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Abstract

We make use of the Beylkin-Coifman-Rokhlin wavelet decomposition algorithm on the Galder
Zygmund kernel to obtain some fine estimates on the operator and prov¢ththeorem on Besov and
Triebel-Lizorkin spaces. This extends previous results of Fratiak, and Han and Hofmann.
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1. Introduction

In recent years, there has been significant progress on the problem of boundedness ¢
generalized Calderni-Zygmund operators on various function spaces. The operators
in question can be described as follows. Kgix, y) be a continuous function defined

on (R" x RMH\{x = y} and letT : ¥ — &’ be the linear operator associated with
the kernelK (x, y), that is,

(To. ¥) =// K (X, Y)o(y)y () dy dx
R" xRN

whereg, € & areC*-testfunctions oR" with disjoint supports. For convenience,
we write

AKX, X5y, y) = [KX, y) = KX, y)| + [K(y, %) = Ky, x)]|.
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Itis customary to assume thidt(x, y) satisfies the following pointwise conditions:

(1.1) IK(x,y)l <Clx—y|™ and
(12) AKXy, Y] < CIX = x[ X =y ™7 for [x —y| = 2x' — x|,

where O< y < 1.

In their celebrated pape#], David and Joura’characterized the type of ker-
nel K (x, y) for which T is a bounded operator dr?. This is now called thé (1)
theorem. They proved that under conditiodsl) and (L.2) on K(x, y), T extends
to a bounded operator dr? if and only if bothT (1) andT*(1) are BMO functions,
and T has the followingweak boundedness propeifWBP): Forg, ¢ € & with

diam(suppy), diam(suppyr) <t,
(1.3) KT, ) < t"(Il@lloe + tIVOlloe) (1Y lloe + LIV ll).-

Later, Meyer [L1] improved the theorem by replacing the pointwise assumption
with the following integral assumption df (X, y):

(1.1) sup (1K, I+ Ky, x[)dy<C, and
r> r<|x—y|<2r
(1.2) > (k+ DBk < oo, with
k=0
B(k) = sup (/ AK(x+u,x;y+v,y)dy>.
r=0 Zkl’§|X7y|<2k+ll’
[ul+[v|=<r

The T (1) theorem has also been considered by Leenanithe Besov spaces]],
Frazieret alon the Triebel-Lizorkin spaceg], and Han and Hofmann on both classes
of spaces{]. The definitions of such spaces can be stated as follows {§pe [

Let.(R™) be the space of tempered test functions. ¢ et.¥ (R") with suppp C
{€ e R":1/2 < |&| <2} and[@p(£)| = ¢ > 0 for 3/5 < [§] < 5/3; puty;(X) =
2I"p(2'x) and Q;(f)(x) = ¢; x f(x). Fora € Rand O< p, q < oo, the Besov
spacesB;‘;’q is the collection of allf € ./ (the tempered distributions modulo
polynomials) satisfying

1/q
I fllgge = (Z (21)|1Q; f||p)q> < 0.

J

The Triebel-Lizorkin space is defined analogousﬂig’q being the collection of
all f €./ such that

1/q
I flege = (Z (2*1Q f|)“>

< Q.

J

p
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In this paper, we will prove the following two theorems:

THEOREM1.1. Supposd satisfies the WBEL.3), the kerneK (x, y) satisfies

() (L1)and(12). If T(1) = T*(1) = 0, thenT is bounded orB%9, 1 < p,
q < oo.

(i) (1.1)and)°;2“B(k) < oo. If T(1) = 0, thenT is bounded orBg1,
O<a<landl<p,q< oo

THEOREM 1.2. Supposd satisfies the WBEL.3), the kerneK (x, y) satisfies

() (LY)and) 2k + 1> IB(k) < oo. If T(1) = T*(1) = O, thenT is
bounded orF09, 1 < p, q < oc.

