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Abstract

Let K be a commutative ring with unityR a prime K-algebra of characteristic different froma2ands
non-zero derivations oR, f (xy, ..., Xn) @ multilinear polynomial oveK. If

S(A(f(ry,..., rn), f(re, ..., r]) =0 forallrq,..., neR,
then f (x4, ..., Xn) is central-valued oiR.

2000Mathematics subject classificatioprimary 16N60, 16\W25.
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A well-known Posner’s result states thatRfis a prime ring andl is a non-zero
derivation of R such that{d(r),r] € Z(R), the center ofR, for allr € R, thenR

is commutative 17]. This result is included in a line of investigation concerning the
relationship between the structureRfand the behaviour of some derivation defined
on R. Itis possible to formulate many results obtained in the literature in this context
by considering appropriate conditions on the sulis@t, k, S) = {[d(s), Sl : S € S},
where S is a suitable subset dR, k is a positive integer and the k-commutator
[d(x), X]x, fork > 1, is defined by{d(x), x]x = [[d(X), X]k_1, X]. For instance, we
can read the result of Lansky]] as follows: If L is a noncentral Lie ideal oR
andP(d, k, L) = 0 thenR satisfies the standard polynomial ident8y(x,, ... , Xs)

and it is of characteristic 2. More generally, in the case wligry, ..., X,) is

a multilinear polynomial,l is a non-zero twosided ideal d®, Lee and Lee 12|
proved that ifP(d, k, f(l)) = O then eitherf (x4, ..., X,) is central valued orR or
chaR) = 2 andR satisfies the standard identi§(x,, ..., X4). On the other hand,

if P(d, 1, R) # 0thenitis alarge subset &, and as showed by Bsaf and Vukman

in [4], it generatesa subring which contains a non-zero rightand a non-zero leftideal of
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R. More recently, inf] and [7], we considered the case whRiis a prime algebra over
acommutative ring<, f(xy, ..., X,) isamultilinear polynomial with coefficients i§
andP(, 1, f(R)) = {[d(f(r,...,r), f(re,...,r)]:rqe,...,r, € R}is not zero.
More precisely, if chaiR) # 2, we proved that the left annihilator &(d, 1, f(R))
in R must be zero{]. Moreover, if the non-zero elements &(d, 1, f (R)) are
invertible thenR is a division ring B, Corollary 1].

The previous results also say that the sults@t, 1, f (R)) is rather large irR.

It would seem natural to ask what happens if there exists a non-zero deriyation
of R, such thats(a) = O for alla € P(d, 1, f(R)). In this paper we will give an
answer and prove the following:

THEOREM 1. Let K be a commutative ring with unityR a prime K-algebra of

characteristic different fron2, d and § non-zero derivations oR, f(x;,...,X,) a
multilinear polynomial oveK. If §([d(f(ry,...,rn), f(rs,...,ry]) = 0 for all
r,...,M € R, thenf(xy,...,X,) is central-valued orR.

We begin with the case wheR is a ring of matrices over a field ambandé are
inner derivations. As above, for any elemests in a ring, we shall denotgs, t],
the triple commutatof(s, t], t], and we shall use this notation through the rest of the
paper. We have:

LEMMA 1. Let R = M(F) be the ring ofk x k matrices over the fieldr, with

k > 1, a, b non-central elements d® such that[a, [b, f(r4,...,ry)]2] = 0 for all
r,...,r € R. Thenf(xy, ..., X, is central-valued orR.
PrROOF. We suppose thatt(xs, ..., X,) is not central-valued oR and prove thatin

this case eithea or b fallin Z(R). The first aim is to prove that, i is not a diagonal
matrix, thena must be a central matrix. We will divide the proof in two cades: 2
andk > 3.

Case 1: k = 2. Saya = Zij aj&;, b= Zij bje;, wherea;, by; € F, ande;
are the usual unit matrices. Suppose thét not a diagonal matrix, for example let
b1 # O.

