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Abstract

It is shown that ifE, F are Fŕechet spaces,E ∈ .Hub/, F ∈ .DN/ thenH .E; F/ = Hub.E; F/ holds.
Using this result we prove that a Fréchet spaceE is nuclear and has the property.Hub/ if and only if every
entire function onE with values in a Fŕechet spaceF ∈ .DN/ can be represented in the exponential
form. Moreover, it is also shown that ifH .F∗/ has a LAERS andE ∈ .Hub/ then H .E × F∗/ has a
LAERS, whereE, F are nuclear Fŕechet spaces,F ∗ has an absolute basis, and conversely, ifH .E × F∗/
has a LAERS andF ∈ .DN/ thenE ∈ .Hub/.
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1. Introduction

Let E andF be locally convex spaces. A holomorphic functionf from E to F is said
to beof uniformly bounded typeif there exists a neighbourhoodU of 0 ∈ E such that
f .rU / is bounded for allr > 0. By Hub.E; F/ we denote the linear subspace of the
space of holomorphic functions fromE to F , consisting of all functions of uniformly
bounded type. We writeHub.E/ rather thanHub.E;C/. We say that a locally convex
spaceE has theproperty.Hub/ (and writeE ∈ .Hub/) if the identityH .E/ = Hub.E/
holds.

Recently Le Mau Hai and Thai Thuan Quang [3] have shown thatHb.E; F/ =
Hub.E; F/ for Fréchet spacesE, F andE ∈ .Hub/, F ∈ .DN/:

In Section3, we extend the above result to the more general case. Namely, the
property.DN/ of the spaceF is replaced by the property.DN/ (Theorem3.1).
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By using Theorem3.1, in Section4 we prove that a Fr´echet spaceE is nuclear
and E ∈ .Hub/ if and only if every entire function onE with values in a Fr´echet
spaceF ∈ .DN/ can be represented in the exponential form (Theorem4.1). The final
portion of this section will deal with the exponential representation of holomorphic
functions onE × F ∗, where E is Fréchet, E ∈ .Hub/ and F is nuclear Fr´echet
such thatF∗ has an absolute basis andH .F∗/ has a linearly absolutely exponential
representation system (Theorem4.2). The proof is based on Theorems3.1, 4.1 and
Proposition4.3 which say that ifF is a Fréchet space such thatF∗ has an absolute
basis thenF ∈ .DN/ if and only if H .F∗/ ∈ .DN/.

2. Preliminaries

We may frequently use the standard notation of the theory of locally convex spaces
as presented in the book of Pietsch [9]. A locally convex space always is a complex
vector space with a locally convex Hausdorff topology.

For a Fréchet spaceE, we always assume that its locally convex structure is
generated by an increasing system{‖ · ‖k} of semi-norms. Then we denote byEk the
completion of the canonically normed spaceE= ker‖ · ‖k and!k : E → Ek denotes
the canonical map andUk denotes the set{x ∈ E : ‖x‖k < 1}.
2.1. Holomorphic function Let E andF be locally convex spaces and letD ⊂ E
be open,D 6= ∅. A function f : D → F is calledholomorphicif f is continuous
and Gâteaux-analytic. ByH .D; F/ we denote the vector space of all holomorphic
functions onD with values inF . We useHb.E; F/ to denote the space of holomorphic
functions fromE to F which are bounded on every bounded set inE. The space
Hb.E; F/ is equipped with the topology−b of uniform convergence on all bounded
sets.

2.2. The property .DN/ Let E be a Fréchet space with a fundamental system of
semi-norms{‖ · ‖k}. We say thatE has theproperty.DN/ if

∃p ∃d ∀q ∃k;C > 0 such that ‖ · ‖1+d
q ≤ C‖ · ‖k‖ · ‖d

p:

2.3. Separately holomorphic function Let E; F be locally convex spaces. For a
function f : E × F → C; we put

fx.y/ = f .x; y/ for y ∈ F ;

fy.x/ = f .x; y/ for x ∈ E:

The function f is calledseparately holomorphicif fx : F → C and f y : E → C are
holomorphic for allx ∈ E andy ∈ F respectively.
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2.4. Linearly absolutely exponential representation system Let E be a locally
convex space and{xk} be a sequence inE: We say that{xk} is a linearly absolute
representation system(abbreviated LARS) if every elementx ∈ E can be written in
the formx = ∑

k≥1 ¾k.x/xk, where the series is absolutely convergent.
A LARS in H .D/ of the form{expuk}, whereuk are continuous linear functionals

on E and D is an open set inE, is said to be a linearly absolutely exponential
representation system ofH .D/. It is denoted by LAERS.

