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Abstract

In this paper we consider groups in which every subgroup has finite index ithtterm of its normal
closure series, for a fixed integar We prove that such a group is the extension of a finite normal
subgroup by a nilpotent group, whose class is bounded in term®wlly, provided it is either periodic

or torsion-free.

2000Mathematics subject classificatioprimary 20E15, 20F19.

A subgroupH of a groupG is said to belmost subnormaf it has finite index in some
subnormal subgroup @&. This occurs wherd has finite index in some terdd ©",
n > 0, of its normal closure series @®; recall thatH®° = G andH®" = HH®"",

A finite-by-nilpotent group has every subgroup almost subnormal, and for finitely
generated groups the converse holds (S8e63.3]). Note that, if a grou has a
finite normal subgrougN such thaiG/N is nilpotent of clas®, then each subgroup
H of G has finite index irH®". Forn = 1, the converse is settled by a well-known
theorem of NeumannL)]: a groupG, in which every subgroupl has finite index
in its normal closureH ©, is finite-by-abelian. Later, Lennox] considered the case
in which n is larger than 1 and there is also a bound on the indices. He proved
that there exists a functiom such that if H®" : H| < c for every subgrougH of
a groupG, wheren andc are fixed integer, then the(n + c)-th termy,n4¢) (G)
of the lower central series d@ is finite of order at most!. Recall that a theorem
by Roseblade states that a gro@pin which H = H®" for every subgrouH, is
nilpotent andy,1(G) = 1, for a well-defined functiom. Recently, Casolo and
Mainardis in P, 3] gave a description of the structure of groups with all subgroups
almost subnormal, proving, in particular, that such groups are finite-by-soluble.
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In this paper we consider the clasg, n > 1, of groupsG in which|H®" : H| is
finite for every subgroupd of G, but no bound on the indicesi " : H| is assumed.
In particular, we give a generalization of Neumann’s theorem to periagligroups:

THEOREM 1. There exists a functiof of n, such that ifG is a torsion group with
the property thatH®" : H| < oo for every subgroupd of G, theny;,, (G) is finite.

We then consider torsion-free groups. By a result due to Casolo and Mainardis
[2], torsion-free A,-groups have every subgroup subnormal and so they turn out to
be nilpotent, by a recent result byn8h [14] (see also Casoldl]). Here, we give a
different proof of their nilpotency and, in particular, a bound on their nilpotency class,
thus generalizing Neumann’s theorem to torsion-gegroups:

THEOREM 2. There exists a function of n such that each torsion-free gropin
which|H®" : H| < oo for every subgrouH, is nilpotent of class at mosi(n).

This also gives a different proof of Roseblade’s theorem for torsion-free groups
with all subgroups subnormal of bounded defect.

Finally, we observe that Smith ii ] gives examples of\,-groups which are not
finite-by-nilpotent. Thus, Theorehand Theoren? are no longer true if we drop
the assumptions th& is either periodic or torsion-free. Also, Casolo and Mainardis,
in [2], construct a non-hypercentrab-group. On the other hand, in Propositid8
we shall prove that locally nilpoter#,-groups are hypercentral, partially answering
the question posed i8] page 191]. Recall that Heineken-Mohamed grouisfe
example of groups in which every subgroups is almost subnormal but they do not
belong to any of the classds,.

1. Af-groups

In order to achieve our result on periodig-groups, we find it convenient to study
a larger class of groups. We denote Ay the class of all group& in which there
exists a finite subgroup with the property that every subgroutp containingF has
finite index in thenth termH®" of its normal closure series. By abuse of notation,
we shall denote the above §%, F) € A'. Note thatA, € Al but A, # A'.
Indeed, the group described i, [Proposition 4] is a periodié; -group but it is not
finite-by-nilpotent, and so, by Theorehit does not belong ta@\,.

Also, we denote byl! the class of all group§& in which there exists a finite
subgroupF such that every subgroup @ containingF is subnormal of defect at
mostn in G. Clearly, 4 < A, butilt # A', since Smith’s groupslf] are
locally nilpotent A,-groups which are not finite-by-nilpotent while, for"-groups,
the following holds:
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THEOREM 3 (Detomi #]). There exists a functiofi(n) of n, such that ifG belongs
to L[+ and it is either a locally nilpotent group or a torsion group wit{G) finite,
theny;, (G) is finite. In particular, ifG is locally nilpotent, therG is nilpotent and
its nilpotency class is bounded by a function depending and | F|.

