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Abstract

Given a lattice formationF of full characteristic, anF - Fitting class is a Fitting class with stronger
closure properties involvingF -subnormal subgroups. The main aim of this paper is to prove that the
associated injectors possess a good behaviour with respect toF -subnormal subgroups.

2000Mathematics subject classification: primary 20D10.

1. Introduction

All groups considered are finite and soluble.
In a previous paper [2], F -Fitting classes associated to a lattice formationF

containingN , the class of all nilpotent groups, are introduced and studied. A lattice
formation is a class of groups whose elements are the direct product of Hall subgroups
corresponding to fixed pairwise disjoint sets of primes. AnF -Fitting class is a class
of groups which is closed under takingF -subnormal subgroups and the join ofF -
subnormal subgroups (see Definition2.3). The classical Fitting classes appear as
N -Fitting classes.

In [2, Theorem 3.9] a large family ofF -Fitting classes, for every lattice formation
F containingN , is presented. The Fitting classes in this family are also saturated
formations. Other examples of a different nature are also shown in [2, Examples I
and II].

SinceN is contained in the lattice formationF , the subnormal subgroups are
F -subnormal and theF -Fitting classes are Fitting classes. Our main aim in this
paper is to prove that the following result, for anF -Fitting classX , holds: IfW is an
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X -injector of a groupG andH is anF -subnormal subgroup ofG, thenH ∩ W is an
X -maximal subgroup ofH . In fact, this property characterizesF -Fitting classes (see
Theorem3.9 and Proposition3.3), as the existence of injectors characterizes Fitting
classes. The result obtained in [4, Theorem 4.5] appears now as one particular case.

2. Preliminaries

The reader is assumed to be familiar with the theories of saturated formations and
Fitting classes and their projectors and injectors subgroups, respectively. We refer to
[8] for the relevant definitions, notations and results.

For the sake of completeness we will recall some concepts and results.
A lattice formationF of characteristic³ is a saturated formation locally defined

by a formation functionf given by: f .p/ = S³i
, if p ∈ ³i ⊆ ³ , where{³i }i ∈ I is a

partition of the set of primes³ , and f .q/ = ∅, the empty formation, ifq 6∈ ³ . S³i

denotes the set of all soluble³i -groups.
In this case, for a primep ∈ ³ , the set of primes³i such thatp ∈ ³i , will be also

identified by³.p/.

LEMMA 2.1 ([5, Remark 3.6], [4, Lemma 3.2]).LetF be a lattice formation with
characteristic³ and p ∈ ³ . Then:

(a) The canonical local definition ofF and the smallest local definition ofF are
given by setting:

• If |³.p/| = 1, thenF.p/ = Sp and f .p/ = .1/.
• If |³.p/| ≥ 2, then F.p/ = f .p/ = S³.p/. In particular, for a groupG,

GF.p/ = G f .p/ = O³.p/.G/.

(b) A groupG belongs toF if and only if G is a soluble³-group with a normal
Hall ³i -subgroup, for everyi ∈ I .

HenceforthF will always denote a lattice formation containingN and the above
notation will be assumed.

In this section,G denotes a subgroup-closed saturated formation.

DEFINITION 2.2 ([8, III, Definition 4.13, IV, Definition 5.12]). A maximal sub-
group M of a groupG is said to beG -normal in G if G=CoreG.M/ ∈ G ; other-
wise, it is calledG -abnormal.

A subgroupH of a groupG is said to beG -subnormalin G if either H = G or
there exists a chainH = Hn < Hn−1 < · · · < H0 = G such thatHi +1 is aG -normal
maximal subgroup ofHi , for everyi = 0; : : : ;n − 1. We writeH G -snG.
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DEFINITION 2.3 ([2, Definition 3.1]).A classX .6= ∅/ of groups is called anF -
Fitting classif the following conditions are satisfied:

.i/ If G ∈X andH F -snG, thenH ∈X .
.ii/ If H; K F -snG = 〈H; K 〉 with H andK inX , thenG ∈X .

The Fitting classes are exactly theN -Fitting classes. Moreover, anF -Fitting
class is, in particular, a Fitting class.

PROPOSITION2.4 ([2, Proposition 3.4 (a)]). LetX be anF -Fitting class andG a
group. TheX -radicalGX of G has the form: GX=〈H ≤ G : H F -snG; H ∈X 〉.

DEFINITION 2.5 ([11, Definition], [12, Definition 5.8]). A subgroupH of a group
G is said to beG -abnormal inG if every link in every maximal chain joiningH to G is
G -abnormal, that is,H is aG -abnormal subgroup ofG if, wheneverH ≤ M < L ≤ G
andM is a maximal subgroup ofL, thenM is aG -abnormal subgroup ofL. We write
H G -abnG.

