
 f .t;u.t;a//dt

]1=.þ+1/

; 0< r < T.a/:(3.2)

Consider the functions

(i) m.s; x/ ≡ min
0≤t≤s

f .t; x/

xþ+1
; (ii) M.s; x/ ≡ max

0≤t≤s

f .t; x/

xþ+1
(3.3)

where 0≤ s< 1 and 0< x < ∞. TakingT < T.a/, estimating in (3.2) with the use
of (3.3) (ii) and (1.4) we have,

|u′.r;a/|þ+1 ≤ aþ+1r −Þ
∫ r

0

t

f .t;u.T;a//

u.T;a/þ+1
dt(3.4)

≤ aþ+1


 + 1
M.T;u.T;a//r 
−Þ+1; 0< r ≤ T
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so that by (3.4), u.·;a/ ∈ C1.[0;T]/ and as a consequence,¹ ≡ limr →T u′.r;a/ is
defined and¹ ∈ .−∞;0/. Now, consider the initial value problem{

−.r Þ|v′|þv′/′ = r 
 f .r; v/ in .T;1/;

v.T/ = u.T;a/; v′.T/ = ¹;
(3.5)

whose solutions are the fixed points of

F̂ v.r / = u.T;a/ −
∫ r

T

{
s−Þ

[
TÞ|¹|þ+1 +

∫ s

T

t
 f .t; v.t//dt

]}1=.þ+1/

ds:

By the standard fixed point argument again, one infers the existence of a unique
solution of (3.5) on some interval[T;T + ž/ showing thatu.·;a/ is uniquely deter-
mined. We also have from the arguments above thatu.T.a/;a/ ≡ limr →T.a/ u.r;a/,
u.·;a/ ∈ C.[0;T.a/]/ and furtheru.T.a/;a/ = 0 whenT.a/ < 1. This shows (2.4).

Next we shall prove (2.5). From (3.2),

u′′.r;a/ = −r 
−Þh.r;a/

þ + 1

[
r −Þ

∫ r

0

t
 f .t;u.t;a//dt

]−þ=.þ+1/

;(3.6)

where

h.r;a/ = f .r;u.r;a// − Þr −.
+1/

∫ r

0

t
 f .t;u.t;a//dt

and from (3.2) and (3.6), u ≡ u.·;a/ ∈ C2..0;T.a/// ∩ C1.[0;T.a///. Moreover,

h.r;a/
r →0−→ 
 − Þ + 1


 + 1
f .0;a/(3.7)

and using (3.3) (i)–(ii) and (1.4),

u.r;a/þ+1m.r;a/ ≤ f .r;u.r;a// ≤ aþ+1M.r;u.r;a//(3.8)

for r > 0. Consider the two cases below:
Case 1:−1< þ ≤ 0. Integrating from 0 tor in (3.8) we have,

[
u.r;a/þ+1


 + 1
m.r;a/r 
+1

]−þ=.þ+1/

≤
(∫ r

0

t
 f .t;u.t;a//dt

)−þ=.þ+1/

≤
[

aþ+1


 + 1
M.r;u.r;a//r 
+1

]−þ=.þ+1/

:
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Hence, [
m.r;a/


 + 1
u.r;a/þ+1

]−þ=.þ+1/

r .
−Þ−þ/=.þ+1/(3.9)

≤ r 
−Þ
(

r −Þ
∫ r

0

t
 f .t;u.t;a//dt

)−þ=.þ+1/

≤
[

aþ+1


 + 1
M.r;u.r;a//

]−þ=.þ+1/

r .
−Þ−þ/=.þ+1/:

From (3.6), (3.7) and (3.9) it follows that limr →0 u′′.r;a/exists if and only ifþ ≤ 
−Þ.
Case 2:þ > 0. Again, from (3.8), we obtain[

aþ+1


 + 1
M.r;u.r;a//r 
+1

]−þ=.þ+1/

≤
(∫ r

0

t
 f .t;u.t//dt

)−þ=.þ+1/

≤
[

u.r;a/þ+1


 + 1
m.r;a/r 
+1

]−þ=.þ+1/

;

and thus, [
aþ+1


 + 1
M.r;u.r;a/

]−þ=.þ+1/

r .
−Þ−þ/=.þ+1/(3.10)

≤ r 
−Þ
(

r −Þ
∫ r

0

t
 f .t;u.t;a//dt

)−þ=.þ+1/

≤
[

u.r;a/þ+1


 + 1
m.r;a/

]−þ=.þ+1/

r .
−Þ−þ/=.þ+1/:

Therefore, it follows from (3.6), (3.7) and (3.10) that limr →0 u′′.r;a/ exists if and
only if þ ≤ 
 − Þ.