Since f (x4, ..., X,) is not central onR, there exists an odd sequence of matrices
r,...,M € Rsuch thatf(ry,...,r,) = yej, with 0 # y € F andi # j [14
Lemma)]. In particular, we may assume thar,, ..., r,) = ye,, because the set
f(R) = {f(s,...,S) : S,...,S € R}is invariant under the action of all inner
automorphisms oR. Thus

0=[a[b, f(ry,....r)l] = —2y?(aepbe, — e;be;a)
and multiplying on the right bg;, we have:

ebe ae, =0, thatis byas, =0.
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Sinceb,; # 0, we havea,; = 0. Moreover by 15 Lemmas 2 and 9] there exists an
even sequence of matrices. .., s, € Rsuchthatf (s, ..., s)) = ae; + Bexn, with
a # B. Then

_ 2
[b, f(s1,...,8)] = [ 0 (B —a) b12i|

(a — ,3)2b21 0
and

0=ra.[b. f(s.....S)]] = |: ay2bo (o — B)? (811 — a)bra(B — O5)2i| '

(822 — A1) b1 (o — B)? —ayby (o — B)?

Sinceb,, # 0, thena;, = 0 anda;; = a,,, which means tha is central inR, a
contradiction.

Analogously we have the same contradiction if we suppimses 0 anda;, = 0.
Henceb must be a diagonal matrix iR = M, (F).

Case 2:k > 3. As above, sincd (xy, ..., X,) is not central onR, and f(R) is
invariant under the action of alF-automorphisms oR, for all i # j, there exist
r1,...,M, € Rsuchthatf(ry,...,r,) = ag; # 0. Thus

0=[a,[b, f(ry,...,ryl] = —20*(ag;be; — e;be;a)

and multiplying on the right b, , with| # | we have:
Q) ejbeg;ag =0, thatis, bja; =0, Vj#i,l.
Analogously, left multiplying bye,,, with p # i,
(1) eppagjbe; =0, thatis, ayb; =0 Vi #j,p.
Suppose is not a diagonal matrix. Lets j such thab; # 0. Hence
(2) a =0, Vp#i, and a; =0, VI #].
Moreover, we know that

1+ e)(ae)(l—ey) =ale; +6&) Yq#i, |

is also a valuation of (x4, ..., X,) In R.
So,[a, [b, x(&; + €)1 = 0, and left multiplying the last equation &y, with
h #1i, g, we have

(3) ennag;be; + enag;bey; + ennaebe; + enaebe; = 0.
By (3) using ('), and @) we obtain

angbji =0, thatis an=0 Vh#i,q Vq#i,]j.
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This fact and 2) means that
(A) ‘If b;i # 0 then the non-zero entries of the matiare just in the-th
row, in j-th column or in the main diagonal.’
As above, we assunig, # 0 and letm # i, j. Denote byo,,, andr,, the following

automorphisms oR:

om(X) = (L 4+ €n)X(L — €m) = X + €mX — X€m — EjmXEm,

Tm(X) = (1 — gm)X(1 + €jm) = X — €jmX + XEm — E€jmXEjm
and sayn(b) = )" 01s€, Tm(b) = D 1565 Whereoys, 7,s € F. We have

oji = bji + bmi and Tji = bji — bmi-

If there existsm such thato;; = b + by = 0 ort;; = by — by = 0 then
bmi = —bji # 0 orby = b;i # 0. Therefored; # 0 andb,; # 0, and so, using
(A), the non-zero entries of the matexare just in the-row or on the main diagonal,
sincem # j. Hence

() a=) a6 + ) a8, With aseF.
r,r#£i s
Now assume thad;; # 0 andr; # 0, for allm # i, j, and recall that, for any
F-automorphisny of R, the following holds
[p@), [eb), f(re,...,r]2] =0, forall rq,....r,eR.