In [12, Definition 3.15],G -pronormal subgroups are defined in terms of complement
G -basis. They are characterized in the following way:

THEOREM 2.6 ([12, Satz 3.21]).A subgroupH of a groupG is G -pronormal inG
if and only if H satisfies the following property: ‘ If g ∈ G, thenH g = H x for some
x ∈ 〈H; H g〉G ’ . In this case, we writeH G -pr G.

THEOREM 2.7. For a subgroupH of a groupG, the following are equivalent:

(1) H G -pr G.
(2) ([12, Satz 3.26])If H ≤ K E L ≤ G, thenL = K GNL.H /.
(3) ([6, Theorem 3], [9, Theorem 2.10])If H ≤ L ≤ G, thenL = SL.H;G /NL.H /,

whereSL.H;G / is theG -subnormal closure ofH in L, that is, the intersection of all
G -subnormal subgroups ofG containingH.

By [12, Satz 5.14], a subgroupH of a groupG is G -abnormal inG if and only if
H is G -pronormal and self-normalizing inG.

THEOREM 2.8 ([12, Satz 3.18, Satz 5.17]).Let H be aG -pronormal subgroup of a
groupG and N E G. Then:

(1) H N=N is G -pronormal inG=N.
(2) NG.H / contains aG -normalizer ofG.

THEOREM 2.9 ([7, Lemma 5.1], [12, Satz 5.22]).Let H be a subgroup of a group
G. ThenH is aG -projector ofG if and only if H ∈ G and H is G -abnormal inG.

In particular, theG -projectors ofG are alsoG -pronormal inG.
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THEOREM 2.10 ([8, IV, Theorem 5.18]).Let G be a group whoseG -residualGG

is abelian. ThenGG is complemented inG and two complements inG of GG are
conjugate. The complements are theG -projectors ofG.

For a groupG, we write Proj
G
.G/ to denote the set of allG -projectors ofG. ZG .G/

denotes theG -hypercentre of the groupG ([8, IV, Definition 6.8]).
A subgroupH of a groupG is calledself-G -normalizingin G, if wheneverH G -sn

T ≤ G, thenH = T .

THEOREM 2.11 ([2, Theorem 4.2]).For a subgroupH of a groupG, the following
statements are equivalent:

.i/ H is aG -projector ofG.
.ii/ H is a self-G -normalizingG -subgroup ofG and H satisfies the following

property: ‘ if H ≤ K ≤ G, thenH ∩ K G ≤ .K G /′’ .

3. F -Fitting classes and injectors. The main result

In order to prove our main result we proceed in the following way.

DEFINITION 3.1. Let X be a class of groups and letF be a lattice formation
containingN . An .X ;F /-injector of a groupG is a subgroupV of G with the
property thatV ∩ K is anX -maximal subgroup ofK , for allF -subnormal subgroups
K of G. We denote the (possibly empty) set of.X ;F /-injectors ofG by Inj.X ;F/.G/.

Obviously, theX -injectors are the.X ;N /-injectors.
Inj
X
.G/ denotes the (possibly empty) set ofX -injectors of a groupG.

REMARK 3.2. Let G be a group andX a class of groups.

(a) If V ∈ Inj.X ;F/.G/ andK F -snG, thenV ∩ K ∈ Inj.X ;F/.K /.
(b) If V ∈ Inj.X ;F/.G/ andÞ : G → .G/Þ an isomorphism, then

.V/Þ ∈ Inj.X ;F/..G/Þ/;

in particular, Inj.X ;F/.G/ is a union ofG-conjugacy classes.
(c) LetV be anX -maximal subgroup ofG, and assume thatV ∩M ∈ Inj.X ;F/.M/,

for everyF -normal maximal subgroupM of G. ThenV ∈ Inj.X ;F/.G/.
(d) Inj.X ;F/.G/ ⊆ Inj

X
.G/. This is becauseN ⊆ F , which implies that subnor-

mal subgroups areF -subnormal subgroups.

Moreover, ifX is a Fitting class, then Inj.X ;F/.G/ 6= ∅ if and only if Inj.X ;F/.G/ =
Inj
X
.G/. This is clear by the very well known result of Fischer, Gasch¨utz and Hartley

about the existence and conjugacy of injectors ([8, VIII, Theorem 2.9], [10]).
(We recall that theF -Fitting classes are Fitting classes.)
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It is well known that the existence of injectors in every group characterizes Fitting
classes. The first corresponding result forF -Fitting classes is the following one. It
can be proven by arguing as in the classical result with obvious changes (see [8, IX,
Theorem 1.4]). Thus we omit the proof.

