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Abstract

It is shown that ifE, F are Fechet space€ € (Hup), F € (DN) thenH(E, F) = Hy(E, F) holds.
Using this result we prove that aéethet space is nuclear and has the propetty,p) if and only if every
entire function onE with values in a Fechet spacé& € (DN) can be represented in the exponential
form. Moreover, it is also shown that Hl (F*) has a LAERS and&E € (H,) thenH(E x F*) has a
LAERS, whereE, F are nuclear Fechet spaces; * has an absolute basis, and converseli, (E x F*)
has a LAERS andF € (DN) thenE € (Hyp).

2000Mathematics subject classificatioprimary 32A10, 32B10, 46A63, 46E50.
Keywords and phrasesholomorphic functions, holomorphic functions of uniform bounded type,
topological linear invariants, exponential representation.

1. Introduction

Let E andF be locally convex spaces. A holomorphic functibifrom E to F is said
to beof uniformly bounded typié there exists a neighbourhodl of 0 € E such that
f(rU) is bounded for alf > 0. By Hyw(E, F) we denote the linear subspace of the
space of holomorphic functions fromto F, consisting of all functions of uniformly
bounded type. We writél,,(E) rather tharH,,(E, €). We say that a locally convex
spacek has theproperty(H,p) (and writeE € (Hyp)) if the identity H (E) = Hy,(E)
holds.

Recently Le Mau Hai and Thai Thuan Quarg} have shown that,(E, F) =
Hu(E, F) for Fréchet spaceg, F andE € (H,,), F € (DN).

In Section3, we extend the above result to the more general case. Namely, the
property(DN) of the spacé- is replaced by the propertyp N) (Theorens.1).
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By using Theoren8.1, in Section4 we prove that a Fechet spacé& is nuclear
andE € (Hyp,) if and only if every entire function ort with values in a Fechet
spacer € (DN) can be represented in the exponential form (Theatdin The final
portion of this section will deal with the exponential representation of holomorphic
functions onE x F*, whereE is Fréechet,E ¢ (H,,) and F is nuclear Fechet
such thatF* has an absolute basis aktlF*) has a linearly absolutely exponential
representation system (Theorén2). The proof is based on Theorerdd, 4.1 and
Proposition4.3 which say that ifF is a F€chet space such th&at has an absolute
basis ther € (DN) if and only if H(F*) € (DN).

2. Preliminaries

We may frequently use the standard notation of the theory of locally convex spaces
as presented in the book of Pietséh [A locally convex space always is a complex
vector space with a locally convex Hausdorff topology.

For a FEchet spac&e, we always assume that its locally convex structure is
generated by an increasing systém ||} of semi-norms. Then we denote By the
completion of the canonically normed spdegker]|| - ||k andwy : E — E, denotes
the canonical map arld, denotes the s¢k € E : || x|x < 1}.

2.1. Holomorphic function Let E andF be locally convex spaces and Btc E

be openD # @. A function f : D — F is calledholomorphicif f is continuous
and Giteaux-analytic. ByH (D, F) we denote the vector space of all holomorphic
functions onD with values inF. We useH, (E, F) to denote the space of holomorphic
functions fromE to F which are bounded on every bounded se&in The space
Hy(E, F) is equipped with the topology, of uniform convergence on all bounded
sets.

2.2. The property (DN) Let E be a FEchet space with a fundamental system of
semi-normg]| - ||x}. We say thak& has theproperty(DN) if

Ip3d Vg 3k,C >0 suchthat || - 57 < CIl - [lll - [I9.

2.3. Separately holomorphic function Let E, F be locally convex spaces. For a
function f : E x F — C, we put

fu(y) = f(x,y) for yeF;
fy(x) = f(x,y) for xekE.

The functionf is calledseparately holomorphiid f,: F — Candf,: E — Care
holomorphic for allx € E andy € F respectively.
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2.4. Linearly absolutely exponential representation system Let E be a locally
convex space anfk,} be a sequence ik. We say that{x,} is alinearly absolute
representation systef@abbreviated LARS) if every elemerte E can be written in
the formx = ", _; & (X)X, where the series is absolutely convergent.

A LARS in H (D) of the form{expu}, whereu, are continuous linear functionals
on E and D is an open set irE, is said to be a linearly absolutely exponential
representation system &f(D). Itis denoted by LAERS.

3. Holomorphic functions of uniformly bounded type

In this section we prove the following theorem which was provedjy Le Mau
Hai and Thai Thuan Quang in the case witeg (DN).

THEOREM 3.1. Let E be a Fiechet space. ThelB € (Hyp) if and only if
H(E. F) = Hu(E. F)
for all Fréchet spaceB € (DN).