(i) (1L.1)and) 7 2“B(k) < oo. If T(1) = 0, thenT is bounded orFg1,
O<a<landl<p,q< co.

We remark that the two theorems extend the results of Han and Hofr8harnindy
need to assume th8ik) < C2% for0 < « < € in both theorems. Forl < « < O,
Theoreml.1land Theoreni.2also hold by interchanging the role ©f1) andT*(1)
because of the diigy (the dual of By is B,“¢ and similarly forFad).

Note thatF2? is of special interest because it is the Hardy spdé¢evhenp = 1
and isL? whenp > 1. For the Hardy spacd?, the kernel condition in Theorefin?2
is Y (k+ 1)¥?B(k) < oo. In[5], T is proved to be bounded dr? under the kernel
condition)_, (k + 1)%?B(k) < oco. By the interpolation theorem, a direct application
of the theorem yields the following result, which is stronger than the corresponding
case stated in (i).

COROLLARY 1.3. SupposeT satisfies the WBR1.3), the kernelK (x, y) satis-
fies(1.1) and )", (k + 1)¥2+21/P~12B(k) < co. If T(1) = T*(1) = 0, thenT is
bounded orLP, 1 < p < o0.

The main tool used in proving the theorems is wavelets, initiate@Jifd [5].
This is quite different from the approachesm@, 10, 11]. The proof of Theorem.1
depends on the Beylkin-Coifman-Rohklin wavelet decomposition of the opéerator
For Theoreml.2, we first prove the boundedness Bfon F{** using an atomic
decomposition on this se. This, together with an interpolation &P (= B%P),
yields the boundedness ®ffor the other case.

The paper is organized as follows. In Sectibwe will give some preliminaries
on wavelets and the BCR decompositionTaf We also set up the proof in terms of
wavelet terminology. Thé& (1) theorem on the Besov spaces is proved in Se@ion
and on the Triebel-Lizorkin spaces in Sectibn
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2. Preliminaries

For simplicity, we only consider the one dimensional case. The higher dimensional
case is similar.

Let us recall the concept gfultiresolution analysisn L2(R) [12): it is an in-
creasing sequence of closed linear subspg@els.; < L?(R) with the following
properties:

) N;Vi =10, U,V is densein?(R);

(i) ForeveryjezZandf e LAR), f € V; < f(2) € V| 4;

(i) There exists & in Vo such thapp(x — k), k € Z, is an orthonormal basis fok,.

The abovey is called ascaling function Note that by adjusting a normaliza-
tion constant,) ", ¢(x — k) = 1 for all x € R [3]. For eachj € 7, we define
pik(X) = 212p(21x — k), k € Z. The sequencép;k}kez forms an orthonormal ba-
sis for Vj. From¢ we can construct a wavelet functiah. Then{yx}x; forms
an orthonormal basis fow;, the orthogonal complement t; inside V,,,, that
is, Viy1 =V, ®@W,. It follows that{y/x}; ke is an orthonormal basis fac?(R).

In this paper, we assume that the wavelets are compactly supported, say, supp
suppy C [0, M] for some integeM. Also we assume that they have the desirable
degree of smoothness whenever needed.

We need the following characterizations of the Besov and Triebel-Lizorkin spaces
[6,12.

PROPOSITION2.1. Suppose/ € C is acompactly supported wavelet afyd} ; ke
forms an orthonormal basis df?(R). Let f be locally integrable and writef (x) =
e, Ky (x) formally.

() ForO<a<y,1<p,q<oo, feBxiifandonly if

1/q

a/p

j k

(i) ForO<a <y,1<p,q<oo,feFxdifandonly if

1/q
ACH)(X) = (Z 26121 K[y (21 % — k)) € L°(R),

j.k
wherey denotes the characteristic function[0f 1). Inthis case| f [|¢ze ~ [[ACT)]],.