PROPOSITION3.3. LetX be a class of groups. If every group has an.X ;F /-
injector, thenX is anF -Fitting class.

Our aim is to prove that the converse of this proposition is also true. The proof of
our main result (Theorem3.9) is inspired by the proof of the Fischer, Gasch¨utz and
Hartley classical result ([8, VIII, Theorem 2.9], [10]). We begin with some preparatory
lemmas. Also Theorem2.11will play an important role.

REMARK 3.4. It is well known that the injectors and the projectors associated to a
Fitting class and to a Schunck class (in particular, to a saturated formation), respec-
tively, are pronormal (see [8, III, Corollary 3.22, IX, Theorem 1.5]). Even more, the
G -projectors associated to a saturated formationG , areG -pronormal (Theorem2.9).
This is not the case for the injectors, ifG is a saturated Fitting formation. Take
for instanceG = S2′S2, the class of all 2-nilpotent groups, andG = Sym.4/ the
symmetric group of degree 4. TheG -injectors ofG are the Sylow 2-subgroups ofG.
Let P ∈ Syl2.G/ and letx be a 3-element ofG. ThenGG = 〈P; Px〉G is the normal
four-subgroup ofG. It is clear thatP andPx are not conjugate inGG . ThenP is not
G -pronormal inG.

If X is anF -Fitting class, we will obtain that the.X ;F /-injectors areF -
pronormal. This means that theX -injectors areF -pronormal, for this Fitting
classX . A first step is given by the following result.

LEMMA 3.5. LetX be anF -Fitting class and letG be a group. Suppose thatU
is an.X ;F /-injector ofG andU satisfies the following property

if U ≤ T ≤ G, thenU ∈ Inj.X ;F/.T/:(∗)

ThenU isF -pronormal inG.

PROOF. Let x ∈ G. SinceU is anX -injector of G, thenU is pronormal inG.
Consequently, there existst ∈ 〈U;U x〉 such thatU x = U t . In particular, t ∈
〈U;U t 〉 = 〈U;U x〉.

Assume that〈U;U t 〉 < G. SinceU satisfies the property (∗), arguing by induction
on the order ofG we can assume thatU isF -pronormal in〈U;Ut 〉. Then there exists
r ∈ 〈U;U t 〉F = 〈U;U x〉F such thatUr = U t = U x.

Consider now the caseG = 〈U;U x〉.
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If U 〈U;U x〉F = G, thenx = um for someu ∈ U andm ∈ 〈U;Ux〉F . Obviously,
we haveU x = U m with m ∈ 〈U;U x〉F .

Otherwise we would have thatT = U 〈U;U x〉F < G. But in the case under
considerationGF = 〈U;U x〉F , which implies thatT is anF -subnormal subgroup
of G. Therefore,T ∩U x ∈ Inj.X ;F/.T/. Thus,U , T ∩U x ∈ Inj.X ;F/.T/ = Inj

X
.T/.

Consequently, there would existt = ur ∈ T = U 〈U;U x〉F with u ∈ U and
r ∈ 〈U;U x〉F , such thatT ∩ U x = U t = Ur . In particular,Ur ≤ U x. Clearly we
would deduce also in this situation thatUr = U x with r ∈ 〈U;U x〉F .

HenceU is anF -pronormal subgroup ofG.

LEMMA 3.6. LetX be anF -Fitting class and letG be a group. LetK be a
normal subgroup ofG such thatG=K ∈ F . Suppose that there exists anX -maximal
subgroupW of K and anX -maximal subgroupX of G such thatW E G and
X ∩ K = W. Then:

(a) X=W ≤ ZF .NG.X/=W/.
(b) X = .CW/X , for everyC ∈ Proj

F
.NG.X//.

(c) If CW=W ∈ Proj
F
.NG.X/=W/, then CW=W is a self-F -normalizingF -

maximal subgroup ofG=W.

PROOF. Let N = NG.X/.
(a) Let L1=L0 be anN-composition factor ofX such thatW ≤ L0 ≤ L1 ≤ X.

Suppose thatL1=L0 is a p-group, for a primep. It is clear thatX K=K is N-
isomorphic toX=W is such a way thatL1K=K and L0K=K are N-isomorphic to
L1=W andL0=W, respectively. Consequently we have that.L1K=K /=.L0K=K / is a
chief factor ofN K=K andCN.L1K=L0K / = CN.L1=L0/. Moreover,[L1; N ∩ K ] ≤
L1 ∩ K = W ≤ L0, that is,N ∩ K ≤ CN.L1=L0/. Then we have:

.N K/=CN K ..L1K /=.L0K // = .N K/=.CN ..L1K /=.L0K //K /

= .N K/=.CN .L1=L0/K /
∼= N=.CN.L1=L0/.N ∩ K // = N=CN.L1=L0/:

SinceG=K ∈ F , thenN K=K ∈ F and we can conclude thatN=CN.L1=L0/ ∈ F.p/.
This implies thatX=W ≤ ZF .NG.X/=W/.