3. Holomorphic functions of uniformly bounded type

In this section we prove the following theorem which was proved in [3] by Le Mau
Hai and Thai Thuan Quang in the case whenF ∈ .DN/.

THEOREM 3.1. Let E be a Fŕechet space. ThenE ∈ .Hub/ if and only if

H .E; F/ = Hub.E; F/

for all Fr échet spacesF ∈ .DN/.

PROOF. 1. Necessary. SinceF ∈ .DN/; by Vogt [13] F can be considered as a
subspace of the spaceB⊗̂³s for some Banach space, wheres denotes the space of
rapidly decreasing sequences.

On the other hand,B⊗̂³s is a subspace ofHb..B⊗̂³s/′b/ and Hb..B⊗̂³s/′b/ ∼=
Hb.B′⊗̂³s′/.

Given f ∈ H .E; F/ ⊂ H .E; Hb.B′⊗̂³s′//; we write the Taylor expansion off .z/
at 0∈ B′⊗̂³s′ for z ∈ E

f .z/.t/ =
∑
n≥0

∑
j1;::: ; jn≥1
k1;:::;kn≥1

\Pn f .z/.uk1 ⊗ e∗
j1
; : : : ;ukn

⊗ e∗
jn
/;

where

t =
∑
k≥1

uk ⊗ vk ∈ B′⊗̂³s′; Pn f .z/.t/ = 1

2³ i

∫
|%|=r>0

f .z/.%t/

%n+1
d%;

and {ej } is the canonical basis ofs with the dual basis{e∗
j }, P̂n f is the symmetric

n-linear form associated toPn f .
Since{ej } j ≥1 is an absolute basis, forp ≥ 1; chooseq ≥ p such that∑

j ≥1

‖e∗
j ‖∗

q‖ej ‖p <
1

.p + 1/e2
;
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where‖e∗
j ‖∗

q = sup{|e∗
j .x/|; ‖x‖q ≤ 1} = 1= j q.

For eachp ≥ 1, consider a familyFp = { f p;n;u1;:::;un
}n≥0 ⊂ Hb.E/ given by

f p;n;u1;::: ;un
.z/ =

∑
j1;::: ; jn≥1

pn
\Pn f .z/.u1 ⊗ e∗

j1
; : : : ;un ⊗ e∗

jn
/‖ej1‖p · · · ‖ejn‖p

whereu1; : : : ;un ∈ W; the unit ball ofB′.
Then for eachp ≥ 1, the familyFp is bounded inHb.E/. Indeed, for every

bounded setK in E, we have

sup
z∈K

sup
u1;:::;un∈W

n≥0

{
pn

∑
j1;:::; jn≥1

∣∣∣\Pn f .z/.u1 ⊗ e∗
j1
; : : : ;un ⊗ e∗

jn
/

∣∣∣ ‖ej1‖p · · · ‖ejn‖p

}

= sup
z∈K

sup
n≥0

u1;:::;un∈W

{
pn

∑
j1;::: ; jn≥1

∣∣∣∣∣\Pn f .z/

(
u1 ⊗ e∗

j1

‖e∗
j1‖∗

q

; : : : ;un ⊗ e∗
jn

‖e∗
jn‖∗

q

)∣∣∣∣∣
× ‖ej1‖p‖e∗

j1
‖∗

q · · · ‖ejn‖p‖e∗
jn
‖∗

q

}

≤ sup
z∈K

sup
t∈conv.W⊗U o

q /

| f .z/.t/|
{

sup
n≥0

nn pn

n!
∑

j1;::: ; jn≥1

‖ej1‖p‖e∗
j1
‖∗

q · · · ‖ejn‖p‖e∗
jn
‖∗

q

}

≤ ‖ f ‖K×conv.W⊗Uo
q /

sup
n≥0

{(
np

.p + 1/e2

)n 1

n!
}

≤ Cp‖ f ‖K×conv.W⊗Uo
q /
;

where

Uq = {x ∈ s : ‖x‖q < 1} with the polarU o
q ;