Let P; : L%R) — V; be the orthonormal projection an@; = P;.; — P;.
ThenQ; : L%(R) — W, is the corresponding orthonormal projection. 2h Beylkin,
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Coifman and Rokhlin give a decompositionDfin terms of P; andQ;:
(21) T=> PTQ+3 QTR +> QTQ;.

The corresponding distribution kernel is

(2.2) K, y) =Y al, k Dep 00w (y) + Y b(, kD ()g; (y)

ikl ikl

+ Z c(j, k, Dy (X)) (y),

K
where
a(j, kI = (Tl/fjl , <,0jk> = (K, Pk @ 1/fj|>,

b(j, k. 1) = (Tey. vi) = (K, ¥ ® ¢3).
c(i kD = Ty, i) = (K, ¥ ® ¥y

We call sucha(j, k, 1), b(j, k, ), c(j, k, ) the BCR-coefficients.
Itis easy to show that

PROPOSITION2.2. SupposeT satisfies the conditions in Theoreinl or Theo-
rem1.2, thenT*(1) = O implies that for anyj,| € Z, ", a(j,k,1) = 0; similarly
T(1) = Oimplies that for anyj, k € Z, )", b(j, k,1) = 0.

PrOOF. Assuming thafl *(1) = 0 and using _, ¢(x — k) = 1, we have

Yoal, k=Y [Ty, eu) = (Tyy, 22) =y, 2°T*(1) =0.
k k

The second part can be proved similarly. O

PROPOSITION2.3. SupposeT satisfies the conditions in Theoreinl or Theo-
reml1.2. Let

A(m)=slu|p Z (la(j, k. DI+ 1agj, 1, k) + [b(j, k, DI+ 1b(j, 1, K)]) ¢ .
P kom< k1 <2m+

Then there exists C such thatm) < C B(m) for all m > 0.
Moreover we have

(2.3) s.ulpz (Ie(j. k. DI+ [e(j. 1, k)[) < oco.
Pk
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ProOOF. We first observe thaA(m) < oo for eachm > 0. This comes directly
from the WBP in (L.3) and the expressions fa(j, k, I) andb(j, k, ). By using this,
it suffices to prove the inequality fof"2> M.

Lety, = 2711, then

agj. k1) =//K(x,ymk(x)z/f“(y)dxdy
P // (KX, Y+ o) — K(X. yo))0(2x — Ky (2 y)dx dy

<C sup [K(X, Y+ Yo) — K(X, Yo)| dx.

ye[0,2-1M] J [k2-1,(k+M)2-i]

Hencefor2 > M,

> la.k bl =C sup [ KX, Y+ Yo) — K(X, yo)l dx,

k:2m < k| | <2m+1 yel0.27 1M1 JE

whereE = {x € R : 2™ < |x — yp| < 2™1-1 4 2-1M}. According to the definition
of B(m), we have} , on_y_j o la(j, K, D] < CB(m) for 2" > M. The same
argument applies to the other termsAlim), which completes the proof for the first
assertion.

The proof of @.3) is essentially the same. We consider

s,up{z (Ic(j. k. DI + le(j, 1, k>|)} :

i kes

Itisboundedifl ={k:|k—I| < M};anditis<CB(m)if J={k:2"< |k—1| <
2mt1yif 2mt1 > M. This implies @.3). O

3. T(1) Theorem on Besov spaces

In view of Propositior2.2and Propositior2.3, we will prove the following theorem
in terms of the BCR-coefficients, which implies Theor&rm

THEOREM3.1. Let T : 2 — 2’ be a Caldedn-Zygmund operator with the
wavelet decomposition as (8.1), (2.2) and satisfying1.1'), (2.93).

(i) Y o(m+1AM) < oocandd ,adj, k) =>b(j, k1) =0, thenT is
a bounded operator oB?g’q, 1<pq<oo.