4. Proofs of the lemmas

PROOF OFLEMMA 2.2. We will adapt arguments by D´iaz and Saa [9] related to
Brézis and Oswald [1]. Consider the functionalJ : L1.[0;T]/ → R ∪ {∞} defined
by

J.w/ =


1

þ + 2

∫ T

0

r Þ
∣∣∣(w1=.þ+2/

)′∣∣∣þ+2

dr; w ∈ X;

∞; w 6∈ X:

It is straightforward to check thatX andJ are both convex. Now, lettingw1;w2 ∈ X,
� = w1 − w2, p = þ + 2, remarking thatw2 + t�;w1 − t� ∈ X, (0 ≤ t ≤ 1), and
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denoting by〈J ′.wi /; �〉 the directional derivative ofJ at wi in the direction�, we
claim that

〈J ′.w1/;−�〉 = − 1

p
TÞ

∣∣(w1=p
1 .T/

)′∣∣p−2(
w

1=p
1 .T/

)′
w
.1−p/=p
1 .T/�.T/(4.1)

+ 1

p

∫ T

0

(
r Þ

∣∣.w1=p
1 /′

∣∣p−2
.w

1=p
1 /′

)′

w
.p−1/=p
1

�.r /dr

and

〈J ′.w2/; �〉 = 1

p
TÞ

∣∣(w1=p
2 .T/

)′∣∣p−2(
w

1=p
2 .T/

)′
w
.1−p/=p
2 .T/�.T/(4.2)

− 1

p

∫ T

0

(
r Þ

∣∣.w1=p
2 /′

∣∣p−2
.w

1=p
2 /′

)′

w
.p−1/=p
2

�.r /dr:

We will show (4.1) next. Notice that,

〈J ′.w1/;−�〉 = 1

p
lim
t→0

∫ T

0

r Þ
[∣∣(.w1 − t�/1=p

)′∣∣p − ∣∣.w1=p
1 /′

∣∣p

t

]
dr:

By computing we find

〈J ′.w1/;−�〉 = lim
t→0

∫ T

0

r Þ|�t |p−2�t

[(
.w1 − t�/1=p

)′ − .w
1=p
1 /′

t

]
dr(4.3)

where min
{
..w1 − t�/1=p/′; .w1=p

1 /′
} ≤ �t ≤ max

{
..w1 − t�/1=p/′; .w1=p

1 /′
}
. Now,

estimating and applying Lebesgue’s Theorem to (4.3) we infer that

〈J ′.w1/;−�〉 = − 1

p

∫ T

0

r Þ
∣∣.w1=p

1 /′
∣∣p−2

.w
1=p
1 /′.w.1−p/=p

1 �/′dr;

and computing the integral we get (4.1). The verification of (4.2) follows by the same
arguments. From (4.1) and (4.2),

〈J ′.w2/; �〉 − 〈J ′.w1/; �〉 = 1

p
H .T/ − 1

p

∫ T

0

[(
r Þ

∣∣.w1=.þ+2/
2 /′

∣∣þ.w1=.þ+2/
2 /′

)′

w
.þ+1/=.þ+2/
2

−
(
r Þ

∣∣.w1=.þ+2/
1 /′

∣∣þ.w1=.þ+2/
1 /′

)′

w
.þ+1/=.þ+2/
1

]
.w1 −w2/dr:

SinceJ is convex,〈J ′.w1/− J ′.w2/;w1 −w2〉 ≥ 0 and Lemma2.2follows.