Cp = sup
n≥0

{(
np

.p + 1/e2

)n 1

n!
}
:

SinceE ∈ .Hub/, by Meise and Vogt [5], there existsÞ ≥ 1 such that the familyFp

is bounded inHb.EÞ/.
However, for every bounded setK ⊂ EÞ; p ≥ 1; we have the following estimate

sup
z∈K

sup
t∈conv.W⊗U o

q /

∑
n≥0

|Pn f .z/.t/|(3.1)

≤ sup
z∈K

sup
uk1 ;:::;ukn ∈W∑

k≥1 |½k |≤1

{∑
n≥0

1

pn

∑
k1;:::;kn≥1

|½k1| · · · |½kn
|

×
∑

j1;:::; jn≥1

pn
∣∣∣\Pn f .z/.uk1 ⊗ e∗

j1; : : : ;ukn
⊗ e∗

jn/

∣∣∣ ‖ej1‖p · · · ‖ejn‖p

}
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≤ sup
z∈K

sup
u1;::: ;un∈W

n≥0

{
pn

∑
j1;::: ; jn≥1

∣∣∣\Pn f .z/.u1 ⊗ e∗
j1
; : : : ;un ⊗ e∗

jn
/

∣∣∣
× ‖ej1‖p · · · ‖ejn‖p

}
sup∑

k≥1 |½k|≤1

{∑
n≥0

1

pn

∑
k1;:::;kn≥1

|½k1| · · · |½kn
|
}

≤ CK

∑
n≥0

1

pn

where

CK = sup
z∈K

sup
u1;:::;un∈W

n≥0

{
pn

∑
j1;::: ; jn≥1

∣∣∣\Pn f .z/.uk1 ⊗ e∗
j1
; : : : ;ukn

⊗ e∗
jn
/

∣∣∣
× ‖ej1‖p · · · ‖ejn‖p

}
< ∞:

Put

g.z; t/ =
∑
n≥0

Pn f .z/.t/(3.2)

with z ∈ EÞ; t ∈ .B⊗̂³s/′.
From (3.1), it follows that the right-hand side of (3.2) converges and defines a

seperately holomorphic function onEÞ × .B⊗̂³s/′.
It is easy to see thatg is bounded on every bounded set on.B⊗̂³s/′: By Galindo,

Garcia, Maestre [1] the holomorphic function of bounded type

ĝ : .B⊗̂³s/′ → Hb.EÞ/

which is induced byg; can be factorized through a Banach space by an entire function
of bounded type. Because every ball in a Banach space is bounded we inferf ∈
Hub.E; F/:

2. Sufficient. In the caseF = C; by hypothesis we obtainE ∈ .Hub/.
The theorem is proved.

4. The exponential representation

First we recall that a locally convex spaceE has the property.Hu/ and writeE ∈
.Hu/ if every holomorphic functionf on E is of uniform type. This means that there
exists a continuous semi-norm% on E such thatf can be factorized holomorphically
through the canonical map!% : E → E%, whereE% denote the space associated to%.
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In [7] Nguyen Minh Ha and Nguyen Van Khue proved that a Fr´echet spaceE is
nuclear andE ∈ .Hu/ if and only if every holomorphic function onE with values in
a Banach spaceB can be written in the formf .x/ = ∑

k≥1 ¾k expuk.x/, where the
series is absolutely convergent in the spaceH .E; B/ of holomorphic functions onE
with values inB equipped with the compact-open topology.

In this section we shall consider the above result in another situation with the note
that if E ∈ .Hub/ thenE ∈ .Hu/ and if F is Banach thenF ∈ .DN/: Namely, we are
going to prove the following:

THEOREM 4.1. Let E be a Fŕechet space. ThenE is nuclear andE ∈ .Hub/ if and
only if every holomorphic function onE with values in a Fŕechet spaceF ∈ .DN/
can be written in the formf .x/ = ∑

k≥1 ¾k expuk.x/, where the sequences.¾k/ ⊂ F,
.uk/ ⊂ E∗, the dual space ofE, and the series is absolutely convergent in the space
Hb.E; F/.

