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Abstract

In this paper, we show some results involving classical geometric concepts. For example, we characterize
rotundity and Efimov-Stechkin property by mean of faces of the unit ball. Also, we prove that every almost
locally uniformly rotund Banach space is locally uniformly rotund if its norm isdhet differentiable.
Finally, we also provide some theorems in which we characterize the (strongly) exposed points of the
unit ball using renormings.

2000Mathematics subject classificatioprimary 46B20.

1. Introduction

For a subse€ of a bounded closed convex substbf aT, topological vector space
X, it is well known thatC is

(i) afaceof H ifitis closed convex and for every, y € H and everyx € (0, 1)
such thatxx + (1 — «)y € C, thenx, y € C;

(ii) anexposed facef H if there existsf in X* suchthaC = {x e H : f(X) =
sup(f (H))};

(iii) a strongly exposed faaaf H if there existsf in X* satisfyingC = {x € H :
f(xX) = sup f (H))} and for every open subdgtof H with C C U, there exist$ > 0
such that sl¢H, f, §) € U (where sl¢H, f,§) ={h e H : f(h) > sup(f(H)) — 8}
is the slice ofH determined byf andé).

If cis an element ofH, thenc s

(i) anextreme poinfEXT) of H if {c} is a face ofH;
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(i) anexposed pointEXP) of H if {c} is an exposed face df;
(iii) a strongly exposed poifBEXP) ofH if {c} is a strongly exposed face éf.
It is not difficult to check that is

(i) an EXT ofH if and only if H\{c} is convex;
(i) an EXP of H if and only if there existsf in X* satisfying f (y) < f(c) for
everyy € H\{c};
(iiiy an SEXP ofH if and only if there existsf in X* such that for every sequence
(Yn)nen In H with (f (Yn))nen cOnvergent to sugH), (Ya)nen CONverges te.

It is well known (see 2, 3, 4]) that a pointx of the unit sphere of a Banach
spaceX is

() arotund point(R) of By if everyy in Sy, such that|(x + y)/2|| = 1, satisfies
X=Y,

(i) a midpoint locally uniformly rotund poinfMLUR) of By if for every pair of
sequencesXp)nen and (Yn)nen iN Sy such that((X, + Yn)/2)nen CONVerges tx, both
(Xn)nen @Nd(Yn)nen CONVerge tox;

(i) an SEXP ofBy if it is an SEXP ofBy for the vector topology given by the
norm of X;

(iv) analmost locally uniformly rotund poinfALUR) of By if for every pair of
sequencediy)nen IN Sx and( f)men iN Sx- such that ling, (lim, (f (X, +X)/2))) = 1,
(Xn)nen CONVerges to;

(v) alocally uniformly rotund poinfLUR) of By if every sequencéy,)nen in Sx
such that(]| (X + Yn)/2|)nen CONVerges to 1, convergesxo

Here we have the following diagram of implications:

R = EXP = EXT

f Ll 1)
LUR = ALUR = SEXP = MLUR.

It is said that a Banach space is respectively R, MLUR, SEXP, ALUR or LUR if
every point of its unit sphere is an R, MLUR, SEXP, ALUR or LUR point of its unit
ball.

It is well known (see’, Chapter 5.3]) that a point of the unit sphere of a Banach
spaceX is

(i) asmooth poinof By if every sequencéf,) ey in Sx- such that( f,(X))nen
converges to 1, verifies théaf,)nen IS w*-convergent;

(i) a strongly smooth poinbf By if every sequencé f,)nen in Sx- such that
(fa(X))nen coONverges to 1, verifies théaf,)nen is convergent.

It can be checked that
(i) xis asmooth point 0By if and only if the norm ofX is Gateaux differentiable
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atx;
(i) x is a strongly smooth point Ay if and only if the norm ofX is Fréchet
differentiable aix.

It is said that a Banach space &rongly) smoothif every point of its unit sphere
is a (strongly) smooth point of its unit ball.

2. Rotundity and smoothness

REMARK 2.1. Let X be a Banach space. We say that

(i) Xisstrongly rotundf for every sequenceéx,)nen in Sx and for everyf in Sy.
such that( f (x,))nen CONVerges to 16X, )nen iS convergent (seé| pages 467-472));
(i) X has theEfimov-Stechkin property for every sequencéX,)nen in Sx and
for every f in Sy. such that(f (x,))neny CONverges to 1(X,)nen has a convergent
subsequence (seg, [pages 478—-479));
(iii) X is almost-rotundf all closed convex subsets 8f are compact]].

Ivan Singer proved in 1964 (se€]] the following:

(&) A Banach space is strongly rotund if and only if it has the Efimov-Stechkin
property and is rotund.

(b) A Banach space has the Efimov-Stechkin property if and only if it is reflexive
and has the Radon-Riesz property.

THEOREM 2.2. Let X be a Banach space. The following assertions are equiva-
lent

(i) X has the Efimov-Stechkin property.
(i) X is reflexive, almost-rotund and every exposed faceBpfis a strongly
exposed face @y.

PrROOF Assume that (i) holds. Itis easy to see ti&s reflexive and almost-rotund.
Let C be an exposed face B. Let f € Sy. be suchtha€ = f~1({1}) NBy. LetU
be an open subset Bk such thaC € U. Suppose that there does not egist 0 such
that slgBy, f, §) € U. Then, for everyn € N, there exists, € slc(By, f, 1/n)\U.

It is clear that the sequendd (X,))nen CONverges to 1. Thereforéx,)nen has a
convergent subsequence to some element.ofHowever, the last assertion is in
contradiction with the fact that, ¢ U for everyn € N.