PROOF OFLEMMA 2.3. Assume, by the contrary, there is someT > 0 such that
bothu.r;a/ < u.r;b/ for r ∈ [0;T/ andu.T;a/ = u.T;b/. Settingwa ≡ u.·;a/þ+2
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andwb ≡ u.·;b/þ+2, notice thatwa;wb ∈ X, whereh in the definition ofX is given
here byh ≡ u.T;a/þ+2. Notice that∫ T

0

[
.r Þ|u′.·;a/|þu′.·;a//′

u.·;a/þ+1
− .r Þ|u′.·;b//|þu′.·;b//′

u.·;b/þ+1

]
.u.·;a/þ+2 − u.·;b/þ+2/dr

=
∫ T

0

r 

[

f .r;u.·;b//

u.·;b/þ+1
− f .r;u.·;a//

u.·;a/þ+1

]
.u.·;a/ − u.·;b//dr:

Now, sinceH .T/ = 0, by Lemma2.2 the first integral just above is nonpositive,
while by (1.4), the second one is strictly positive, a contradiction. This proves
Lemma2.3.

PROOF OFLEMMA 2.4. Assumean ↗ a, takeK ∈ .0; supn T.an// and an integer
nK ≥ 1 such thatT.anK

/ > K . By Lemma2.3and takingn ≥ nK ,

T.anK
/ ≤ T.an/ ≤ T.a/ and u.·;anK

/ ≤ u.·;an/ ≤ u.·;a/ ≤ a:

We claim that{u.·;an/}∞
n=1 is equibounded and equicontinuous inC.[0; K ]/. Indeed,

estimating as in (3.4) and using (3.3) (ii) we find

|u′.r;an/|þ+1 ≤ aþ+1


 + 1
M.K ;u.K ;anK

/K 
−Þ+1 ≡ K̂ :

Hence there is�n ∈ .0; K / such that

|u.r;an/ − u.t;an/| = |u′.�n;an/||r − t | ≤ K̂ 1=.þ+1/|r − t |:

It follows that{u.·;an/}∞
n=1 is equibounded as well. So by the Arz´ela-Ascoli Theorem

there isv ∈ C.[0; K ]/ such thatu.·;an/ → v uniformly in [0; K ], up to a subsequence.
Next we remark, by lettinggn.t/ ≡ t
 f .t;u.t;an//, 0< t ≤ K , that both

|gn.t/| ≤
[

a

u.K ;anK
/

]þ+1

t
 f .t;u.t;anK
// ≡ h.t/; where h ∈ L1[0; K ]

and gn.t/ → t
 f .t; v.t// ≡ g.t/, t ∈ .0; K ]. So by Lebesgue’s Theorem, for
r ∈ [0; K ], ∫ r

0

t
 f .t;u.t;an//dt →
∫ r

0

t
 f .t; v.t//dt:

Hence,

|u′.r;an/|þu′.r;an/ → −r −Þ
∫ r

0

t
 f .t; v.t//dt
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and sou′.r;an/ → w.r /, wherew.r / ≡ −(
r −Þ ∫ r

0 t
 f .t; v.t//dt
)1=.þ+1/

. By Lebes-
gue’s Theorem again ∫ r

0

u′.t;an/dt →
∫ r

0

w.t/dt;

and as a matter of fact,v.r /− a = ∫ r

0 w.t/dt. Sincev′ = w we get,

|v′.r /|þv′.r / = −r −Þ
∫ r

0

t
 f .t; v.t//dt:

Hencev is a solution of (2.1) and by uniqueness provided by Theorem2.1 it follows
thatv ≡ u.·;a/. We have shown that,

u.·;an/ → u.·;a/ in C.[0; K ]/;
u′.·;an/ → u′.·;a/ pointwisely in [0; K ]:

The casean ↘ a follows by similar arguments. Lemma2.4 is proved.