Thus in this case byX), for anym # i, j, the non-zero entries of the matricgs(a)
andr,,(a) are justin the-th row, in j-th column or on the main diagonal. In particular,
since

on(@) =a+ €ma — aA€m — Ejma€m,

m(@) =a— e,-ma+ aA€m — Ema€im

then both of the above matrices have zero in(then) entry, that is,
Ajm +amm—ajj —8n; =0, 8m—anm+a; —am =0, VYm#i,|.

Moreover, by A), aj, = 0, becausen # i, j and sOa,m — @j; = @mj = &j; — amm,
which impliesay,; = 0, for allm # i, j. Atthis point we can write again the matx
as follows:

@) a=) ae + ) aes.

r,r#£i s
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In other words, by4) and @), we have:

(B) ‘If b;i # 0then the non-zero entries of the matiare just in the-th
row or on the main diagonal.’

Let againb; # 0 andm # i, j. Denote

An(X) = (L4 ) X(L1 — €ni) = X + EniX — X€ni — EniXEmi,
Um(X) = (1 — €n)X(L1 + €ni) = X — EmiX + XEnj — €niXEmi

and sayvn(b) = >~ Ass, u(b) = wis&s with A5, s € F. We have that
)‘-ji = bji — bjm and Hii = bji + bjm.

If there existsm # i, j such that; = b; — bj, = 0 oruj;; = b; + b;, = 0 then
bjm = bji # 0 orb;, = —b; # 0. Thus, by B), a is just a diagonal matrix because
bji * O,bjm * 0 andm %+ i, j

On the other hand, if; # 0 andu; # O, forallm # i, j, then the non-zero
entries of the matrices,(a) and uy,(@) are just in thei-th row and on the main
diagonal. In particular, since

Am(@) = a+ €na — a6y — Enid6mi,

Um(@) = & — €niad + a6y — EmiAEy;

then both the matrices have zeroin the i) entry, that is,
i+ & —&um—a&m =0, an—a& +amm—amn =0 VYm#i,]J.

Moreover, by B), an = 0, becausen # i, j, and scaym — & = @&m = & — anm
which impliesa;,, = 0, forallm # i, j. Finally in any case, ib;; # 0, we can write
the matrixa as follows:

(5) a=) ace +a,e.
r

Sincef (x4, ..., X,) isnotcentral valued oR, by [15 Lemmas 2 and 9] there exists
an even sequence of matricgs. .., s, € R, suchthatf (s;,...,s,) =), w&, with
o, # ag, for somep # q. Moreover, sincef (R) is invariant under the action of all
F —automorphisms oR, we may assume = i andg = j. By the above argument,

a=) a6 +ae; moreovelb, ) we ], =Y bs(as — o)’es and

(6) 0= |:Z 8,8 + a;8;j, Zbrs(as _ar)zers:| .
| rs
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In particular, the(i, i) entry of the matrix §) is zero, that isbj; a; (s — «;)? = 0.
Sincebj; # 0 ande; # o, we geta;; = 0, which means that is a diagonal matrix.

Let now, forallm # i, j, xm € Aute (R) with xn(X) = (1 + €n)X(1 — &n). Since
[xm@), [xm®), f(s1,...,S)]1 =0, foralls, ..., s, € Randthe(j, i)-entry of the
matrix x(b) is not zero, theny,(2) = a — ag, + ena — enaen, is diagonal, which
implies

) B =, VM |.

Analogously, for altt # i, j, lety(x) = (1+ &;)X(1 — &;). Also in this case the
(j, i)-entry of Y (b) is not zero, theny;(a) = a — ag; + &;a — e;ag; is diagonal,
which implies

(7/) o = qjj, Vvt ;ﬁl

Thus by {7) and (7') we conclude that ib is not diagonal thea must be central, which
is a contradiction.

Therefore, we can assume thats a diagonal matrix irVi,(F) also in the case
k> 3.

Finally, for anyp € Aut:(R), we have[p(a), [p(b), o(f(ry,...,r))]2] = O for
allry,...,r, € R, and so, by the previous casesgb) must be a diagonal matrix in
My (F) for anyk > 2.