(b) We have thatX=W ≤ ZF .N=W/ ≤ CW=W, for all CW=W ∈ Proj
F
.N=W/,

with C ∈ Proj
F
.N/, by (a) and [8, IV, Theorem 6.14]. SinceCW=W ∈ F , thenX

is anF -subnormal subgroup ofCW. But X is anX -maximal subgroup ofG, which
implies thatX = .CW/X becauseX is anF -Fitting class.

(c) Assume thatCW is F -subnormal inT ≤ G. ThenX is alsoF -subnormal
in T , becauseX is normal inCW by (b). Again theX -maximality ofX in G implies
that X = TX . In particular,T ≤ N. Therefore,CW=W is also anF -projector
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of T=N (see [8, III, Corollary 3.22]) and then,CW=W is F -abnormal inT=N by
Theorem2.9. Consequently,CW = T .

In particular,CW=W isF -maximal inG=N. This is clear because every subgroup
of a group inF isF -subnormal in the group.

LEMMA 3.7. LetX be anF -Fitting class,G a group andK a normal subgroup
of G such thatG=K ∈ F . Suppose thatW is anX -maximal subgroup ofK such
that W E G. Suppose also thatG has an.X ;F /-injector X, which satisfies the
following property

if X ≤ T ≤ G, thenX ∈ Inj.X ;F/.T/:(?)

(Note thatX ∩ K = W.)
ThenX = .H W/X , for someH ∈ Proj

F
.G/.

PROOF. Lemma3.6 implies that

X=W ≤ U W=W; for every U W=W ∈ Proj
F
.NG.X/=W/; and

X = .U W/X ; for every U ∈ Proj
F
.NG.X//:

Note that every subgroupL of G containingX satisfies the hypothesis of the Lemma
just with K ∩ L instead ofK .

Consider the sets:

A = {L ≤ G : X ≤ L ; Proj
F
.NL.X/=W/ ⊆ Proj

F
.L=W/}; and

B = {L ≤ G : X ≤ L}:

Note thatA is non-empty because at leastX ∈ A . We claim thatA = B.
Assume that it is not true and take a subgroupL of minimal order inB \A . Take

U W=W ∈ Proj
F
.NL.X/=W/, with U ∈ Proj

F
.NL.X//.

We use the ‘bar’ notation to denote images under the natural homomorphism
G → G=W = SG.

WheneverSX ≤ SU ≤ ST < SL , then SU ≤ NSL.SX/ ∩ ST = NST .SX/ ≤ NSL.SX/. In
particular,SU ∈ Proj

F
.NST .SX//. The choice ofL implies thatSU ∈ Proj

F
.ST/.

By the hypothesis, we can apply Lemma3.5 to L and X and conclude thatX is
F -pronormal inL. In particular,SX isF -pronormal inSL which implies thatNSL.SX/
contains anF -normalizer ofSL by Theorem2.8. It is clear thatNSL.SX/ < SL by the
choice of L. Thus, there existsSM a maximal subgroup ofSL such thatNSL.SX/ ≤
SM < SL. Since SM contains anF -normalizer ofSL, SM isF -abnormal inSL by [8, V,
Lemma 3.4]. In particular,SL = SLF SM. Moreover, SM = SMFSU , becauseSU is an
F -projector of SM . ThenSL = SLF SU . This implies that every maximal subgroup ofSL
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containingSU isF -abnormal. MoreoverSU isF -abnormal in every proper subgroup
of SL containingSU , by Theorem2.9, becauseSU is anF -projector of a such subgroup.
ConsequentlySU isF -abnormal inSL andSU ∈ F . ThenSU is anF -projector ofSL by
Theorem2.9. This contradicts the choice ofL and proves thatA = B.

Consequently, ifU ∈ Proj
F
.NG.X//, then SU ∈ Proj

F
.NSG.SX// ⊆ Proj

F
.SG/.

SinceU ∈ Proj
F
.U W/, we have thatU ∈ Proj

F
.G/. ThereforeX = .U W/X with

U ∈ Proj
F
.NG.X// ⊆ Proj

F
.G/ and we are done.