PROOF. First we prove sufficiency of the theorem.
Let {pÞ} be a fundamental system of semi-norms onE. To prove the nuclearity

of E, for every continuous semi-norm% on E write the canonical map!% : E → E%

in the form!%.x/ = ∑
k≥1 ¾k expuk.x/ in which

∑
k≥1 ‖¾k‖ exp‖uk‖∗

B < ∞ for every
bounded setB in E. This follows from the hypothesis and the property.DN/ of the
space BanachE%. Then

!%.x/ = d!%.0/.x/ =
∑
k≥1

¾kuk.x/

for x ∈ E and
∑

k≥1 ‖¾k‖‖uk‖∗
B < ∞ for every bounded setB in E.

Now we prove that there exists a continuous semi-normþ > % in E such that∑
k≥1

‖¾k‖ exp‖uk‖∗
þ < ∞:

Indeed, if this does not hold, for everyÞ we have
∑

k≥1 ‖¾k‖ exp‖uk‖∗
Þ = ∞. Hence

for everyÞ there existskÞ such that
∑

k≤kÞ
‖¾k‖ exp‖uk‖∗

Þ > Þ. This inequality
implies that for eachk ≤ kÞ there existsxÞk with ‖xÞk ‖Þ ≤ 1 such that∑

k≤kÞ

‖¾k‖ exp|uk.x
Þ
k /| > Þ:

Put B = {x1
1; : : : ; x1

k1
; : : : ; xÞ1 ; : : : ; xÞkÞ ; : : : } ∪ {0}. ThenB is bounded inE and∑

k≥1

‖¾k‖ exp‖uk‖∗
B > Þ for every Þ ≥ 1:
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This is impossible, because
∑

k≥1 ‖¾k‖ exp‖uk‖∗
B < ∞.

By the same argument as above, there exists a continuous semi-normþ > % in E
such that

∑
k≥1 ‖¾k‖‖uk‖∗

þ < ∞. This means that the canonical map!þ% : Eþ → E%

is nuclear. HenceE is nuclear.
Now, sinceE is nuclear, to proveE ∈ .Hub/ by [4] it suffices to show that ifE

is a topological subspace of a locally convex spaceG with a fundamental system of
continuous semi-norm induced by semi-inner products then everyf ∈ H .E/ has an
extensiong ∈ H .G/.

Given f ∈ H .E;C/ = H .E/, by the hypothesis, we can write

f .x/ =
∑
k≥1

¾k expuk.x/

such that
∑

k≥1 |¾k| exp|uk.x/| < ∞. Applying the Hahn-Banach theorem touk ∈ E∗,
k ≥ 1, there exist̂uk ∈ G∗ such thatûk|E = uk and‖ûk‖∗ = ‖uk‖∗, for all k ≥ 1.
Then the functiong.x/ = ∑

k≥1 ¾k expûk.x/ defines a holomorphic function onG and
g|E = f .

Now, assume thatE is nuclear andE ∈ .Hub/. By Theorem3.1, we have
H .E; F/ = Hub.E; F/. Then every f ∈ H .E; F/ is of uniform type. It implies
that there exists a continuous semi-norm% on E and a holomorphic functiong on E%

such thatf = g!%. Take a continuous semi-normþ > % on E such thatT = !þ% is
nuclear. Write

T.x/ =
∑
j ≥1

t j u j .x/ej

with a = ∑
j ≥1 |t j | < ∞ and‖u∗

j ‖ < 1, ‖ej ‖ < 1, ej ∈ E%;u j ∈ E∗
þ for j ≥ 1.