5. Proof of Theorem1.1

SettingA ≡ {a > 0 | T.a/ = 1} we claim thatA 6= �. Indeed, ifA = � then

u.ra;a/ = a=2 for somera ∈ .0;T.a//, sinceu.r;a/
r →T.a/−→ 0 by (2.4). Using (2.2)

and estimating as in (3.4) we get

a

2
≤ aM

(
ra;

a

2

)1=.þ+1/
(

1


 + 1

)1=.þ+1/ 1

�
r �a ;(5.1)

where� ≡ .
 − Þ + þ + 2/=.þ + 1/, and thus

1

2
≤

[
f .ta;a=2/

.a=2/þ+1

]1=.þ+1/ ( 1


 + 1

)1=.þ+1/ 1

�

for some ta ∈ .0; ra/. But this is impossible by (1.5) and soA 6= �. Setting
A ≡ inf A we claim that 0< A < ∞. Indeed, at first notice thatA < ∞ because
A 6= �. Now, to show thatA > 0 we consider two cases:
Case 1:Þ ≤ 0. Set forr ∈ [0;1=2],

U .r;a/ = u.r;a/− h.r;a/; where h.r;a/ = a − 2ar:

We claim thatU .r;a/ ≥ 0. Indeed, notice first thatU > 0 in .0; r0/ for some
r0 ∈ .0;1=2/. If U .r2;a/ < 0 for somer2 ∈ .r0;1=2/ then we find somer1 ∈ .r0; r2/
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with U ′.r1;a/ ≤ 0 and further sinceU .1=2;a/ ≥ 0 we find somer3 ∈ .r2;1=2/ with
U ′.r3;a/ ≥ 0. But this is impossible because sinceÞ ≤ 0 it follows using (3.6)
that U ′′.r;a/ < 0 for all r ∈ .0;1=2/. As a consequence,u.r;a/ ≥ a − 2ar for
r ∈ [0;1=2] and hence using (2.2) and (1.4),

−u.1=2;a/ ≥ −a +
∫ 1=2

0

[
s−Þ

∫ s

0

t

f .t;a/

aþ+1
.a − 2at/þ+1dt

]1=.þ+1/

ds

= −a + am.1=2;a/1=.þ+1/

∫ 1=2

0

[
s−Þ

∫ s

0

t
 .1 − 2t/þ+1dt

]1=.þ+1/

ds:

Hence by (1.6a), −u.1=2;a/ ≥ 0 for somea small enough. But sinceu.·;a/ is
a solution of (2.1), it follows that u.1=2;a/ = 0 so thatT.a/ = 1=2. So using
Lemma2.3, A > 0.
Case 2:Þ > 0. If A = 0 it follows using Lemma2.3 thatA = .0;∞/ so that
u.1;a/ > 0 for all a > 0. Now, since 2.u.1;a/ − u.1=2;a// = u′.�a;a/, for some
�a ∈ .1=2;1/ and 0< u.1;a/ ≤ u.1=2;a/ ≤ a it follows that∫ �a

0

t
 f .t;u.t;a//dt
a→0−→ 0:

By (1.6b) we get, for smalla > 0,∫ 1=2

0

t
 �Ž.t/dt ≤
∫ �a

0

t
 f .t;u.t;a//dt;

impossible. This shows thatA > 0.
In order to prove thatu.·; A/ is a solution of (1.1) it suffices to show thatA ∈ A and

u.1; A/ = 0. If T.A/ < 1 pickž > 0 such thatT.A/+ž < 1 and a sequencean ∈ A
with an ↘ A. Consider the sequenceu.T.A/ + ž=2;an/ which by Lemma2.3
is decreasing and setTž;A ≡ inf n{u.T.A/ + ž=2;an/}. We claim thatTž;A > 0.
Otherwise, it follows remarking thatu.T.A/ + ž;an/ < u.T.A/+ ž=2;an/ and

u.T.A/ + ž;an/ − u.T.A/+ ž=2;an/ = u′.�n;an/.ž=2/

for some�n ∈ .T.A/+ ž=2;T.A/ + ž/ thatu′.�n;an/
n→ 0. Now, since

.�n/
Þ |u′.�n;an/|þu′.�n;an/ = −

∫ �n

0

t
 f .t;u.t;an//dt

we get
∫ T.A/=2

0 t
 f .t;u.t;an//dt
n→ 0.