LEMMA 3.8. LetX be anF -Fitting classes,G a group andK a normal subgroup
of G such thatG=K ∈ F . Suppose thatG satisfies the following property

If H < G, thenInj.X ;F/.H / 6= ∅:(∗∗)

Suppose thatW is anX -maximal subgroup ofK and that X is anX -maximal
subgroup ofG such thatWE G and X ∩ K = W.

ThenProj
F
.NG.X/=W/ ⊆ Proj

F
.G=W/, and consequently it follows that

Proj
F
.NG.X// ⊆ Proj

F
.G/:

PROOF. As in Lemma3.7, we take into consideration the following facts.
By Lemma3.6, we have that

X=W ≤ U W=W; for everyU W=W ∈ Proj
F
.NG.X/=W/;

whereU ∈ Proj
F
.NG.X//.

It is clear that every subgroupL of G containingX satisfies the hypothesis of the
Lemma withK ∩ L instead ofK .

Consider the following sets

A = {L ≤ G : X ≤ L ; Proj
F
.NL.X/=W/ ⊆ Proj

F
.L=W/}; and

B = {L ≤ G : X ≤ L}:
Notice thatX ∈ A 6= ∅.

Our purpose is to prove thatA =B. The result then follows easily.
Assume that this is not true and take a groupL of minimal order inB\A . Consider

U W=W ∈ Proj
F
.NL.X/=W/, with U ∈ Proj

F
.NL.X//.

We use the ‘bar’ notation to denote images in the factor groupG=W = SG.
We split the proof into the following steps.

Step 1.If SX ≤ SU ≤ ST < SL, thenSU ∈ Proj
F
.ST/.

It is clear by the choice ofL as in Lemma3.7. Note thatNL.X/ < L, by the choice
of L.
Step 2.Every maximal subgroup ofSL containingSU isF -normal inSL .
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Assume that there existsSM anF -abnormal maximal subgroup ofSL containingSU .
Arguing as in Lemma3.7 we can deduce thatSU is anF -projector ofSL, which
contradicts the choice ofL and proves Step 2.
Step 3. If SM = M=W is a maximal subgroup ofSL containing SU, then X ∈
Inj.X ;F/.M/.

By Step 1, we have thatSU ∈ Proj
F
.SM/. Arguing as in Lemma3.6(b), we deduce

that X = .U W/X . Moreover,U ∈ Proj
F
.M/ asU ∈ Proj

F
.U W/. SinceM < G,

there existsY ∈ Inj.X ;F/.M/, by the hypothesis.
Notice thatM satisfies the hypothesis of Lemma3.7. In particular, we claim that

wheneverY ≤ T ≤ M , thenY ∈ Inj.X ;F/.T/. The hypothesis implies that∅ 6=
Inj.X ;F/.M/ = Inj

X
.M/ and∅ 6= Inj.X ;F/.T/ = Inj

X
.T/. ThenY ∈ Inj

X
.T/ =

Inj.X ;F/.T/, by [8, IX, Theorem 1.5 (c)].
By Lemma3.7, we have thatY = .Z W/X with Z ∈ Proj

F
.M/. Consequently,

X = Ym ∈ Inj.X ;F/.M/, for somem ∈ M .
Step 4.Let M be a maximal subgroup ofL containingU W. ThenL = LFNL.X ∩
M F.p// with p the prime dividing|L:M |.

By Step 2,M is F -normal in L. Then L F.p/ = M F.p/ E L, becauseM F.p/ =
O³.p/.M/. Step 3 implies thatX ∈ Inj.X ;F/.M/, then X ∩ M F.p/ = X ∩ L F.p/ =
J ∈ Inj.X ;F/.L

F.p//. Take l ∈ L. We have thatJl ∈ Inj.X ;F/..L
F.p//l / =

Inj.X ;F/.L
F.p//.

In particular,J and Jl areX -injectors ofL F.p/, which implies thatJl = Jt , for
somet ∈ L F.p/.

Arguing as in Step 3 we can prove that every.X ;F /-injector of L F.p/ is an
.X ;F /-injector of every subgroup ofL F.p/, containing the.X ;F /-injector. By
Lemma3.5we conclude thatJ is anF -pronormal subgroup ofL F.p/.

Consequently, there existsx ∈ 〈J; Jt〉F such thatJt = Jl = Jx. Since〈J; Jt〉F ≤
LF , it is clear thatl ∈ LFNG.J/. ThusL = LFNL.X∩LF.p// = LFNL.X∩M F.p//.
Step 5.There exists a unique maximal subgroupM of L containingU W. In particular,
NSL.SX/ ≤ SM.

Let SM be a maximal subgroup ofSL containingSU . By Step 1 and Step 2, it is clear
that SM = SMF SU = SLF SU and the conlusion is obvious.