In particular, forany # s, if p(xX) = (1 + es)X(1 — €s), then

¢(b) =b+esb—bes — esbgs =b+ (bss — by )es.

This meand,, = b, for allr # s, that isb must be central, a contradiction again.
The previous argument says thiatx,, ..., X,) must be central-valued dR. [

Before beginnig the proof of the main theorem, for the sake of completeness we
recall some basic notations, défions and some easy consequences of the result
of Kharchenko 10] about the differential identities on a prime rifgy We refer to
[2, Chapter 7] for a complete and detailed description of the theory of generalized
polynomial identities involving derivations.

We denote byQ the Martindale quotients ring oR and letC = Z(Q) be the
extended centroid dR [2, Chapter 2]. It is well known that any derivation of a prime
ring R can be uniquely extended to a derivation of its Martindale quotients@ing
and so any derivation dR can be defined on the who@ [2, page 87]. Moreover, if
Ris aK-algebrawe can assume thgtis a subring ofC.

Now, we denote by D&R) the set of all derivations o®. By a derivation word we
mean an additive map of the formA = did, - - - dy,, with eachd, € Der(Q). Then
a differential polynomial is a generalized polynomial, with coefficientQinof the
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form @ (% x;) involving noncommutative indeterminatgson which the derivations
wordsA; act as unary operations. The differential polynondif x; ) is said to be
a differential identity on a subsét of Q if it vanishes for any assignment of values
from T to its indeterminates;.

Let D, be theC-subspace of DéR) consisting of all inner derivations 0@
and letd andé be two non-zero derivations dR. By [10, Theorem 2] we have the
following result (see alsal3, Theorem 1]):

FACT 1. Let R be a prime ring of characteristic different fro) if d and § are
C-linearly independent moduld;,; and ® (41 x;) is a differential identity orR, where
A; are derivations words of the following foré d, §2, §d, d?, then®(y;) is a
generalized polynomial identity dR, wherey;; are distinct indeterminates.

As a particular case, we have:

FacT 2. If d is a non-zero derivation oR and

D(Xey s Xy I s 9%, T, X))
is a differential identity orR, then one of the following holds

(i) eitherd € Dy,
(i) or Rsatisfies the generalized polynomial identity

q)(xlv"‘7Xn7ylv"‘7ynvzlv"‘ 7Zn)-

We study now the case whérandd are bothQ-inner derivations:

LEMMA 2. If § andd are bothQ-inner non-zero derivations, thef(xy, ..., X,) IS
central-valued orR.

PrROOF. Let$ be the inner derivation induced by the elemert Q, andd the one
induced byb € Q. Trivially a andb are not in the extended centra@] which is
the center ofQ. These assumptions say tHatsatisfies the generalized polynomial
identity [a, [b, f(Xy, ..., X,)]2] which is explicitely:

abfi(Xy, ..., %,) +af?(xg, ..., x)b—2af(xg, ..., X)bf(Xs, ..., Xn)
—bf2(Xqy, ..., X)a — f2(Xg, ..., Xo)ba+2f (X, ..., X,)bf (X, ..., X,)a.

By a theorem due to Beidaf.[| Theorem 2] this generalized polynomial identity is
also satisfied byQ. In caseC is infinite, we havda, [b, f(ry,...,ry)].] = 0 for
allry,...,r, € Q®.C, whereC is the algebraic closure &. Since bothQ and
Q®.. C are centrally closed3 Theorems 2.5 and 3.5], we may replddy Q or
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Q®.. C according a< is finite or infinite. Thus we may assume tiRits centrally
closed ovelC which is either finite or algebraically closed and

[a,[b, f(ry,...,r)]]1=0, forall rq,....,rp€R.

By Martindale’s theorem16], R is a primitive ring having a non-zero socle with
as the associated division ring. In light of Jacobson’s theor@npgge 75]R is
isomorphic to a dense ring of linear transformations on some vector $pacerC.

Assume first thal/ is finite-dimensional ove€. Then the density oR on V
implies thatR = M,(C), the ring of allk x k matrices overC. In this case the
conclusion follows by Lemma.

