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Abstract

A subgroupH of a finite groupG is said to be c-normal i if there exists a normal subgroiy of G
such thatG = HN with H NN < Hg = Core;(H). We are interested in studying the influence of the
c-normality of certain subgroups of prime power order on the structure of finite groups.

2000Mathematics subject classificatioprimary 20D10, 20D30.

1. Introduction

All groups in this paper will be finite. We say, following Wang [11], that a subgroup
H of G is c-normal inG if there exists a normal subgropof G such thalG = HN

with H NN < Hg, whereHg = Cores(H) = ﬂgee H¢ is the maximal normal
subgroup ofG which is contained irH.

Two subgroup$d andK of G are said to permute H K = KH. We say, following
Kegel [9], that a subgroup @ is S-quasinormal i if it permutes with every Sylow
subgroup ofG.

Let p be a prime and leP be ap-subgroup ofG, we write

Q(P) =

whereQ; (P) is the subgroup oP generated by its elements of order dividipg
Let 3 be a class of groups. We calla formation ifJ contains all homomorphic
images of a group i, and if G/M andG/N are inJ, thenG/(M N N) is in J
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for normal subgroup$, N of G. Each groupG has a smallest normal subgroup
N such thatG/N is in 3. This uniquely determined normal subgroup®fs called
the 3-residual subgroup o6 and will be denoted by®. A formation S is said to
be saturated iG/®(G) € J impliesG € J. Throughout this papest will denote
the class of supersolvable groups. Cleatlyis a formation. Since a grou@ is
supersolvable if and only iG/®(G) is supersolvabled, VI, page 713], it follows
thatil is saturated.

With every primep we associate some formatian(p) (J(p) could possibly be
empty). We say tha® is the local formation, locally defined by (p)} provided
G e Jif and only if for every primep dividing |G| and everyp-chief factorH /K of
G, Autg(H/K) € 3(p) (Autg(H/K) denotes the group of automorphisms induced
by G on H/K and it is isomorphic t&G/Cg(H/K)). Itis known (see}, IV, 4.6])
that a formation is saturated if and only if it is local.

We assume throughout thatis a formation, locally defined by the syst€®(p)}
of full and integrated formation®(p) (that is,S,J(p) = J(p) < I for all primesp,
whereS, is the formation of all finitep-groups). It is well known (se€[ 1V, 3.7])
that for any saturated formatian there is a unique integrated and full system which
locally definess.

A solvable normal subgroug of a groupG is anJ-hypercentral subgroup & (see
Huppert [7]) providedN possesses a chain of subgroups No<IN; <1--- <IN, = N
satisfying (i) every factolN;,1/N; is a chief factor ofG, and (ii) if Ni.;/N; has
order a power of the prime;, thenG/Cg(Ni11/N)) € J(pi). The product of all
3J-hypercentral subgroups & is again amy-hypercentral subgroup @&, denoted by
Z+(G) and called the&s-hypercentre of a groufs.

Ito in [8], proved that a groups of odd order is nilpotent provided that every
subgroup ofG of prime order lies in the center &. Wang [L1], proved that if all
subgroups ofs of prime order or order 4 are c-normal @, thenG is supersolvable.
Deyu and Xiuyun4l], proved the following: (i) IfK is a normal subgroup of a solvable
groupG of odd order such thab /K is supersolvable and all subgroups of(Kiy of
prime order are c-normal i@, thenG is supersolvable. (ii) IK is a normal subgroup
of a solvable grouyis such thatG/K is supersolvable and all maximal subgroups of
all Sylow subgroups of FiK) are c-normal iz, thenG is supersolvable.

The aim of this paper is to improve and extend the above mentioned resulis in [
The results of our paper are obtained by independent proofs to tho$e in [

Our notation is standard and taken mainly frosh [

2. Preliminary results

LEMMA 2.1. LetH < K < G.
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(i) If Hisc-normalinG, thenH is c-normal inK.
(i) If H is a normal subgroup of, thenK is c-normal inG if and only if K /H
is c-normal inG/H.

PROOF. See [L1, Lemma 2.1, page 956]. O

LEMMA 2.2. Let P be a normalp-subgroup ofG and letQ be ag-subgroup oG
such thatp # q. If Q is c-normal inG thenQP/P is c-normal inG/P.

PROOF See [L3, Lemma 2.4]. O

LEMMA 2.3. Let p be the smallest prime dividinf§s| and let P be a Sylowp-
subgroup ofG. If all subgroups ofP of order p or order 4 are S-quasinormal and, in
particular normal, inG, thenG is p-nilpotent.