Let p be the prime dividing|L:M |.
Step 6.X ∩ M F.p/ E L.

Note thatU W ≤ NL.X/ ≤ NL.X ∩ M F.p// = NL.X ∩ LF.p//. Consequently, if
NL.X ∩ M F.p// were a proper subgroup ofL, then it would be contained inM , by
Step 5. MoreoverLF ≤ M by Step 2. Then we could conclude thatL = M , by
Step 4, which is a contradiction.
Step 7.Let SR be anF -projector ofSL andST = .SLF /′. Let

SC=ST = Xq 6∈³.p/COq.SLF =ST/
(
...SR ∩ SM/ST/=ST/F.q/

)
:
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Then.SU ST/=ST is conjugate toSE=ST = .SC.SR ∩ SM//=ST in SM=ST .
SinceSR is anF -projector ofSL, SL = SLF SR. By Step 2,SLF ≤ SM which implies

that SM = SLF .SM ∩ SR/. Obviously,.SU ST/=ST ∈ Proj
F
.SM=ST/. On the other hand,

SM=ST = .SLF =ST/... SM ∩ SR/ST/=ST/, with SLF=ST an abelian normal subgroup ofSM=ST
and.. SM ∩ SR/ST=ST/ ∈ F . Consider for a moment a subgroupSC=ST , constructed as in
the statement, but with the primes in the direct product running all the prime numbers.
Thus the subgroupSE=ST constructed as in the statement is anF -projector of SM=ST by
[8, IV, Theorem 5.16]. In particular, this subgroupSE=ST is conjugate to.SU ST/=ST in
SM=ST.

We claim that³.p/ ∩ ³.SC=ST/ = ∅, which proves Step 7.
Notice that the groupSL=ST = .SLF=ST/..SR ST/=ST/ is a semidirect product because

SLF ∩ SR ≤ ST by Theorem2.10. In particular, SM=ST = .SLF=ST/...SM ∩ SR/ST/=ST/ is
also a semidirect product.

Since SM=ST isF -normal inSL=ST , then. SM=ST/=.SLF =ST/ isF -normal in.SL=ST/=
.SLF =ST/, which implies that.. SM ∩ SR/ST/=ST is anF -normal maximal subgroup of
SR ST=ST with index ap-number. Consequently,..SR ST/=ST/F.p/ = ... SM ∩ SR/ST/=ST/F.p/.

Since.SR ST/=ST is anF -projector ofSL=ST = .SLF=ST/..SR ST/=ST/ we can deduce by
using again [8, IV, Theorem 5.16] and Theorem2.10, that

COp.SLF =ST /
(
...SM ∩ SR/ST/=ST/F.p/

) = COp.SLF =ST/
(
..SR ST/=ST/F.p/

)

is the trivial group. Obviously, the same is true for every primer ∈ ³.p/ = ³.r /.
Therefore³.p/ ∩ ³.SC=ST/ = ∅, which concludes this proof.
Step 8.SU ∩ SHF ≤ .SHF /′, for every subgroupSH such thatSU ≤ SH ≤ SL .

If SH < SL , SU is anF -projector of SH by Step 1 and the result is clear for this
subgroupSH by Theorem2.10. Thus, it is enough to prove thatSU ∩ SLF ≤ .SLF /′.

By Step 7 and with the same notation,.SU ST/=ST is conjugate toSE=ST in SM=ST . Then
if we prove that.SE=ST/ ∩ .SLF=ST/ is trivial, the result will be clearly deduced.

Thus, we are going to prove that.SE=ST/∩.SLF=ST/ is the trivial group. The notation
used in Step 7 is assumed.

SinceSE = .SR∩ SM/SC andSR∩SLF ≤ ST ≤ SC, thenSE∩SLF = ..SR∩ SM/SC/∩SLF =
..SR ∩ SM/ ∩ SLF /SC = SC.

Assume thatSC=ST is non-trivial.
We observe thatSE=ST = .SC=ST/...SR ∩ SM/ST/=ST/ is a semidirect product, because

SC=ST is normal in SE=ST, and the intersection of the subgroups into consideration is
trivial.

SinceSX E SU , then.SX ST/=ST E .SU ST/=ST = .SE=ST/m̄ST , for somem̄ ∈ SM. Conse-
quently,.SXm̄−1 ST/=ST E SE=ST . Let SY = SXm̄−1

.
Notice thatSY ∩ SLF ≤ SY ∩ SGF ≤ SY ∩ SK = 1̄, then..SY ST/=ST/ ∩ .SLF=ST/ is the

trivial group. Therefore,[SC=ST; .SY ST/=ST] ≤ ..SY ST/=ST/ ∩ .SLF =ST/ is trivial.
We claim thatSR ST < SL . Otherwise,SLF = ST.SR ∩ SLF / = ST , which would



[11] Fitting classes and lattice formations II 185

imply SLF = 1̄, that is,SL ∈ F . Then X would beF -subnormal inL. SinceX is
X -maximal inL, we would conclude thatX = LX E L, becauseX is anF -Fitting
class. But this contradicts the choice ofL and proves thatSR ST < SL.