Heren (G) denotes the set of primes dividing the orders of the elemeris of
The following are two known result which we include without proofs.Nifis a
subgroup (normal subgroup) with finite index@) then we writeN <; G (N < G).

LEMMA 4. Let G be a countable residually finite group and et be a finite
subgroup ofG. ThenH =4 ¢ HN.

LEMMA 5. Let G be a group and let= be a finitely generated subgroup of a
subgroupH of G. If [G,, V] < V for every finitely generated subgrodpof H such
thatF <V, then[G,, H] < H.

We establish an elementary property of periodjcgroups:
LEMMA 6. A periodic Al -group is locally finite and finite-by-soluble.

PROOF. Let (G, F) € Af. ThenF <; F®" gives thatF®" is finite and that
every sectiorF®'/F&+1 belongs toA,. Since, by the already mentioned result by
Casolo-Mainardis, everg,-group is finite-by-soluble, the group has a finite series
in which each factor is finite or soluble.

Let X be afinitely generated subgroup®f Clearly X has a finite series with finite
or soluble factors. Hence, since a finitely generated torsion soluble group is finite and
a subgroup with finite index in a finitely generated group is finitely generated, each
factor in this series oK is finite, and soX is finite. This proves tha is locally
nilpotent.

Now, sinceG has a finite series with finite or soluble factors, to prove tBds
finite-by-soluble, it is sufficient to show that soluble-by-finite periodjcgroups are
finite-by-soluble.

Let (G, F) € A' be a torsion group and It be a soluble normal subgroup with
finite index inG. We can assume th& < G, sinceAg has finite index irG. Lett be
alefttransversalté\ in G and seH = (r, F). As H hasfinite indexirkK = H®", K
is finitely generated and hence finite, by the local finitene$s.dflote thatG = AK.

We proceed by induction on the defeladf subnormality oK in G. If K is normal
in G, thenG/K = A/AN K is soluble, and we are done. df> 1, then, aX has
defect of subnormality bounded biy- 1 in K ¢, we can apply the induction hypothesis
to K ¢, obtaining that some term of the derived seriek §fis finite (and normal irG).
Therefore,a&6/K® = A/ANKE is soluble, we get thd is finite-by-soluble, which
is the desired conclusion. O
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With the same argument as i Lemma 9], it is easy to see that:

LEMMA 7. LetG € Al be alocally finite group. If there exists a subgro&pwvith
finite index inG such thaty,,,1(A) is finite, theny,m.1(G) is finite.

Roughly speaking, the next proposition says that periédiegroups are near to
beingtlt-groups.

PrOPOSITIONS. Let G be a countable residually finite torsion group and (&te
Al. Then there exists a subgrodpwith finite index inG such thatA € .

PrOOF. Assume that the lemma is false and@be a counterexample. Proceeding
recursively we construct

(a) adescending chali; | i € N} of subgroups with finite index i,
(b) anascending chaff; |i € N} of finitely generated subgroups 0§ -, Ki, and
(c) asequence of elemerits € [Ki_1,, F1\K; | 1 <i € N}.

SetK, = G and letF, be a finite subgroup o6 such that H®" : H| < oo
wheneverl; < H < G.

Suppose we have already defined K;, andx, € [Ki_1,, F]\K;. As F; is a
finitely generated subgroup &f <; G, and asG is a counterexample, there exists
a subgroupF, < H < K; which is not subnormal of defect less or equalnto
in K;, that is, [K;,, H] £ H. So, by Lemmab, there exists a finitely generated
subgroupF;,; of H with F; < F,; and[K;,, F] f F.,1. Letus fix an element
Xi+1 € [Ki,n Fia1\Fiz1. Since, by Lemmab, G is locally finite, we can apply
Lemma4 to the finitely generated, hence finite subgrdyp;, and so we get that
Xi+1 ¢ Fiz1N for a suitable subgroupl < K;. Then we seK;,; = F.1N, so that
Fiy < Kipr <¢ Gandxj;; € [Ki,n Fi41]\Kiz1. Note thatK;,; contains all the
subgroupd, ... , Fi.