PrROOF. See [LO, Theorem 3.2, page 290]. O

LEMMA 2.4, Let K be a normal subgroup d& such thatG/K € I, where3 is a
saturated formation. 1f2(P) < Z4(G), whereP is a Sylowp-subgroup ofK, then
G/Op(K) € 3.

PROOF. See B, Theorem, page 2]. O

LEMMA 2.5. If G is a solvable group and all subgroupskef(G) of prime order or
order4 are S-quasinormal and, in particular normal, @, thenG is supersolvable.

PrROOF. See P, Corollary 2, page 402]. O

LEMMA 2.6. If X is a saturated formation anll is an 3-hypercentral subgroup of
G, thenG/Cg(N) € 3.

PROOF. Thisisan easy consequence of aresultdue to Huppert{ske$.10]). [

LEMMA 2.7. Let I be a saturated formation containirid. Suppose thaG is
a solvable group with a normal subgrolf such thatG/K e 3. If all maximal
subgroups of all Sylow subgroups Bit(K) are S-quasinormal and, in particular
normal, inG, thenG € 3.

PrROOF. See [L, Theorem 1.4, page 3650]. O

LEMMA 2.8. Let P be a normalp-subgroup ofG. If PN ®(G) = 1, thenP is a
direct product of abelian minimal normal subgroups®f

PROOF. See p, Theorem 10.6, page 36]. O
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3. Main results

We begin with the following lemma:

LEMMA 3.1. Let p be the smallest prime dividinggs| and let P be a Sylowp-
subgroup ofG. If all subgroups ofP of order p or order4 are c-normal inG, thenG
is p-nilpotent.

PrOOF. We prove the result by induction ¢&|. If all subgroups o of orderp or
order 4 are normal i, thenG is p-nilpotent by Lemm&.3. Thus, we may assume
that there exists a subgroutp of P of order p or order 4 such thatl is not normal
in G. By hypothesisH is c-normal inG. Then there exists a normal subgroNof
G such thailG = HN with H NN < Hg, and sinceH is not normal inG, it follows
thatN < G. Clearly, P 1 N is a Sylow p-subgroup ofN. By Lemmaz2.1 (i), all
subgroups o N N of order p or order 4 are c-normal ifN. Then, by induction on
|G|, N is p-nilpotent and so also doé&. O

ReEMARK. The formationil of all supersolvable groups is locally defined by the
integrated and full systerfil(p)}, where for each prime, {i(p) is the class of all
strictly p-closed groups (se&®, Theorem 1.9 and Corollary 1.5]). (Lptbe a prime.

A group G is said to be strictlyp-closed wheneveP, a Sylow p-subgroup ofG, is
normal inG with G/ P abelian of exponent dividing — 1.)

We can now prove:

THEOREM 3.2. LetJ be a saturated formation containifgand letG be a group.
Then the following two statements are equivalent

(i) Gexs.

(ii) There exists a normal subgrokpin G such thaiG/K e J and all subgroups
of K of prime order or orde#} are c-normal inG.

ProOF (i) implies (ii): If G € 3, then (ii) is true withK = 1.

(i) implies (i): Suppose the result is false and@be a counterexample of minimal
order. By Lemma2.1 (i) and Lemma3.1, K possesses an ordered Sylow tower and
so K has a normal Sylowp-subgroupP, wherep is the largest prime dividingK |.
Clearly, P is a normalp-subgroup ofG and so(G/P)/(K/P) = G/K € J. By
LemmaZ2.2, all subgroups oK /P of prime order or order 4 are c-normal @/ P.
Then, by the minimality 06, G/P € 3. Hence, 1:# G* < P. Ifall subgroups of5*
of orderp or order 4 are normal is, thenQ (G*) < Z(G) (see the above Remark).
Sincell and3 are saturated formations with C 3, it follows thatZ (G) < Z5(G)
(see b, IV, 3.11]). HenceQR(G®) < Zi(G). Applying Lemma2.4, G € J; a
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contradiction. Thus, there exists a subgrdtimf G* of order p or order 4 such that
H is not normal inG. By hypothesisH is c-normal inG. Then there exists a normal
subgroupN of G such thatG = HN with H NN < Hg, and sinceH is not normal
in G, it follows thatN < G. Clearly,G* < N. SinceG/N is a p-group, it follows
thatG/N € {4 € 3. HenceG® < N; a final contradiction. O

Below we list some immediate corollaries of Theorér

COROLLARY 3.3 (Wang L1, Theorem 4.2, page 964])f all subgroups ofG of
prime order or order4 are c-normal inG, thenG is supersolvable.