(i) If Y o2™A(M) < oo and) , b(j,k,1) = 0foranyj, k € Z, thenT is
bounded orB29, 0 <« <1,1< p, g < oc.
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Let us rewrite
T=) PTQ+> QTP+ QTQ =T¥+T?+T7.

We will first consider the terrt @. Its distributional kernel is

K@, y) =Y b(j, k. D 0@ (y).

ikl

LetJ, = {(k,) : 2" < |k — || < 2™}, and

b(j, k, 1) k.)€ In;
(3.1) bn(i K D) = 1 =D wmey, DU k) T=K;
0 otherwise,

wherem = 0,1, 2,.... The definition implies thad , bn(j, k,1) = 0 for eachj,
k € Z. Since), b(j, k,1) = 0 by assumption, we have

e}

b(j.k. k==Y > b(.kD.

m=0 I:(k,l)e I

HenceK @ (x, y) can be decomposed as

B2  K2x.y) = b(j. k KXy

jk

+ Z Z b(j, K, DY (X5 (Y)

jk L2k
= Z (—Z Z b(j, k, |)) Vi X @ik (y)
jk m=0I:(k,l)e Jn

+ZZ Z b(j, K, DY (X)@j (Y)

m=0 jk l:(k)edn

=Y (i kK DY 0@ (y) = > K2, y).
m=0 jki m=0

Let T denote the operator with distributional kern€[?(x,y). Then we can
decomposelr @ as: T@ = Y~ T@. We call eachT? a block operator The
following lemma together with the assumption @&tm) will imply that T® is a
bounded operator 0B,
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LEmmA 3.2. Under the hypothesis of Theoréd, letl < p,q <00, 0<a < 1.
ThenT,? is a bounded operator OBg’q, and the operator norm satisfies

C(m+ 1) A(m) o =0;
C2*™A(m) O<a<l,

Te] < {

whereC is independent af.

PROOF. Let f(y)=)", a(j. k) (y) beinBz, and leg(x)= ", B(j. k)P (X)
be in the dual spacB,}“’q/. Noting that (¢;, ¥jw) # O implies thatj > j’
and 277k’ < | < 271 (K + M) + M (recall thaty, ¥ have compact supports
contained in0, M]), one can write

(Tn(12) f7 g> = Z Za(j/7 k/)bm(L k! I)ﬂ(Jv k) ((pjl H Wj/k/>

i’k jk

= > (Za(iﬂk/)bmu‘,kJ)ﬂ(j,k)(w“,wJ/k/))
i.i0<j—j'<m \ kkI

+ Y (Za(izk/)bmu‘,kJ)ﬂ(j,k)(w“,wJ/k/))
j.ij=i=m+1 \ kKl

=141l

Let Ti® = b(j’ + 8, K, 1) (@451, ¥j1e). By using Propositior2.1 and the Hblder
inequality, we obtain

Illsiz

s=1 j

Y (i Kbn(j + 8.k DB +5,K) {@j1s, i)

kK1

=

p/) 1/p
sy 1/d
p/) q'/p

> (Z (. k/)l”)w (Z

m
s=1 | j K
m

DIY-IC N 98 vty
ki

ccy
- P

s=1

2

2(=1/p —a+1/2)(j'+s) Z B(j' +s, ke
ki
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We will make a separate estimationfj,, - - -. Note that

< 2- S/ZZZ“)m(j/ +s, k,l)((p(X—l), v/(z—sx _ k/)>|
k

> |

< Z*S/ZA(m) Z |((p(X — ), ¥ (2 — k/)>|
I

< C2¥2A(m),
(the lastinequality holdsdrause has compact supportand, [¢(x—1)| is bounded)
and
> |raee
k'l

<2 S/ZZ |bm(j/ +5s,k, |)| <|<P(X — |)|, Z |]/,(2st _ k/)|>
k/

< CZ’S/ZA(m).