Now we consider the subgrougs = (), Ki andH = (F | i € N). Since
H > F,, by assumption we have th&t has finite index inH®". So, the chain
{H®" N K;}icn, Stretching fromHS" to H, is finite and there exists an integer
such thatH®" N K; = H®" N K for everyj > i. But, since[G,, H] < H®" and
F.+1 < HNK;, we get that

Xiy1 € [Kin Figal < [Ki,n HN K] < [G,, HINK;
<H®"NK; =H®"NKi,
thatisx; .1 € K41, in contradiction to our construction. O
THEOREM 9. There exists a functiof(n) of n, such that ifG is a periodic A -

group and if eitheIG is locally nilpotent orz (G) is finite, theny;,, (G) is finite. In
particular, if G is locally nilpotent therG is nilpotent.
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PrOOF. Seté(1) = 2 and define recursiveb(n) = 2n(B(n) — 1) +25(n— 1)+ 1,
whereg is the function defined in Theoregn

Assume first thatG is countable. We shall proceed by induction on Let F
be a finite subgroup o& such that every subgroup containingF has finite index
in HE",

If n = 1then|F® : F| < oo andF€ is finite. SinceG/F¢ € Ay, the quotient
G'F©¢/F¢ is finite by Neumann's theorem. Hen€¢ = y,(G) is finite.

Let nown > 1 and letX be a finitely generated subgroup Gf with X > F.
BecauseG is locally finite, X is finite. Observe that, for every subgrotipof X¢
containingX, we haveH® = X% and so|H**" : H| < co. ThusX® belongs
to Af_; and by the inductive hypothesis we get that_1,(X®) is finite. Now, by a
theorem of Hall it follows that,s,,_1,_2(X®) has finite index inX®. Thus, the index
of Cs(X®/Zasn-1-2(X®)) in G is finite and, denoting byR = (4,6 N the finite
residual ofG, we obtain thafR, X®] < &5n_1,_2(X®). In particular,

[R,25n-1) XC] < [R, XG,zs(nfl)fz XG] =1

Therefore, if we takes = 25(n — 1) elements inG, sayx,, ... , Xs, and we consider
the finitely generated subgrodp = (Xy, ... , Xs, F), then we gefR, X4, ... , Xs] <
[R,s X®] = 1, which impliesR < &s(G).

Now, asG/R € A is a countable residually finite torsion group, by Proposiion
it follows that there exists a subgrodpwith finite index inG, such thatA/R € 4.
Also, A/R satisfies the assumptions of Theor8mand soy;n (A/R) is finite. By
Lemma?7 it follows that y,sm-1+1(G/R) is finite and then Hall's theorem gives
that &onsm)-1)(G/R) has finite index inG/R. Therefore, asR < ¢(G), clearly
Sanm—-1+s(G) has finite index inG and, by a theorem of Baer (sei2[ 14.5.1]), we
conclude thal/ngm-1)+s+1(G) is finite. This proves thag;,, (G) is finite, for every
countable grougss satisfying the assumption of the theorem.

For the general case, we assume, contrary to our claim, that there exists &group
satisfying the assumption of the theorem, such #hat(G) is not finite.

Let T be a countable and not finite subseygf, (G). Then we can find a countable
setof commutators = [y, ..., Ysm.ilsi € N,yji € G,suchthal < (x |i € N).
LetY = (Fy;i | j =1,...,8(n), i € N). AsY is a countableA/-group, by
the first part of the proofys,(Y) is finite. ThusT < y;n (Y) is finite, against our
assumption.

Finally, if G is locally nilpotent, since every finite normal subgroup is contained
in some term of the upper central series (by a theorem of Mal'cev and MclLajn [
12.1.6]), it follows thaiG is nilpotent, and the proof is complete. O

As a consequence, we get the announced result on pedgeicoups:

PrROOF OFTHEOREM 1. Let G be a periodicA,-group. By a result of Casolo and
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Mainardis [], there exists a finite normal subgrotof G such thats/N has every
subgroup subnormal. In particul@,/N is locally nilpotent. Now Theorerf gives
thaty;, (G/N) is finite and, aN is finite, the result follows. O

2. Torsion-free A,-groups

First we observe some basic properties of isolators in locally nilpotent groups.
Recall that thésolator of a subgrougH in a groupG is defined to be the sét(H) =
{x e G| x"eH forsome 1< n e N}. If Gis alocally nilpotent group theh; (H)
is a subgroup o5 and if G is also torsion-free thep, (I (H)) < lc(yn(H)) (see, for
example, , 9]).