COROLLARY 3.4. If all subgroups of a grougss of prime order are c-normal i1,
thenG is supersolvable if and only & is p-nilpotent, wherep is the smallest prime
dividing |G].

COROLLARY 3.5. If G is a solvable group and all subgroups Bit(G) of prime
order or order4 are c-normal inG, thenG is supersolvable.

PROOF. We prove the result by induction d&|. If all subgroups of FitG) of
prime order or order 4 are normal @, thenG is supersolvable by Lemna5. Thus,
we may assume that there exists a subgrblupf Fit(G) of prime order or order 4
such thatH is not normal inG. By hypothesisH is c-normal inG. Then there exists
a normal subgroupl of G such thatG = HN with HN N < Hg, and sinceH is not
normal inG, it follows thatN < G. Clearly,G = Fit(G)N and FitN) < Fit(G). By
Lemma2.1 (i), all subgroups of FitN) of prime order or order 4 are c-normal .
Then, by induction onG|, N is supersolvable. Sind8/ Fit(G) = N/(N N Fit(G))
is supersolvable, it follows by Theorednz, thatG is supersolvable. O

The following example shows that the converse of Corolf&afyis not true.

ExampLE. Let C, be a cyclic group of orden. Consider the wreath product
G = Coruwr C,. Then|G| = |C,||Ce|? and soG is supersolvable. It is easy to check
that® (G) contains a subgroud of order 3 that fails to be normal i@ and henceH
is not c-normal inG. The same example shows that the converse of Cordl&rys
not true.

We are now ready to prove:

THEOREM 3.6. Let 3 be a saturated formation containifgand letG be a group.
Then the following two statements are equivalent

() Gex.
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(i) There exists a normal solvable subgrokipn G such thatG/K € ¥ and all
subgroups oFit(K) of prime order or orde#t are c-normal inG.

ProOF (i) implies (ii): If G € 3, then (ii) is true withK = 1.

(i) implies (i): Suppose the result is false and Btbe a counterexample of
minimal order. By Lemm&.1(i) and Corollary3.5, K is supersolvable. Then b{2,
Theorem 1.8, page 6K possesses an ordered Sylow tower andKsbas a normal
Sylow p-subgroupP, where p is the largest prime dividingK|. Clearly, P is a
normal p-subgroup ofG. If all subgroups of of orderp or order 4 are normal i,
thenQ (P) < Zy(G). Sinceil andS are saturated formations with C 3, it follows
that Zy(G) < Z5(G) (see b, IV, 3.11]). HenceQ(P) < Z5(G). By LemmaZ2.6,
G/Cs(2(P)) € I and sinceG/K € 3, it follows thatG/Cy (2(P)) € 3. LetV
be a Sylowp-subgroup ofC (2 (P)). Clearly,Q (V) < Q(P) < Z5(G). Then by
Lemma2.4, G/ Oy (Ck (2(P))) € I and sinceD, (Ck (2(P))) < Oy (K), it follows
thatG/Oy(K) € 3. Then

(G/P)/(Op(K)P/P) = G/Op(K)P = (G/Op(K))/(Op(K)P/Op(K)) € I

PutFit Oy (K)P/P) = L/P. Clearly,L = P(LNO,(K))andsd_/P = LNO, (K)
is nilpotent. SinceP andL N Oy (K) are normal nilpotent subgroups Kf, it follows
thatL = P(L N Oy (K)) is a normal nilpotent subgroup &f. ThenL < Fit(K)
and so FitO,(K)P/P) = Fit(K)/P. Hence, by Lemma&.2, all subgroups of
Fit(Op (K)P/P) of prime order or order 4 are c-normal @/ P. By the minimality
of G, G/P € 3. Then by Theoren3.2, G € J; a contradiction. Thus, there exists a
subgroupH of P of orderp or order 4 such thatl is not normal inG. By hypothesis,
H is c-normal inG. Then there exists a normal subgroNmf G such thatG = HN
with H N N < Hg and sinceH is not normal inG, it follows thatN < G. Clearly,
G=PN=KNandsdG/K = N/(NNK) € J. SinceN N K is a normal subgroup
of K, it follows that FitN N K) < Fit(K). Hence, by Lemma.1 (i), all subgroups
of Fit(N N K) of prime order or order 4 are c-normal k. By the minimality ofG,
N € 3. SinceG/P = N/(N N P) € 3, it follows by Theorem3.2, thatG € J; a
final contradiction. O

Finally we prove the following result:

THEOREM3.7. Let3 be a saturated formation containitgand letG be a solvable
group. Then the following two statements are equivalent

(i) Gex.