Hence

(3.3) Z

K

p

S BG + s TR
ki

= | (Z B +s.k)|" }rpkj;s
K Kl
(Z |,3(J +s, k)|p Z ‘l"mJS
=C (Z B+, k)|p/> (27*2Am) (22Am)""°
k

= C2EPP 2 Am)P Y B + 5. k)"
k

=)

) ZS/ZA(m)) p'/p

It follows that

m
I < C Y 2W/Prerbasgst/omy/m/2. Am)| £ gy

s=1

q/p ) Ve
X HZ (Z |2(—1/p>a+1/2>(j/+s)ﬂ(j/ +s, k)lp/) }

i’ k

m

<C Y 2MAM| f lggalgllg
s=1

C(m+1)A(m)||f”B“q”g”B“q a=0;
CZ“mA(m)IIfIIBNIIQIIBaq O<a<l
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We now estimate the expression Il. For convenience, we use the same nGtation
denote the different constants in the different place. Define

gi(X) = / Y bn(j, k. ey =hdy and Ty = (g o), ¥/ (27°x = K)).
L

Then

|“| = | Z Za(j/7k/)bm(j1kil)ﬂ(jvk)((pjh Wj/k/>

.= j=m+1 kk

DD I

s=m+1j'=—occ kk

<C > 277 f g

s=m+1

% Zz(fl/p/fwl/zn/q/ (Z
J'/

a(j, K)B(j' +s, KIS

> B +s I
k

K

We claim that

p/)Q/D
o

< C2(s+m)(P/fl)2m|A(m)|p/ Z |'3(J/ +s, k)|P/ '
k

3.4 >

S UBG + s 0T
k

Infact, the conditior)_, b (j, k,|) = Oimpliesthatsupgjx < [k—2™", k+2™M].
Then

e
Y }rkk/
k/

=C <|gj/+sk(x)| , Z ['(27°x — K)| >
k/

< C{|gj+s0)| . 1) < C2"Am).

On the other hand, fa = j — j’ since supp/’(2-°x — k') C [2°K, 2°(K' + M)], we
know thatlk — 2°k'| < 2°M + 2™ + M < C2=. It follows that

e
) ‘rkk/
k

<C Y (lgiwsk0)] . [¥'(@x — K)[) < 2" A(m).
k
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Combining these two estimates we have

p

2

K

> B +s I
k

-y (z PRI }fas) (z i
k’ k k

< C2(s+m)(P/fl)2m|A(m)|p/ Z |'3(J/ +s. k)|P/ )
k

)P//D

This proves the claim. We return to the estimatél gf

M <C Y 2MPr2e gy > (2(s+m)(p/1)2m|A(m)|p/

s=m+1 j’
1/q

q/p
e i . p
XZ|2( 1/p'—a+1/2)(j +S),3(j/—|—S, k)| )
k

<cC ( 3 2<“>52"‘A<m>> I flegellglls oo

s=m+1

< C2"AMM)|| f [lgge I19lg o

By the estimates df| and|ll| we conclude that @ is a bounded operator ngq
1< p,q < o00,0=<a < 1with the operator norm as specified. O

LEmmA 3.3. Under the hypothesis of Theoré1d, letl < p,q <00, 0<a < 1.
ThenT® is a bounded operator OBg’q.

PrOOE We can write

(TOf.g)= > a(j. k.DAG . K. D @i ¥ix)

ji’kk

with j > j'and2- 7k’ <| < 271" (K +M)+M asin Lemm&.2. Forthe case = 0,
we have by assumption that, a(j, k, 1) = 0, and we can apply the same proof as in
Lemma3.2 (by replacingd , b(j, k,1) = 0).