ProOOF. 1. Necessary SinceF € (DN), by Vogt [13] F can be considered as a
subspace of the spa®@R, s for some Banach space, wheselenotes the space of
rapidly decreasing sequences.

On the other handB®,s is a subspace oH,((B&®,s),) and H,((B&,s),) =
Hy(B'®,S).

Givenf € H(E, F) c H(E, Hy(B'®,5)), we write the Taylor expansion df(z)
at0e B®,s forze E

f(2@) = Z Z m)(ukl ® €], ..., U, ®€)),

n=0 jr.jn=1
Ki,...kn>1
where
'S g 1 f(2)(ot)
t=k2:Uk®vk€B®ﬂS, Pnf(Z)(t)=% / _Qn+1 do.
>1
- lol=r >0

and{e;} is the canonical basis af with the dual basige;}, P, T is the symmetric
n-linear form associated tB, f .
Since{e;};-1 is an absolute basis, fqr> 1, chooseq > p such that

EIES 1
D lellely < T2

j=1
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where| ef]|; = sup|e; ()], IXllqg = 1} = 1/]j.
For eachp > 1, consider a familyZ, = {fp 4, _u.}n=0 C Ho(E) given by

fonm.u@= Y PPRI@QUeE, . .  uee)lel I8l

j1seesin=1

whereu, ... , u, € W, the unit ball ofB’.
Then for eachp > 1, the family.Z, is bounded inH,(E). Indeed, for every
bounded seK in E, we have

e —
sup  sup {p Y|P s ; -||p---||ejn||p}
ezl

zeK up,...,.upeW
AT (w e — S
W F(2) [u® v Up @ ——
[CAE CAE

n>0
x [legllplies Ik -+ ||ejn||p||e};||3;}

=sup sup {p Z

zeK n>0
Ug,....UpeW IESS

zeK teconv(W@Ug)

nnpn OIS ClIE]
<sup  sup |f(z><t>|{su§a = > ||eh||p||eh||q---||ejn||p||ejn||q}
n> :

jla-<--inZl

f np_ \"1
< ||K><conv(W®U°) ?l;l(? (p+—1)e2 ﬁ

<Gl f ||Kxconv(W®ug),
where

Uy ={xes:|xlq <1} withthe polatJ],

C,=su np ni
"‘n>o{<<p+1>e2> n!}'

SinceE € (H,p), by Meise and Vogt9], there existsx > 1 such that the family?,
is bounded irtH,(E,).

However, for every bounded skt C E,, p > 1, we have the following estimate
31 sup sup Y [P @)

zeK teconMWeUg) n=0

<sup sup {Z Z Ay === A |

ZeK Ugg,onsllin €W | | 20 p Kpoko>1
2o Akl=1

Qe ... U, ®e)|lle,ll, - ||ejn||p}

J'1,-<--in21
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<sup sup {p Z

zeK uy,...,UpeW
g Sn>1

1
xnehnp~-anb} sup {}:1;- > |Ahr--um|}
n>0

Lica M=t Kivooakn=1
< Cg E —

where
Cq =sup sup {p Z ®€,.... .U, ®€)
zeK up,...,.upeW
nZO ]n>l
x [lejllp--- ”ejn”p} < 00.
Put
(3.2) gzt =) P.f@®

n>0

with z € E,, t € (B®,S)'.

From (3.1), it follows that the right-hand side of3(2) converges and defines a
seperately holomorphic function d, x (B®,S)'.

It is easy to see thaj is bounded on every bounded set@®,s)’. By Galindo,
Garcia, Maestrel]] the holomorphic function of bounded type

/g\: (B®7TS)/ - Hb(Ea)

which is induced by, can be factorized through a Banach space by an entire function
of bounded type. Because every ball in a Banach space is bounded we irfer
Huw(E, F).

2. Sufficient In the casd= = C, by hypothesis we obtaik € (Hyp).

The theorem is proved. O

4. The exponential representation

First we recall that a locally convex spaEehas the propertyH,) and writeE €
(Hy) if every holomorphic functiorf on E is of uniform type. This means that there
exists a continuous semi-norgron E such thatf can be factorized holomorphically
through the canonical map, : E — E,, whereE, denote the space associate@to
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In [7] Nguyen Minh Ha and Nguyen Van Khue proved that adfét spacé& is
nuclear ance € (H,) if and only if every holomorphic function o& with values in
a Banach spacB can be written in the fornf (x) = ), ., & expuy(x), where the
series is absolutely convergent in the splidé, B) of holomorphic functions offE
with values inB equipped with the compact-open topology.