Consider the Taylor expansion ofg at 0∈ E

g.x/ =
∑
n≥0

Png.x/;

where

Png.x/ = 1

2³ i

∫
|t |=r

g.t x/

tn+1
dt:

Choose two sequences{¾k} and{Þk} in C such that

z =
∑
k≥1

¾k exp.Þkz/(4.1)

for z ∈ C and

Cr =
∑
k≥1

|¾k| exp.r |Þk|/ < ∞(4.2)
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for all r > 0. Such sequences exist by [2]. Formally, we have

.gT/.x/ = g.T x/ =
∑
nge0

Png.T x/ =
∑
n≥0

Png

(∑
j ≥1

t j u j .x/ej

)
=
∑
n≥0

∑
j1;::: ; jn≥1

t j1 · · · t jnu j1.x/ · · · ujn .x/P̂ng.ej1; : : : ;ejn/

=
∑
n≥0

∑
j1;::: ; jn≥1

t j1 · · · t jn P̂ng.ej1; : : : ;ejn/

×
(∑

k≥1

¾k expÞku j1.x/

)
· · ·
(∑

k≥1

¾k expÞku jn.x/

)
=
∑
n≥0

∑
j1;::: ; jn≥1
k1;::: ;kn≥1

t j1 · · · t jn¾k1 · · · ¾kn
P̂ng.ej1; : : : ;ejn/

× exp[Þk1uj1.x/+ · · · + Þkn
u jn.x/]

whereP̂ng is the symmetricn-linear form associated toPng.
It remains to check that the right-hand side is absolutely convergent inH .E; F/.
For eachr > 0, takes> Cr ae. Since

‖Png.ej1; : : : ;ejn/‖q ≤
(

nn

n!sn

)
‖g‖s;q

where

‖g‖s;q = sup{‖g.x/‖q : ‖x‖ < s}
and without loss generality by the nuclearity ofE, we may assume thatg is bounded
on every bounded set inE%. We have

‖g.T x/‖q ≤
∑
n≥0

∑
j1;::: ; jn≥1
k1;::: ;kn≥1

|t j1| · · · |t jn ||¾k1| · · · |¾kn
|

× ∥∥ P̂ng.ej1; : : : ;ejn/
∥∥

q
exp[r .|Þk1| + · · · + |Þkn

|/]
≤ ‖g‖s;q

∑
n≥0

Cn
r annn

n!sn
< ∞

for ‖x‖ < r .
The theorem is proved.

In order to complete this section we will prove the following:

THEOREM 4.2. Let E andF be nuclear Fŕechetspaces such thatF∗ has an absolute
basis. Then
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.i/ H .E × F∗/ has a LAERS ifH .F∗/ has a LAERS andE ∈ .Hub/;
.ii/ conversely, ifH .E × F∗/ has a LAERS andF ∈ .DN/ thenE ∈ .Hub/.

The proof is based on Theorem3.1and the following:

PROPOSITION4.3. Let F be a Fŕechet space such thatF∗ has an absolute basis.
ThenF ∈ .DN/ if and only if H .F∗/ ∈ .DN/.

PROOF. Sufficiency is obvious becauseF can be considered as a subspace of
H .F∗/.

The proof of necessary condition is based on the results of Ryan [10] which
introduces a convenient system of semi-norms defining the topology ofH .F∗/.

Assume thatF ∈ .DN/ such thatF∗ has an absolute basis{e∗
j }. By the open

mapping theorem, the topology ofF can be defined by the system of semi-norms

|||x|||k =
∑
j ≥1

|e∗
j .x/|‖ej ‖k;

where{ej } j is the sequence of coefficient functionals associated to{e∗
j }. Choosep ≥ 1

such that.DN/ holds. Since‖ · ‖p is a norm, we have‖ej ‖p 6= 0, for j ≥ 1. Hence

‖e∗
j ‖∗

q ≤ ‖e∗
j ‖∗

p ≤ 1

‖ej ‖p
< ∞; ∀ j ≥ 1;∀q ≥ p:

Moreover, by the definition of.DN/ and by the equality

|||e∗
j |||∗q = 1

|||ej |||q
; ∀ j ≥ 1;

there existsd sucth that for everyq there existk;C > 0 such that

|||e∗
j |||∗1+d

q ≥ C|||e∗
j |||∗k|||e∗

j |||∗d
p ∀ j ≥ 1:(4.3)

For eachk ≥ 1; put

F∗.k/ =
{

x∗ ∈ F∗ : |||x∗|||∗k =
∑
j ≥1

|e∗
j .x/||||e∗

j |||∗k < ∞
}
:

It is easy to check thatF∗.k/ is a Banach space and{e∗
j } is also an absolute basis for