For the case & o < 1, we have not assumed tha} a(j, k,1) = 0 and we need
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to modify the proof by separating out the diagonal term (a8ig)):

(T®f,g)| < Z Zﬂ(j/,k/)a(j,k, Ka(j, k) (@, vi)
iii—i~0 KK
2o 2 D DoAGLKaG ke g Vi) -
m=0 j,j:j—j'>0 (ke K

By using the same argument as in Lemfa, we can show that the first term is
bounded byC ) = 27| f ||B;Aq||g||8;mq/ and the second term is bounded by

CAM) Y =, 27 f ||B;Aq||g||3;wq/ (note that in here the ter .-, 275 converges
and we only need to use the estimation|fdwithout recoursing to the estimatioh|
in the last proof). This proves the lemma. O

LEmMA 3.4. Under the hypothesis of Theorédrlletl < p,q < 00,0 <« < 1.
ThenT® is a bounded operator on the Besov spaBgs.

PROOF. We can write
(TOf, g)= Z c(j, k, Da(j, KB, 1),
ikl

wheref, g are defined as in Lemnta2 By using the duality and conditior2 (3), it
can be checked as in Lemr& that|(T® f, g)| < C|| f || ggall gl g O

Theorem3.1follows directly from Lemma$8.2-3.4. O

4. T (1) Theorem on Triebel-Lizorkin spaces

In view of Propositior2.2and Propositior2.3, we will prove the following theorem
in terms of the BCR-coefficients, which implies Theor&r

THEOREM4.1. Let T : 2 — 2’ be a Caldedn-Zygmund operator with the
wavelet decomposition as (8.1), (2.2) and satisfying1.1), (2.3).

(i) If X o(m+ DFYIAMM) < oo, and ), a(j. k,1) = Y, b(j,k 1) =0,
thenT is a bounded operator oﬁg’q, 1<p,q<oo.

(i) 1>~ o,2™A(M) < oo and) , b(j,k,I) = 0foranyj,k € Z, thenT is
bounded orFg9,0 < a < 1,1 < p,q < oo.

We will first prove the theorem foF;"%, then apply an interpolation theorem
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on F*% andF&9(= Bz9), and a duality argument to conclude the theorem. We need
the following notion of atom which can be found i8]

DEFINITION. Leta(x) = }_; a(j, k)Y (x) be a locally integrable function. We
say thata(x) is an(«, 1, q)-atomif there is a dyadic cubé c R such that

(i) suppa(x) C I;
(i) [ ax)dx=0;
@iy NA@llq < 1179,

whereA(a) is defined by

1/q
(4.1) A@)(x) = (Z 201219, k) (2% — k)) .

j.k
Forj,k € Z, let 1 denote the intervdR-1k, 271 (k + 1)]. Let

(4.2) )= > a(j K)gex).

ik e Cl

Note that the sum is actually adding @1l k' with j < j’, k" e [217Tk, 2171 (k + 1)).
It follows that the support oy (x) is contained in[2-'k, 27/ (k + M)]. By the
definition, we know thahy (x) is an(«, 1, g)-atom if

1/q
ol =|2 > el <o

ik e Cl

LEMMA 4.2. Let aj(x) be the atom as ir(4.2), and letT? be defined as in
Lemma3.2 Then we have

H Tn(]z)ajk o = 0,

~_JemnEreAm) fag,,
Foea = C2*™ A(m) H ajk” (.1,0) o=t

whereC is independent ah, |, k.

ProOOF. Without loss of generality we consideg(y) and denote it bya(y) for
simplicity, that is,a(y) = ZOSJ ZOSM a(j, K) ¥ (y). Noting that(e;, ¥jw) # 0
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implies thatj > j’and 27k’ <| < 2/71(k + M) + M. One can write

(T&a) 00 =D > i’ K)bm(i, k) (@i, ¥rjne) ¥is (%)

KK
=> (Z a(j’, Kb, K, 1) {gj, wj/k/)x/fjk(x)>
j<m \j’kKI
+Z< Z Za(j/’k/)bm(jskal)((pjl’WJ/k/}wjk(X))
j>m \j":0<j—j’<m kKI
+Z< Z Za(j/’k/)bm(jskal)((pjl’WJ/k/}wjk(X))
j>m \j":j—j’>m kKI

= ay(X) + a(X) + ag(X).