By Lemma2.4we have∫ T.A/=2

0

t
 f .t;u.t;an//dt →
∫ T.A/=2

0

t
 f .t;u.t; A//dt:
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But this is impossible, because
∫ T.A/=2

0 t
 f .t;u.t; A//dt > 0. ThereforeTž;A > 0.
ChooseŽ0 > 0 such thatu.r; A/ < Tž;A=4 for r ∈ [T.A/ − Ž0;T.A/ − Ž0=2]. By
Lemma2.4,

‖u.·;an/ − u.·; A/‖C.[0;T .A/−Ž0=2]/
n→ 0

and so there isn0 > 1 such that

|u.r;an0/ − u.r; A/| < Tž;A=4 for all r ∈ [0;T.A/− Ž0=2]:

Thus, forr ∈ [T.A/ − Ž0;T.A/ − Ž0=2] we have

u.r;an0/ ≤ |u.r;an0/− u.r; A/| + u.r; A/ < Tž;A=2:

Sinceu.r;an/ ≥ Tž;A for n > 1 andr ∈ [0;T.A/], it follows that

u.T.A/ − Ž0;an0/ < Tž;A=2< Tž;A ≤ u.T.A/;an0/;

impossible. ThereforeA ∈ A . Now assume thatu.1; A/ > 0, and pick a sequence
an ↗ A. We claim that

T.an/
n→ 1:(5.2)

Indeed, notice thatT.an/ ≤ T.an+1/ < 1 and henceT.an/ ↗ T . If T < 1
set TA ≡ u.T; A/. For eachn large enough (for instance, such thatan > TA) take
tn ∈ .0;T/ satisfyingu.tn;an/ = TA=4.

Sinceu.·;an/ is decreasing, consider 0< t̃n < tn < T such thatu.t̃n;an/ = TA=2.
We will show next that̃tn → T . Indeed, noticing that̃tn is monotone,̃tn → T̃ ≤ T .
If T̃ < T there isn0 > 1 such thatT.an0/ > T̃ . Henceu.r;an/ ≤ TA=2 for all n ≥ n0

andr ∈ [T̃;T.an0/] because otherwise, there would be somerñ ∈ [T̃;T.an0/] with
TA=2< u.rñ;añ/ < u.t̃ñ;añ/ = TA=2, impossible.

We infer that|u.r;an/ − u.r; A/| ≥ TA=2 for r ∈ [T̃; T̃ + ž/ and for somež > 0
with T̃ + ž < T.an0/. But this is impossible because by Lemma2.4,

‖u.·;an/− u.·; A/‖C.[0;T̃ +ž]/
n→ 0:

Therefore,T̃ = T . Now, noticing that

u.tn;an/− u.t̃n;an/ = u′.�n;an/.tn − t̃n/; t̃n < �n < tn;

we get

|u′.�n;an/| = TA

4|tn − t̃n|
n→ ∞:
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But this is impossible, because estimating as in (3.4) it follows thatu′.r;an/ is bounded
for r ∈ [0;T]. Claim (5.2) is proved.

Setl = u.1; A/. By (1.4) and (1.5) pick t1 ∈ .0;1/ such that∫ 1

t1

[
s−Þ

∫ s

0

t
 f .t; l=2/dt

]1=.þ+1/

ds< l 2=4A:(5.3)

Using Lemma2.4and (5.2), we have

‖u.·;an/− u.·; A/‖C.[0;t1 ]/
n→ 0:

and as a consequence,|u.t1;an/− u.t1; A/| n→ 0. But sinceu.t1; A/ > l + ž for some
ž > 0,

u.t1;an/ > u.t1; A/− ž > l

for largen. Now pick t2 ∈ .t1;1/ such thatu.t2;an/ = l=2. We have,

u.t2;an/ = u.t1;an/−
∫ t2

t1

[
s−Þ

∫ s

0

t
 f .t;u.t;an//dt

]1=.þ+1/

ds:

Estimating the above integral as in (3.4) and using (5.3), we get

u.t2;an/ > l − 2A

l

l 2

4A
;

contradictingl=2 = u.t2;an/. Therefore,u.1; A/ = 0 and the solutionu ≡ u.·; A/
given by Theorem2.1solves (1.1).

It remains to show uniqueness. Letũ ≡ u.·; B/ be another solution of (1.1) with
A < B. By Lemma2.3, u.r; A/ < u.r; B/ for 0 ≤ r < 1. Set! ≡ ũ − u and
let r0 ∈ [0;1/ be a point where! attains a local maximum so that!.r0/ > 0 and
!′.r0/ = 0.