(i) There exists a normal subgroup in G such thatG/K € J and all maximal
subgroups of all Sylow subgroupskif(K) are c-normal inG.
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PrOOF (i) implies (ii): If G € 3, then (ii) is true withK = 1.

(i) implies (i): Suppose the result is false and®be a counterexample of minimal
order. We separate the proof into two cases:

Case 1. KN®(G) # 1. Thenthere exists a primgesuch thatp divides| K N® (G)|.
Let P be a Sylowp-subgroup oKN®(G). Clearly,P isanormalp-subgroup of5 and
so(G/P)/(K/P) = G/K € 3. By [6, Satz 3.5, page 270], kK /P) = Fit(K)/P.
Then by Lemma&.1(ii) and Lemma2.2, all maximal subgroups of all Sylow subgroups
of Fit(K/P) are c-normal inG/P. By the minimality ofG, G/P € J. Since
P < ®(G) andS is a saturated formation, it follows th@t € J; a contradiction.

Case2KN®(G) = 1. Ifall maximal subgroups of all Sylow subgroups of(Kif
are normal inG, thenG € J by Lemma2.7, a contradiction. Thus, there exists a
maximal subgroupP; of a Sylow p-subgroupP of Fit (K), for some primep, such
that P; is not normal inG. By hypothesisP; is c-normal inG. Then there exists a
normal subgrougd of G such thatG = P;H with P,N H < (Py)g, and sinceP; is
not normal inG, it follows thatH < G. Let M be a maximal subgroup & such
thatH < M < G. ThenM is a normal subgroup d& asG/H is a p-group and so
G = PLM = PM. SinceP N ®(G) = K N ®(G) = 1, it follows by Lemma2.8,
thatP = Ry x Ry x - -- x R,, whereR is a minimal normal subgroup @, for every
1<i<n. ThenR ﬁ M, for somei. Hence,G = RM andR N M = 1. Clearly,
(G/R)/(K/R)=G/K € 3. PutFitK/R) = L/R. SinceR <L < RM =G,
it follows thatL = R(L N M) and soL/R = L N M is nilpotent. SinceR and
L N M are normal nilpotent subgroups@f it follows thatL = R, (LN M) is a normal
nilpotent subgroup os. ThenL = Fit(K) and so FitK/R) = Fit(K)/R. Hence,
by Lemmaz2.1 (ii) and Lemma2.2, all maximal subgroups of all Sylow subgroups
of Fit(K/R) are c-normal inG/R,. By the minimality of G, G/R € 3. Since
G/M Z R e il C g, itfollows thatG = G/(R NM) € 3; afinal contradiction. [

REMARKS. (i) Our results are not true for saturated formations which do not
containil. For example, ify is the saturated formation of all nilpotent groups, then
the symmetric group of degree three is a counterexample.

(ii) Our results are not true for non-saturated formations. 3.be the formation
composed of all group& such thatG*, the supersolvable residual, is elementary
abelian. Clearly{l C J butJ is not saturated. P@ = SL(2, 3) andK = Z(G).
ThenG/K is isomorphic to the alternating group of degree four an@ gl < J, but
G does not belong t&.

(i) Theorem3.2is not true in general if we replace the condition ‘prime order
or order 4’ by ‘prime order’, as the following example shows. The class R 4
of groups whose derived subgroup is nilpotent is a saturated formation containing
the classit of supersolvable groups (se& [VI, 9.1 (b)]). Consider the grou® =
GL(2,3). This group has a normal subgrolp isomorphic to to the quaternion
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group of order 8 such th& /K is isomorphic to the symmetric group of degree 3.
Therefore we have th&/K = J. Notice that the unique subgroup Kfwith prime
order isZ(K) and this is not only @-normal subgroup o6. But the derived group
G’ = SL(2, 3) is not nilpotent, and the® ¢ J. SinceK is a nilpotent group, the
same example shows Theor8&rfis not true in general if we require that all subgroups
of Fit(K) of prime order are-normal inG.

(iv) Theorems3.6 and 3.7 are not true if we omit the condition of solvability.
PutG = H x K, whereH € $landK = SL(2,5). Then|Fit(K)| = 2 and
G/K Z H € 4, butG does not belong tél.
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