Assume that.SY ST/=ST is contained in..SR ∩ SM/ST/=ST . In particular,SY ≤ SR ST .
Then SX ≤ SRm̄ST < SL. By the choice ofL, SX ≤ SRm̄t̄ ∈ Proj

F
.SRm̄ST/, for some

t̄ ∈ ST . Arguing as above we can obtain thatSRm̄t̄ ≤ NSL.SX/. In particular,SRm̄t̄ would
be conjugate toSU , because they areF -projectors ofNSL.SX/. Thus SU is also an
F -projector ofSL. ThenSU ∩ SLF ≤ .SLF /′ and Step 8 would be proved.

Consider now the case when.SY ST/=ST is not contained in..SR∩ SM/ST/=ST . We take
into account that..SY ST/=ST/ ∩ .SC=ST/ is trivial and.SY ST/=ST ≤ SE=ST . Consequently
there exists an element1̄ 6= x̄ST ∈ .SY ST/=ST such thatx̄ST = .āST/.b̄ST/, with 1̄ 6=
āST ∈ ..SR ∩ SM/ST/=ST and1̄ 6= b̄ ST ∈ SC=ST .

Since[SC=ST; .SY ST/=ST] = 1̄, we have that.x̄ST/b̄ ST = x̄ST = .āST/b̄ ST .b̄ ST/, which
implies thatāST conmutes withb̄ ST . Notice that.o.āST/;o.b̄ ST// 6= 1. Otherwise,
1̄ 6= .x̄ST/o.āST / = .b̄ ST/o.āST / ∈ ..SY ST/=ST/ ∩ .SC=ST/ = 1̄, which is a contradiction.
Thus there exists a primeq dividing o.āST/ ando.b̄ ST/ and certainlyq 6∈ ³.p/. We
write s to denote the producto.āST/q′ ando.b̄ ST/q′ , the greatestq′-numbers dividing
o.āST/ ando.b̄ ST/, respectively. Then.x̄ST/s = .āST/s.b̄ ST/s 6= 1̄.

Consequently we can suppose thatx̄ST = .āST/.b̄ ST/ is a q-element of.SY ST/=ST
with q 6∈ ³.p/, 1̄ 6= ā ∈ SR ∩ SM and 1 6= b̄ ∈ SC. SinceF is a lattice formation, we
deduce thatST ≤ SLF ≤ SL F.p/ = SM F.p/ = O³.p/.SM/. In particular, we obtain that
x̄ST ∈ ..SY ST/=ST/ ∩ .SM F.p/=ST/ = ..SY ∩ SM F.p//ST/=ST , which is a normal subgroup in
SL=ST by Step 6.

We claim thatb̄ ST ∈ COq.SLF =ST /
(
..SR ST/=ST/F.q/

)
, but this subgroup is trivial because

.SR ST/=ST is anF -projector ofSL=ST . Thus, we will obtain a contradiction which proves
Step 8.

Let ȳST ∈ ..SR ST/=ST/F.q/. We recall thatSR ∈ F , which is a lattice formation. Then
.x̄ST/ȳST = .āST/.b̄ ST/ȳST ∈ .SY ST/=ST . Hence.b̄ ST/−1.b̄ ST/ȳST ∈ ..SY ST/=ST/ ∩ .SLF=ST/,
which is the trivial group, and this concludes the proof.
Step 9.SU ∈ Proj

F
.SL/.

By Lemma3.6, SU is a self-F -normalizingF -subgroup ofSL. Moreover, Step 8
proves thatSU ∩ SHF ≤ .SHF /′, for every subgroupSH of SL containgSU . By Theo-
rem 2.11we obtain thatSU ∈ Proj

F
.SL/, which provides the final contradiction and

proves the lemma.

THEOREM 3.9. LetX be anF -Fitting class. For every groupG, Inj.X ;F/.G/ =
Inj
X
.G/.

PROOF. SinceX is a Fitting class and (X ;F )-injectors areX -injectors, it is
enough to prove that Inj.X ;F/.G/ 6= ∅, for every groupG.
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Suppose that this result is not true and take a groupG of minimal order such that
Inj.X ;F/.G/ = ∅. By the choice ofG, there existsW ∈ Inj.X ;F/.G

F / 6= ∅. Let X
be anX -maximal subgroup ofG containingW. It is clear thatW = X ∩ GF .