Integrating the differential equation in (1.1) from r0 to r with r ∈ [r0;1] and using
the fact thatf .r; s/ is nonincreasing ins, we obtain

r Þ.|ũ′.r /|þ ũ′.r /− |u′.r /|þu′.r // = −
∫ r

r0

t
 [ f .t; ũ.t// − f .t;u.t//] dt ≥ 0:

Using the following inequality (see Simon [16]),

〈|x|þx − |y|þy; x − y〉 ≥
cþ|x − y|þ+2 if þ ≥ 0

cþ
|x − y|2

.1 + |x| + |y|/−þ if − 1< þ < 0

for all x; y ∈ R and for somecþ > 0 it follows that!′.r / = ũ′.r / − u′.r / ≥ 0 for
r ∈ [r0;1]. Hence 0= !.1/ ≥ !.r0/, a contradiction.
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6. Appendix

We prove (3.1) (i) first. If u ∈ C.[0; ž]/ thenFu ∈ C..0; ž]/. On the other hand,∫ r

0

[
s−Þ

∫ s

0

t
 f .t;u.t//dt

]1=.þ+1/

ds ≤ aM.r;a=Ia/
1=.þ+1/

[
1


 + 1

]1=.þ+1/

ž�
1

�
;

wherer ∈ .0; ž], � as in (5.1). Actually,

M.r;a=Ia/
r →0−→ f .0;a=Ia/

a=Ia
:

As a consequence,F .u/ ∈ C.[0; ž]/. Pickingž > 0 small enough we have∫ ž

0

[
s−Þ

∫ s

0

t
 f .t;u.t//dt

]1=.þ+1/

ds<
Ia − 1

Ia
a

so thata=Ia ≤ F .u/.r / ≤ a, 0 ≤ r ≤ ž, showing (3.1) (i).
Next we show (3.1) (ii). Let ui ∈ C.[0; ž]/, i = 1;2. We have

|Fu1.r /−Fu2.r /| ≤
∫ r

0

|X1.s/
1=.þ+1/ − X2.s/

1=.þ+1/|ds;

whereXi .s/ = s−Þ ∫ s

0 t
 f .t;ui .t//dt (i = 1;2). Using the inequality

||x|þ̂x − |y|þ̂y| ≤ cþ̂.|x|þ̂ + |y|þ̂/|x − y| x; y ∈ R

for somecþ̂ > 0 whereþ̂ > −1, we have by makinĝþ = −þ=.þ + 1/

|Fu1.r /−Fu2.r /| ≤ cþ̂

∫ r

0

.|X1.s/|þ̂ + |X2.s/|þ̂ /|X1.s/− X2.s/| ds:

We distinguish two cases.
Case 1:−1< þ ≤ 0. Givenž > 0 and takings ∈ [0; ž] we have

|Xi .s/|þ̂ ≤ a−þ
[

M.s;a=Ia/


 + 1

]þ̂
s−þ.
−Þ+1/=.þ+1/

and

|X1.s/ − X2.s/| ≤ s−Þ
∫ s

0

t
 | f .t;u1.t// − f .t;u2.t//| dt

≤ K̂


 + 1
‖u1 − u2‖C.[0;ž]/s
−Þ+1;
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whereK̂ is the Lipschitz constant off on [a=Ia;a]. From these inequalities we infer
that

|Fu1.r /−Fu2.r /| ≤ 2cþ̂
a−þ

�

K̂


 + 1

[
M.r;a=Ia/


 + 1

]þ̂
ž�‖u1 − u2‖C.[0;ž]/

and (3.1) (ii) follows by takingž small.
Case 2:þ > 0. As in Case 1, givenž > 0 we have,

|Xi .s/|þ̂ ≤ .a=Ia/
−þ

[
m.s;a/


 + 1

]þ̂
ž−þ.
−Þ+1/=.þ+1/; 0 ≤ s ≤ ž

and

|Fu1.r / −Fu2.r /| ≤ 2
cþ̂
�

K̂


 + 1
.a=Ia/

−þ
[

m.s;a/


 + 1

]þ̂
ž�‖u1 − u2‖C.[0;ž]/

showing (3.1) (ii).
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