In this section we shall consider the above result in another situation with the note
thatif E € (Hyp) thenE € (H,) and if F is Banach therr € (DN). Namely, we are
going to prove the following:

THEOREM4.1. Let E be a Frechet space. Thel is nuclear andE € (H,p) if and
only if every holomorphic function oB with values in a Fechet spacé € (DN)
can be written in the fornf (x) = ), ., & expuk(x), where the sequencég) C F,
(uy) C E*, the dual space oF, and the series is absolutely convergent in the space
Ho(E, F).

PrOOF. First we prove sufficiency of the theorem.

Let {p,} be a fundamental system of semi-normskn To prove the nuclearity
of E, for every continuous semi-normon E write the canonical map, : E — E,
in the formaw, (X) = "1 & expux(x) inwhich )", _; &l explluklly < oo for every
bounded seB in E. This follows from the hypothesis and the propefyN) of the
space Banack,. Then

0, () = dw, (0)(X) = ) EUk(X)

k>1

forx e Eand}_,_, ll&lllullz < oo for every bounded sed in E.
Now we prove that there exists a continuous semi-ng8rs o in E such that

> lEd expllugll; < oo.

k>1

Indeed, if this does not hold, for evesywe have) , _, [[&l exp|luk|l}, = co. Hence
for everya there existsk, such thatstka &l expllugllz > «. This inequality
implies that for eack < k, there exists with ||x¢]l, < 1 such that

> llgll expluc(x)] > .
k<ky

PutB = {X{,.... X, ... . X{,... . X ,...}U{0}. ThenB is bounded irE and

Z &l expliuglly > o forevery « > 1.
k>1
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This is impossible, becaude, . &Il expllugll < oo.

By the same argument as above, there exists a continuous semjgnsrgin E
suchthad ,_, l&lllukll; < oo. This means that the canonical map, : E; — E,
is nuclear. Henc& is nuclear.

Now, sinceE is nuclear, to provee € (Hy,) by [4] it suffices to show that ifE
is a topological subspace of a locally convex sp@ceith a fundamental system of
continuous semi-norm induced by semi-inner products then elveryH (E) has an
extensiong € H(G).

Given f € H(E, ©) = H(E), by the hypothesis, we can write

FOO =) &cexpuy(x)

k>1

suchthad),_, |&| expluc(X)| < oo. Applying the Hahn-Banachtheoremupe E*,
k > 1, there existl, € G* such thatly|e = u, and||0x||* = |lugll*, for all k > 1.
Then the functiory(x) = ), _, & explx(x) defines a holomorphic function @hand
gle = f.

Now, assume thak is nuclear andE € (H,,). By Theorem3.1, we have
H(E, F) = Hw(E, F). Then everyf € H(E, F) is of uniform type. It implies
that there exists a continuous semi-nasran E and a holomorphic functiog on E,
such thatf = gw,. Take a continuous semi-norf> ¢ on E such thafl = wy, is
nuclear. Write

TXx) = thUj (X)ej

j=1

witha = >, Itjl < coand|uill <1, gl < 1,6 € E,,u; € E; for j > 1.
Consider the Taylor expansiongfat0e E

g(x) =Y Pag(x).

n>0
where

1 g(tx)
Png(x) = g e tn+1

Choose two sequencég} and{«} in C such that

(4.1) 2= & expa)

k>1
forze C and

(4.2) C =) I&dl expir o) < oo

k>1
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forallr > 0. Such sequences exist I8].[ Formally, we have

@D =gT0 =Y PgTx) =Y Pg (Z tu, (x)ej)

nged n>0 j>1

=3 Y U0 U, OPG(Ey,  ey)

n>0 ji,...,jn>1
=Z Z tJltJn%(eJu ,ejn)
n>0 ji,...,jn>1
x (Z 8k eprXkUjl(X)> (Z & expakujn(x)>
k>1 k=1

= Z Z tjl'”tjngkl”'skn%(eh’ ’ejn)

n>0 ji,..,jn>1
Ki,....kn>1

X explag,Uj, (X) + -+ - + ay, Uj, (X)]

whereP,g is the symmetrim-linear form associated tB,g.
It remains to check that the right-hand side is absolutely convergéhtin F).
For eachr > 0, takes > C,ae Since

nn
” Png(eju ey ejn)”q =< <_> ”g”sq

nls"
where

9lls.q = SURIlgX)llq = IXIl < s}

and without loss generality by the nuclearity®f we may assume thatis bounded
on every bounded set iB,. We have

19Tl < Y > [yl Ity |- 1l

n>0 ji,..,jn>1
Ki,....kn>1

x| PoE,. ... . €)

L EXIT (lon | + -+ e )]

cran"
<ligllsq )~ < 00

n>0

for x| <.
The theorem is proved. O

In order to complete this section we will prove the following:

THEOREM4.2. LetE andF be nuclear Fechetspaces such thiat has an absolute
basis. Then
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(i) H(E x F*) has a LAERS iH (F*) has a LAERS an& € (Hyp);
(i) conversely,iH (E x F*) has a LAERS ané € (DN) thenE € (Hy).