LEmMMA 10. LetG be a locally nilpotent group and léd < G. Then

(1) if Ig(H) is finitely generated, thedg(H) : H| < oo;
(2) if Gis torsion-free andH is cyclic, thenlg (H) is locally cyclic.

PrOOF. (1) AsK = Ig(H) is afinitely generated nilpotent groud, is subnormal
in K, sayH = HK" for an integemn, and every sectiom ¥ /HX+1 s finitely
generated and nilpotent, for= 1, ... ,n — 1. Furthermore, by definition di; (H),
eachH X' /HX+1js periodic and hence finite. Thuld, has finite index irk .

(2) Let K be a finitely generated subgroup kf(H). As H is cyclic, we can
assume thaltl < K. SinceK is torsion-free and nilpotent, it has a central series with
infinite cyclic factors (seell2, 5.2.20]). So, ifK is not cyclic, there is a cyclic normal
subgroupN of K with infinite index inK. Now, since, by (1)H has finite index
in K, thenH N N £ 1. Therefore, a$i is cyclic,|[K/N| < I[INH/N| = |H/H N N|
is finite, a contradiction. O

We state now a consequence of a well-known argument by Robinsonl@ee [
5.2.5]). Recall that the Hirsch length of a polycyclic grdgjis the number of infinite
factors in a series d& with cyclic factors.

LEmmA 11. LetH be a nilpotent group of class If H/H’ can be generated hy
elements, then the Hirsch lendttof H is bounded by a functiog(c, r) of c andr.

The already mentioned theorem of Mal’cevand McLdi [L2.1.6] states that each
principal factor of a locally nilpotent group is central. The following consequence is
well known, but we include the easy proof for the convenience of the reader:

LEmMMA 12. Let G be a locally nilpotent group and leitl be a finitely generated
normal subgroup o6. Then there exists an integesuch thatN < £,(G). Moreover,
if N is torsion-free with Hirsch length, thenN < ¢, (G).
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PrOOF. The theorem of Mal'’cev and McLain implies that N is finite then it
is contained in;,,(G) for an integerm bounded by the composition length bif.
Also, whenN is torsion-free with Hirsch length, we get thatN /NP is finite and
so N/NP < £,(G/NP) for every primep; therefore[N,, G] < ﬂp NP =1bya
residual property of torsion-free finitely generated nilpotent groups (see for example
[11, page 170]). Since the torsion subgroup of a finitely generated normal subgroup
of G is finite, the lemma follows. O

PrOPOSITION13. Let G be a locally nilpotentA,-group. TherG is hypercentral.

PrOOF. By analready cited result of Casolo and Mainardisgroups are finite-by-
soluble and s is soluble. Itis sufficient to prove th& has a non trivial centre. We
proceed by induction on the derived lengttGfLet Abe the centre d&’; by inductive
assumptionA # 1. Let H be a finitely generated subgroup Gf As [HG" : H|
is finite, H®" is finitely generated and so nilpotent; in particula,, H] is finitely
generated. SincA = ¢(G'),[A,, H]® =[A,, H®] < [A,, H[H, (9)]] = [A,, H]for
g € G,andsdA,, H]isnormal inG. Thus Propositioh2givesthafA,, H] < &(G)
for somek > 1. So, if[A,, H] # 1, thenz(G) # 1. Otherwise[A,,H] = 1 for
any finitely generated subgroup &; thus A < £,(G) and we again conclude that
2(G) #1. 0

A groupG is saidn-Engelif [x,,y] = 1 for allx, y € G. We recall that a torsion-
free solublen-Engel groupG with positive derived lengtld is nilpotent of class at
mostnd—? (see [L1, 7.36]).

Our interest on Engel groups is motivated by the following fact:

LEMMA 14. A torsion-freeA,-group is(n + 1)-Engel.