Assume next thaV is infinite-dimensional ove€. We will prove that in this case
we get a contradiction. Sincé is infinite dimensional ove€ then, as in Lemma 2
in [18], the setf(R) is dense orR and so from[a, [b, f(ry,...,ry].] = 0, for
allry,...,r, € R, we have[a, [b,r],] = 0, for allr € R. As a consequenca
falls in to the centralizer of the séfb, x], : X € R}. By main result in §] the set
{[b, X], : X € R} contains a non-zero right ideal & and so its centralizer coincides
with the center oR; that isa € C, which is a contradiction. O

We need the following lemma:

LeEmMmMA 3. Let R be a primeK-algebra of characteristic different fro2 and
f(Xq, ..., X,) @amultilinear polynomial oveK. If, foranyi =1, ... ,n,

[f(rl7“‘7z7“‘ 7rn)7 f(rl7"‘7rn)] e Z(R)
forall z,rq, ... ,r, € R, then the polynomiaf (x4, ..., X,) is central-valued orR.

PROOF. Lets € R, then by assumption

s, f(ry, ... T2 = [Z f(ray e IS, T s To), F(ros ,rn)} € Z(R).

Hence,[s, f(ri, ... ,rals = [[S, f(re, ... ,r)le, f(re,...,ry)] = 0 and the result
follows by [12, Theorem]. O

Now we are ready to prove our main result.

THEOREM 1. Let K be a commutative ring with unityR a prime K-algebra of
characteristic different fron2, d and § non-zero derivations oR, f(x;,...,X,) a
multilinear polynomial oveK. If §([d(f(ry,...,rn), f(rs,...,ry]) = 0 for all
r,...,M € R, thenf(xy,...,X,) is central-valued orR.
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PrROOF. Sincef(xy, ..., X,) a multilinear polynomial, we can write

FO o X) =X Xa b D Xy Xom)
0eS,0#id

wheres§, is the permutation group overelements and any, € C.

In all that follows we denote byf4(xy, ..., X,), f¥(xy, ..., X,) the polynomials
obtained fromf (xy, ..., X,) replacing each coefficient, with d(«,) ands(d(«,))
respectively. In this way we have

d(f(re, ..ot = f00s, ot + Y Fy, ., d(), 1)

and similarly fors (d(f (ry, ... ,rp).

First suppose that andd are C-independent modul®;,;. By assumption, for
allrq,....rp € R, 8([d(f(re,...,ry)), f(re,...,ry)]) = 0, that is, R satisfies the
differential identity

|:fd"(xl,...,xn)+zfd(xl,...,“xi,...,xn)+zf(xl,...,“dxi,...,xn)

i>1 i>1

+Zf(xl,...,"xi,...,dx,-,...,xn), f(xl,...,xn)}

i#]

+|:fd(x1,...,xn)+zf(xl,...,dxi,...,xn), f0(Xe, ... Xn)

i>1
+Zf(xl,...,“xi,...,xn)]
i>1

By Kharchenko’s theorenil[)] R satisfies the polynomial identity

|:fd5(x1,...,xn)+zfd(xl,...,yi,...,xn)+zf(xl,...,z,-,...,xn)

i>1 i>1
+Zf(xl,...,yi,...,t,-,...,xn), f(xl,...,xn)}

i£]

+|:fd(x1,...,xn)+zf(xl,...,ti,...,xn), fo(Xe, ..., Xn)

i>1

+Zf(xl,...,yi,...,xn)]

i>1
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In particular,R satisfies any blended component
[f(le"‘vziv"‘vxn)i f(le-‘an)]

in the indeterminates, ... , X,, z foralli > 1, which implies thatf (x4, ..., X,) is
central-valued ok by Lemmas3.

Let now § andd C-dependent modul®;,,. There existy;, » € C, such that
18 + y».d € Dy, and, by Lemma, it is clear that at most one of the two derivations
can be inner.