F∗.k/. On the other hand, sinceF∗ = ⋃∞
k=1 F∗.k/ and every bounded set inF∗ is

contained and bounded in someF∗.k/; we conclude that the topology ofH .F∗/ can
be defined by the system of semi-norms{‖ · ‖k;r : k ≥ 1; r > 0}, where

‖ f ‖k;r = sup{‖ f .x∗/‖ : ‖x∗‖k ≤ r }:
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By applying results of Ryan [10], we obtain, for everyf ∈ H .F∗/, the representation

f .x∗/ = f

(∑
j ≥1

t j e
∗
j

)
=
∑

M

bm. f /tm

which converges absolutely and uniformly on every bounded set inF∗, where

M = {.m1;m2; : : : ;mn;0; : : : /; mi ∈ N; i = 1;2; : : : };
bm. f / =

(
1

2³ i

)n ∫
|t1|=%1

· · ·
∫

|tn|=%n

f .t1e∗
1 + · · · + tne∗

n/

tm1+1
1 · · · tmn+1

n

dt

with dt = dt1 · · · dtn.
Since for everyk ≥ p the map

'k : `1 → F∗.k/

.¾ j / 7→
∑
j ≥1

¾ j

e∗
j

|||e∗
j |||∗k

is an isomorphism, again by Ryan [10], the system{‖ · ‖k;r : k ≥ p; r > 0} is
equivalent to the system of semi-norms{||| · |||k;r : k ≥ p; r > 0} where

||| f |||k;r = sup

{
r |m||bm. f /|mm

am
·;k|m||m| ; m ∈ M

}
and|m| = m1 + · · · + mn; am

·;k = |||e∗
1|||∗m1

k · · · |||e∗
n|||∗mn

k , mm = mm1
1 · · · mmn

n .
From (4.3) we get

||| · |||1+d
q;r ≤ sup


[

r |m||bm.·/|mm

am
:;q|m||m|

]1+d

; m ∈ M


≤ sup

{(
r 1+d

C

)|m| |bm.·/|mm

am
·;k|m||m| ; m ∈ M

}
sup


[

|bm.·/|mm

am·;p|m||m|

]d

; m ∈ M


= ||| · |||k;r 1+d=C||| · |||d

p;1

HenceH .F∗/ ∈ .DN/. The proposition is proved.

Now we prove Theorem4.2.
(i) First note thatF is reflexive, that is,F∗∗ = F , because it is a Fr´echet nuclear

space. SinceF is nuclear andH .F∗/ has a LAERS, by [7], F ∈ .DN/. According to
Proposition4.3, we haveH .F∗/ ∈ .DN/: BecauseE is nuclear andH .E × F∗/ ∼=
H .E; H .F∗//, it follows from Theorem4.1 that every f ∈ H .E; H .F∗// can be
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written in the form f .x/ = ∑
k≥1 ¾k expuk.x/, where.¾k/ ⊂ H .F∗/ and the series is

absolutely convergent in theH .E; H .F∗//.
Moreover, sinceH .F∗/ has a LAERS, every¾k ∈ H .F∗/ can be also written in the

form

¾k.y
∗/ =

∑
j ≥1

� j ;k expv j .y
∗/; ∀k ≥ 1;

where.� j ;k/ ⊂ C andv j ∈ F∗∗ = F , j ≥ 1 and the series is absolutely convergent in
the H .F∗/. Thus

f .x; y∗/ =
∑
k; j ≥1

� j ;k expv j .y
∗/expuk.x/

=
∑
k; j ≥1

� j ;k exp
[〈uk; x〉 + 〈v j ; y∗〉]

and
∑

k; j ≥1 |� j ;k| exp
[‖uk‖∗

K + ‖v j ‖∗
L

]
< ∞ for every compact setK ⊂ E, L ⊂ F∗.

(ii) It is an immediate consequence of Theorem4.1.
This completes the proof of the theorem.

REMARK 4.4. Recently, Phan Thien Danh and Duong Luong Son [8] have proved
that every separately holomorphic function on an open subsetU ×V of E× F ∗;where
E ∈ .�̃/ is a Fréchet nuclear space having a basis, has a local Dirichlet representation
if and only if F ∈ .DN/ for every Fréchet nuclear spaceF .
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