PrROOF. Let G be a torsion-freed,,-group and let 1~ x € G. By the definition
of the classA,, (x) has finite index in(x)®", so that(x)®" is a finitely generated
subgroup oflg({(x)). By the already mentioned result ié]] every subgroup ot
is subnormal, so tha is locally nilpotent. Thus, by Lemmao0, (x)®" is cyclic,
so that(x) charx)®", and hencéx) is subnormal of defect at mostin G, that is
[G,n X] < (X). Therefore[G, .1 X] = [G,, X, X] = 1, as claimed. O

Now we are in a position to prove the announced result on tofsemA,-groups.

PROOF OFTHEOREM 2. Let G € A, be a torsion-free group. As already noted, by
aresultin P, G is locally nilpotent.

Note that, if there exists a functioyin) such that,»1(H) = 1, for every finitely
generated subgrougd of G, theny,1(G) = 1. Hence, without loss of generality,
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we can assume th& is a finitely generated group. In particular, we get tBais
nilpotent and every subgroup 6f is finitely generated.

Proceeding by induction om, we prove that there exists a functiptm) such that
every torsion-free finitely generatég -group has nilpotency class at magh).

If n = 1, then Neumann’s theorem gives th@at is finite. Hence, sincé& is
torsion-free G is abelian, and so we can sgil) = 1.

Let nown > 1 and letH be a subgroup o&. SetH®' = H; for everyi, so that,
by the definition of the clasA,,, we have

H<{H, dH;Jd---dH, dH; JG.

Note that, for every subgroulg such thatH < K < H;, we getK® = H® = H;
andK <; KX®"~1 HenceH,/H, € A,_;. With the same argument it is easy to
see that the factad, /H, 4, fori = 1,...,n — 1, belongs toA,_;. By the induction
hypothesis, the factdt; /14, (H;, 1), being a finitely generated torsion-frég ;-group,
has nilpotency class at mastn — i); hence,

Vorn—ir+1(H) < Ty (Hiz) < le(Hisp).

Thus,

Von—ih+1(lc (H)) < le (Vyn-iyr1(H)) < le(lg(Hiz1)) = lg(Hit1),

for everyi, so that

Yon-p+1(lc(H1)) < lc(Hy),
Va(—-2)+1 (yn(n—1)+l(|G(Hl))) < Yon—2+1(lc(H2)) < Ig(Ha),

Yo+t (@1 (- (Voo-n+1(lc (H))) ) < vow+1(la(Hno1)
< lg(Hy) = lc(H),

where the last equality is due to the fact thht<; H, < Ig(H).

In particular, fork = k(n) = Y"1 (n(i) + 1), thekth term H* of the derived
series ofH; is a subgroup ofg(H), so thatlg (H,*) < Is(H). Now, by Lemmal4,
H./ls(H¥) is a soluble torsion-freén + 1)-Engel group and sdd;/Ig(H¥) is
nilpotent of class at mosin + 1)**. Thus, forc = c(n) = (n + D + 1, we
get thaty.(H;) < Ig(H*) < Ig(H). This proves thaj(H®) < Ig(H), for every
subgroupH of G.

Now takec elements ofG, sayXx,..., X, and consider the subgroug =
(X1,...,Xc). Clearly we can writeH; = H® as a product of th& normal sub-
groups(x)¢. Sincey.({(x)®) < ls({x)) and, by Lemmal0, Is((x)) is a cyclic
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group, then[y.((x)®), x] = 1. Moreover[yc((xi)G),xig] = 1 for everyg € G.
Thusy:((x)®) < ¢((x)®) and(x;)® has nilpotency class at most ThereforeH, is
generated bg normal nilpotent subgroups of class at mgsind by Fitting’s theorem
it follows that H, is nilpotent with class ¢H,) < c2.

Now, sinceH is a c-generated torsion-free nilpotent group of clasgHol <
cl(H,) < ¢, Lemmallimplies that the Hirsch length(H) of H is bounded by

c2+1_1
-1

Also, by Lemmalo, |Ig(H) : H| < o0, so thath(lg(H)) = h(H) < g.
Thereforey.(H,) is a finitely generated normal subgroup®fwith Hirsch length
h(y.(H1)) < h(lg(H)) < g and so, by Propositioi2, y.(H;) < £;,(G). In

O =g(c%c) =

particular,[Xy, ..., X, Y1, ..., Yg,] = Lforeveryy;, ..., yg, in G, so that
Vc+gl(G) =1
Finally, sincec = c(n) andg; = g;(n) depend only om, the result follows on defining
n(n) =c+g,— 1. O
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