Let M be anF -normal maximal subgroup ofG. The choice ofG implies that there
existsI ∈ Inj.X ;F/.M/. SinceGF ≤ M , thenI ∩GF ∈ Inj.X ;F/.G

F / = Inj
X
.GF /

and I ∩ GF is conjugate toW in GF . Without loss of generality, we can assume
that I ∩ GF = W. TakeJ anX -maximal subgroup ofG containingI . Obviously,
W = J ∩ GF .

Assume first that〈X; J〉 < G. It is not difficult to prove that the group〈X; J〉
satisfies the hypothesis of Lemma3.6, so that we can deduce thatX = .H1W/X with
H1 ∈ Proj

F
.N〈X;J〉.X// and J = .H2W/X with H2 ∈ Proj

F
.N〈X;J〉.J//. Moreover,

the choice ofG and Lemma3.8 imply that H1; H2 ∈ Proj
F
.〈X; J〉/. Again by the

choice ofG, we can deduce that〈X; J〉 satisfies the hypothesis of Lemma3.7. This
allow us to conclude thatX andJ are (X ;F )-injectors of〈X; J〉.

We observe now thatX and J areF -pronormal in〈X; J〉 by Lemma3.5. Then,
there existsm ∈ 〈X; J〉F ≤ GF ≤ M , such thatXm = J.

On the other hand,J ∩ M isF -subnormal inJ ∈X , becauseJF ≤ J ∩ M . Since
X is anF -Fitting class, we obtain thatJ ∩ M ∈ X and consequentlyI = J ∩ M .
Therefore,.X∩M/m = J∩M = I ∈ Inj.X ;F/.M/ and clearlyX∩M ∈ Inj.X ;F/.M/.

Consider now the case whenG = 〈X; J〉. In particular,WEG and the hypothesis
of Lemma3.6 and Lemma3.8 are satisfied withX and also withJ. Therefore,
X = .H1W/X and J = .H2W/X with H1 ∈ Proj

F
.NG.X// ⊆ Proj

F
.G/ andH2 ∈

Proj
F
.NG.J// ⊆ Proj

F
.G/. ThusH2 = H x

1 , for somex ∈ G. MoreoverH1 isF -
pronormal inG, then it follows thatH x

1 = H t
1, for somet ∈ 〈H1; H x

1 〉F ≤ GF ≤ M .
Clearly J = Xt . Again we have thatI = J ∩ M = .X ∩ M/t ∈ Inj.X ;F/.M/ and
X ∩ M ∈ Inj.X ;F/.M/.

Consequently, we can conclude thatX is an (X ;F )-injector ofG. This provides
the final contradiction which proves the theorem.

As a consequence of the above proof we obtain the following result:

COROLLARY 3.10. LetX be anF -Fitting class and letG be a group. LetK be
a normal subgroup ofG such thatGF ≤ K , and letW ∈ Inj

X
.K / = Inj.X ;F/.K /.

Then anX -maximal subgroup ofG containingW is anX - injector ofG.

COROLLARY 3.11. LetX be anF -Fitting class and letG be a group. LetV ∈
Inj
X
.G/ = Inj.X ;F/.G/ and letK E G. Then:

(a) V isF -pronormal inG. In fact,V ∩ K isF -pronormal inG.
(b) G = KFNG.V ∩ K /.
(c) If V ≤ L ≤ G, then L = SL.V;F /NL.V/, where SL.V;F / is theF -

subnormal closure ofV in L.
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PROOF. (a) Since theX -injectors are the.X ;F /-injectors, Lemma3.5 implies
thatV isF -pronormal inG. For the rest, argue as in the proof of [8, VIII, Proposi-
tion 2.14 (a)] taking account moreover Theorem2.6.

Parts (b) and (c) follow from (a) and Theorem2.7.

PROPOSITION3.12. LetX be anF -Fitting class, letG be a group and let1 =
G0 ≤ G1 ≤ · · · ≤ Gn = G be a chain of subgroups such thatGFi ≤ Gi −1, for every
i = 1; : : : ;n.

For a subgroupV of G, the following statements are equivalent:

.i/ V ∈ Inj
X
.G/ = Inj.X ;F/.G/;

.ii/ V ∩ Gi is anX -maximal subgroup ofGi , for i = 0; : : : ;n.

PROOF. If V ∈ Inj
X
.G/, then statement (ii) is clear because everyGi is F -

subnormal inG.
For the converse, argue as in the proof of [8, VIII, Proposition 2.12] taking Corol-

lary 3.10into account.
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