SinceB! = F"' ¢ F'%, 1 < q < oo, it follows that there exists a consta@t
such that]] f[[gza < CJ| f[lg:2. Using Propositior2.1 and the Hblder inequality, we
obtain

lagflesa < C

Z Z a(j’, Kb, kD (@, ¥in) ¥ik

j<m j’kKI

B;nl
<CY Y 2w a(, Kbn(j, kD (@, ¥

j<m j’kKI

< CA(mM) Z Z Z 20-17/20=1121 | (7 K)|

0<j<m0<j’'<j o<k <2/’

1/q
< CA(m)| > 2 ( > 2““*) ]

O<j<m O<j’<m

1/q
% (Z 2(-1/a+a+1/2)j'q |O((j/, k/)|q>

J'/k/

<

C(m + 1)271/0] A(m)||a||(a,1,q) oa = 0,
C2"A(m)lall@1q O<a <1

To estimatel|a,||¢««, we first observe that the condition ® k' < 2" implies
that 0 < 2711 < M. By the expression ofy(x), we know thatk € E; =
[—2m+1 2m+l 4 2 4 2iM], and hence

suppax(x) < | 1277k, 27 (k+ M)] < [-1, 2M].

j>m kEEj
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Let iy = bu(j, K, D{(@j1, ¥j k). Then

DT D el Kbn(j kD @i i) Yk (%)

j>m j:0<j—j’'=m KkKI

CY DD D ali—s KTgrv

lasllese < C

*0,q
Fy

IA

s=1 |lj=m+1 kI 0O<k'<2i-s Fod
m q 1/q
SCZ/(Z 22D a() = s KT x(zjx—lo) dx
s=1 YR \j=m+1 &
m qy 1/q
ey | ¥ Yeen|sag s |
s=1 Lj=m+1 Kk

Similar to the estimate3(3) in Lemma3.2, we have

Z Za(J -, k/)FL“k’f

It foIIows that

m 00 1/q
lagllgsa < CAM) Z { Z - i+(@+1/2ja9s1-a/q)/2 Z |O((j _s, k/)|Q}

s=1 (j=m+1 k'

1/q
< CA(mM) Z 278 { Z Zz( 1/9+a+1/2)(j-9)q |a(j s, k/)|¢1}

j=m+1 Kk

< C25-9/)/2| A(m) |9 Z le(j — s, K)|*.

K

- Cm+ DHAM) [lallw.1q a=0;
C2mA(M) l|all@,1.q) O<a <1
We now turn to estimate the terma(x). Like ay(X), suppes(x) < [— 1, 2M].

Let gj(x) be defined as in the estimate |0iff of Lemma3.2 and e = (Qjk (X),
Y'(27°x — K)). Then

D030 > ali Kb kD (@51 i) dri(X)

las(X) | < C

j>m j:j—j’>m kKl Fluq
00 00
<C > 2% 3 N a(j — s KT
s=m+1 j=m+1 kK

>,
Fl

Z a(j —s, KT}y

q}l/q

<C i 233/2{ Z 22 j+@+1/2)jq

s=m+1 j=m+1 k
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By the same estimate a3.4) in Lemma3.2, we obtain

2

k

q

> a(j —s KOR| = C22m2m99 | AmM)[T) " a(j — s k)|
k' K’

Hence

00 00 1/q
||a3||,51mq <C Z 235/2{ Z 2~ i+(e+1/2)jq gs+tmoma/q’ Z |O((j _s, k/)|Q}

s=m+1 j=m+1 k'

0 1/q
< CA(mM) Z omoa—1)s {Zz(l/q+a+l/2)(js)q |a(j _s, k/)|q}
s=m+1 jk’

< CZ"AMM)|1all@ra-

We have hence proved Lemnda2 by combining the estimates @ (x), a;(x)
andaz(x). O

Now we state the following atomic decompositionfgf?, which is given in []
for F2?(= HY) and in ] and [9] for the general case. For completeness we modify
their proof and sketch it here.