The proof is based on Theoresril and the following:

PropPosITION4.3. Let F be a Fiechet space such th&* has an absolute basis.
ThenF € (DN) ifand only ifH(F*) € (DN).

PrOOF. Sufficiency is obvious becaude can be considered as a subspace of
H(F*).

The proof of necessary condition is based on the results of Ry@nwhich
introduces a convenient system of semi-norms defining the topolobiy( Bf).

Assume that= € (DN) such thatF* has an absolute basisj}. By the open
mapping theorem, the topology Bf can be defined by the system of semi-norms

Xl =Y 1€;001 1€l

j=1
where{e; }; is the sequence of coefficient functionals associat¢ejo Choosep > 1
such thai DN) holds. Since| - ||, is a norm, we havée ||, # 0, for j > 1. Hence

1 .
I€lly < lIgflly < —— < o0, Vj=1Vvq=>p.
: : lejllp

Moreover, by the definition ofDN) and by the equality

1 .
el = ——. Vi=1
T eyl

there existsl sucth that for everyg there exisk, C > 0 such that
(4.3) IIIe]‘IIIZ;l+d = C|||eTIIIiIIIeTIII}§d vi>1
For eactk > 1, put
F*(k) = {x* e F 1 Ixlly =Y leoolllelll; < oo} :
j=1

It is easy to check that* (k) is a Banach space aitg} is also an absolute basis for
F*(k). On the other hand, sinde* = | J,-, F*(k) and every bounded set i#* is
contained and bounded in sorRé(k), we conclude that the topology &f (F*) can
be defined by the system of semi-norfjis ||« : k > 1,r > 0}, where

I llr = suplll £ X2 Xl < 1)
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By applying results of Ryaril[J], we obtain, for everyf € H(F*), the representation
f(x*) = f (the]‘) = bn(Ht"
j=1 M
which converges absolutely and uniformly on every bounded détjimvhere

M ={(m1,m2,... ,mn,O,...), mi EN, | =1,2,...},

1\" f(te + - +t,e)
bm(f)=<__> / / & 4G 4
27 Itil=01 tmer Tt

with dt = dt; - - - dt,.
Since for evernk > p the map

o 0t — F*(K)
e*
(&) — £ ——
J le el
is an isomorphism, again by Ryaf(], the system{|| - [k, : kK > p,r > 0} is
equivalent to the system of semi-noriis [k, : kK > p,r > 0} where

r™ b, f)|m™
f = ——————— meM
I Tllk, = sup armm €
andim| =my +--- +my; a% = llel™ - lleilly™, m™ = m" ... mm.

From @.3) we get

b
- <supy | —————| .meM

am | mfm
d
r N by () [mm o) M
<su ,me M ;su —— |, meM
- p{< C ) armym °1| & mim )
= I ireescll - 119,
HenceH (F*) € (DN). The proposition is proved. O

Now we prove Theorem.2

(i) First note thatr is reflexive, that isF* = F, because it is a Echet nuclear
space. Sincé& is nuclear andH (F*) has a LAERS, by7], F € (DN). According to
Proposition4.3, we haveH (F*) € (DN). BecauseE is nuclear antH (E x F*) =
H(E, H(F*)), it follows from Theoren#.1 that everyf € H(E, H(F*)) can be
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written in the formf (x) =}, _, & expux(x), where(&) C H (F*) and the series is
absolutely convergentin thd (E, H (F*)).

Moreover, sinceH (F*) has a LAERS, ever§, € H(F*) can be also written in the
form

&(Y") = Z njxexp;(y"), Vk=>1,

j=1

where(n; ) € Candv; € F** = F, j > 1 and the series is absolutely convergentin
the H (F*). Thus

FOG YD) = njxexpy;(y*) expuy(x)

k,j>1

= Z Nij.k eXp[(Uk, X> + <vj ’ y*)]

k,j>1

andzk’jzl|nj,k|exp[||uk||*;< + llvjlIf] < oo for every compactse€ C E, L C F*.
(i) It is an immediate consequence of Theorér
This completes the proof of the theorem. O

REMARK 4.4. Recently, Phan Thien Danh and Duong Luong Sgjrhave proved
that every separately holomorphic function on an open siibse¥ of E x F*, where
E € (Q) is a FEchet nuclear space having a basis, has a local Dirichlet representation
if and only if F € (DN) for every FEchet nuclear spade.
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