Supposey; = 0 andy, # 0; then, for some non-central elemepe Q, d = d,
is the inner derivation induced liyands is an outer derivation. By the assumptions,
8([q, f(ry,...,r)l) =0, forallry,...,r, € R, thatis,

0=1[8(@, f(ry,....10)12

+ Hq, P )+ f(rl,...,a(ri),...,rn)}, f(rl,...,rn)}

+ |:[q, f(rl,...,rn)],z fry,....8(r), ..., ry) + f“(rl,...,rn)]

As above, by Kharchenko’s resuR,satisfies the generalized polynomial identity

[5((1)’ f(le s Xn)]Z

+|:|:q, f“(xl,...,xn)+zf(xl,...,yi,...,xn)}, f(xl,...,xn)}

+|:[q, FOX X)L Y F X Y %) f“(xl,...,xn)]

In particular,R satisfies the blended component in the indetermimates. , X, Y1,
that is,

[[q7 f(y]J X27 IR Xn)]’ f(le DRI} Xn)] + [[q7 f(X]J DRI} Xn)]’ f(y]J X27 cee Xn)]

Hence 2q, f(ry,...,rn)l, =0forallry, ... ,r, € R. Sinceq ¢ C, this implies that
f(X4, ..., X, is central-valued oiR [12, Theorem].

Suppose now, = 0 andy; # 0; then, for some non-central elemante Q,
8 = d, is the inner derivation induced lgyandd is an outer derivation.

In this case, for ali4, ..., r, € R, we have:

0 = [qv [d(f(rlv s rn))v f(rlv s rn)]]

= |:q,[fd(r1,...,rn)+z fry,....d@r), ..., 1), f(rl,...,rn)]}
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and, as above using the Kharchenko’s theorBmatisfies the following generalized
polynomial identities

(A, [FXy oo Vin oo X)), T (X, o, X)]] Vi=1,...,n.

By [5] eitherg centralizes a noncentral Lie ideal Bfor the polynomials

[FXe, ooy Wiy e Xn)y FOXg, oty X))

are central-valued oR, for alli = 1, ..., n. In the first case, it is well know that
is a central element dR (see B, Lemma 2]), and this is a contradiction. It follows
that the polynomial$ f (X1, ..., Vi, ..., %), f (X4, ..., X,)] are central-valued oR,
foralli =1,...,n; and this implies again that(x, ..., X,) is central-valued oiR
by Lemmas3.

Finally, we may assume that bogh andy, are non-zero. Sé = yd + d,, with
0#y eCandg e Q.

Therefore, foralk,, ..., r, € R

(yd +d)[d(f(re,....r0), f(re,....rol
=yd[d(f(re,...,rn), f(re,...,ro)l
+ [qv [d(f(rlv LRI rn))v f (rlv LRI rn)]] =0

Suppose thad is an outer derivation. In this cagesatisfies the differential identity

y|:fd2(xl,...,Xn)+Zfd(Xl,...,dXi,...,Xn)—i—Zf(Xl,...,dZXj,...,Xn)

i>1 =1

+Zf(xl,...,dxi,...,dx,-,...,xn), f(xl,...,xn)}

i#]
+ |:q, |:fd(x1,...,xn)+z f Xty oo 9%, oy Xn), f(xl,...,xn)ﬂ
r>1

and so the Kharchenko’s theorem provides that

y|:fd2(x1,...,xn)+zfd(xl,...,yi,...,xn)+zf(xl,...,z,-,...,xn)

i>1 =1

+Zf(xl,...,yi,...,y,-,...,xn), f(xl,...,xn)}

i#]

+ |:q, |:fd(x1,...,xn)+z f(Xay ey Vs oo es X)), f(xl,...,xn)ﬂ

r>1
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is a polynomial identity orR. HenceR satisfies the blended components
[FXay sz Xn), PO, X)) V)i=1,....n.

and this implies that (x4, ..., X,) is central-valued oRR by Lemma3.
Finally, if d is Q-inner, thers is alsoQ-inner and we end up by Lemn2a O
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