LEMMA 4.3. Let f(x) = ija(j, K) ¥ (x) be in F"9. Then there exists a se-
quencehg,(X)}sn Of (@, 1, g)-atoms andis,} € R such that

43) 00 =) Asahsn(0 and Ciflflleza <) lhsal < Coll fllgee

s,n s,n

for some fixed;, C, > 0 independent of .

PrOOF. By Proposition 2.1, f € Iff’q has an equivalent norm given by
[ flleea = [|ACT)]l.

If 2%, s € Z, is a given threshold, we defi@s = {x : A(f)(X) > 2°}. This
allows us to writeQs = (J,.y Qsn , Where eachQg, is a maximal dyadic interval
in Qs. The intervalsQs,, being dyadic and maximal, are either identical or disjoint.
For eachs € Z, n € N, consider the familyZ, of all dyadic intervalsl;, such
thatl;, C Qsnwhich are contained in nQs, 1, for any p. By the above construction,
we can write

Ua-U( U

s,n lik€Fsn
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Foreacls € Z,n € N, let

(4.4) hen(X) = [Aenl ™ D (. K)Yj(x),
Ijkeﬂsn
where igy = [Qul* Y9 X, 5 20Vt 20a(j k) [0} 7 Then, hy(x) s
an(«, 1, q)-atom and
(4.5) FO0 =D ai, Yt =) Asths(X)
j.k s,n

gives an atomic decomposition 6f For the details we referthe reader194,9]. O

PROOF OFTHEOREM 4.1 By Lemma 4.4 we can writd (x) € F{°% as an atomic
decompositionf (x) = . | Asshsn(X), Wwhere eachg,(x) is an(a, 1, g)-atom defined
in (4.4). For eachhgn(X), we canrewrite it as the form id(2) by assigninge(j, k) = 0
for 1) € Qsnbutly & Zs,. Using Lemmat.2and Lemmat.3, we have

HT(Z) f H = {C(m . 1)271/q A(m) Zs,n |)\sn| o= 0;
m Fed =

C2MAM) D ¢ | Asnl O<a<l1,

whereC isindependent ah, s, n. It follows thatT @ is bounded orf;?. Similarly as
in Lemma3.3, and Lemma3.4, we can show that both® andT® are also bounded
operators orF;*9. Hence, we have proved th#tis bounded orfF;*?, and

CY oM+ DZYIAM) o =0;

1Tl oo oy <
RO {C 3% 2emA(m) O<a<l,

whereO0<a < 1,1<q < oc.

SinceT is bounded ong’q(: Ifg’q), the interpolation theoreniB] implies thatT
is bounded orF;9, 0 < @ < 1, 1< p < g. Similarly as in the proof of Theoref1
and Theorend.1, we can show, by interchanging the roleTofl) andT*(1), thatT
is bounded on botfirs'® and Fi" with —1 < « < 0,1 < q < co. Again, applying
the interpolation theorem and the dualifyjs bounded orF;9, 0 <o < 1, p > g.
This finishes the proof of Theoreml O

PROOF OFCOROLLARY 1.3 With the above notation, we haveT,? ||y psy <
C(m + 1)*2A(m) and || T@| 2.2 < C(m + 1)¥?2A(m) for someC > 0 indepen-
dent ofm. For 1 < p < 2, by the interpolation theorem we hay&? || s » <
C(m + 1)V2r2W/p=Y2 A(m). Using the duality argument, for 2 p < oo we
have | T2 ||y < C(m + LY2H2P=22 A(m). It follows from the assumption

on A(m) thatT® is bounded orlL?. Similarly, T® andT® are bounded operators
onLP;soisT. This completes the proof of Corollafy3. O
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