Assume that (ii) holds. Ley € Sx- and let(x,)nen be @ sequence I8y such
that (g(X,))nen CONverges to 1. Sincg 1({1}) N Bx is an exposed face @&y, there
exists a functionalf in Sy. that characterizes it as a strongly exposed facBof
Check that( f (x,))neny CONverges to 1. SincK is reflexive, we can suppose, without
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loss of generality, thatx, ).y @w-converges to some elementgn({1}) N Bx. Since
g7 1({1}) NBx = f~1({1}) N Bk, we deduce thatf (X,))nen CONverges to 1. Now we
will make a subsequence,, )xcn Of (Xn)nen SUch that

dist({x,, : k € N}, f *({1}) N Bx) = 0.

For everyk € N, let U, be an open subset 8 such thatf ~({1}) N Bx C Ui and
dist({u}, f~1({1}) NBx) < 1/kfor everyu € U,. For evenk € N, let§, be a positive
real number such that §By, f, §x) € Ui. Forevenk € N, letn, be a natural number
such thah, > n,_; andx,, € slc(Bx, f, 8x). The compacity off ~*({1}) N By allows
us to deduce the result. O

COROLLARY 2.3. Let X be a Banach space. The following assertions are equiva-
lent

(i) Xis strongly rotund.
(i) Xis reflexive and strongly exposed.

THEOREM2.4. Let X be a Banach space and Iete Sx. The following assertions
are equivalent

(i) xis arotund point oBy.
(i) Foreveryy € Sx\{x}, lime o ((IX +tyll — [x])/t) < L.

PROOF Assume that (i) holds. Let € Sy\{x}. Then|(x + vy)/2|| < 1, therefore

X + 1yl — lIxII

< 1.
1

Since the mapping

R\{0} — R
t— (IIx+tyll — lIx]l)/t
is increasing, we deduce that (ii) holds.

Assume that (ii) holds. Let € Sy be suchthaf(x+y)/2|| = 1. Take a functional
f € Sy. such thatx, y} € f~1({1}) N Bx. For everyt > 0, we have

fx+ty) = f00 _ IX+tyll =[xl
t - t ’
Therefore, if we suppose thgit£ X, then
1< lim <||X+tyll - IIXII> 1

t—0t+ t

1=1f(y=

which is a contradiction. O
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THEOREM 2.5. Let X be a Banach space. The following assertions are equiva-
lent

(i) Xisrotund.
(i) If Cis aclosed convex subset®f such thaBy\C is convex, thel is a face
of Bx.

PROOF It is clear that (i) implies (ii). Assume that (ii) holds anxdis not rotund.
There exists a proper fac® of Bx with diam(D) > 0. Let f € Sx. be such
that f (D) N (0,00) # @ and f (D) N (—o0,0) # @. Consider the se€ = D N
f~1([0, 00)). Itis clear thalC is closed and convex.

We check thaC is not a face oBy. Fix cin C andd in D with f(c) > 0 and
f(d) < 0. Since

lim (ﬁ(—f(d))> =0,

t—1- t
there exists € (0, 1) such that((1 —t)/t)(— f(d)) < f(c). We deduce thaf (tc +
(1—-1t)d) > 0. ThereforeC is not a face oBy.

Next we check thaBy\C is convex. Letx andy be inBx\C. Suppose that there
existst € (0, 1) such thatx + (1 —t)yisin C. SinceD is a face oByx, we deduce
thatx andy are both inD. Sincex andy are not inC, we obtain thatf (x) < 0
and f(y) < 0. Therefore,f (tx + (1 —t)y) < 0, a contradiction with the fact that
tx+ (L—t)yisinC. O

LEMMA 2.6. Let X be a Banach space. Lét,)nen and(Yn)nen be sequences By
such that(|| (X, + yn)/2||)neN converges tdl. For everyn € N, let A, be in[0, 1].
Then the sequend@AnX, + (1 — An)Yn ||)neN is convergent td.

PrROOF. We assume, without loss of generality, tliat) <y is convergent to some
A in [0, 1]. It will be enough to prove that the sequer{¢i@ex, + (1 — M)yall),_, is
convergent to 1. Assume thatis in [0, 1/2]. If A isin [1/2, 1], then we can reason
similarly. For everyn € N, setz] = Ax, + (1 — A)y,. Then

Xy + Yn :‘}XH}( 1 oo 2 X)‘:Hl—zxx 1
2 2 2\ 127 1" 2—2." 22—
YR S P R S T
- 2-2A 22 M T 2—2n 22—

1-—2x 1

=1

<
T 2-2 + 2—2\
Therefore, the sequence

=20, 1 x4
2—20  2-2 )
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converges to 1. So, the sequerifte’||) ey CcONverges to 1. O

THEOREM2.7. Let X be a Banach space and Iete Sx. The following assertions
are equivalent

() xis alocally uniformly rotund point oBy.

(i) If (Conen is a sequence of convex subsetsBgf such that the sequence
(dist({0}, C,))nen cONnverges td, andx is a diametral point ofC,, for everyn € N,
then the sequenaéiam(C,)))ncn CONverges td.

PROOF. Assume that (i) holds. L&iC,)..n be a sequence of convex subset8 of
such that the sequenc¢eist({0}, C,,))nen CONverges to 1 and, for everye N, x is a
diametral point ofC,,. Since, for everyn € N, diam(C,,) = sup({||x — c|| : ¢ € C,,}),
there existg/, € C,, such that diarC,) < || X — y»ll + 1/n. Since(X + vy,)/2isinC,,
we deduce that

dist({0}, Cy) =<

X+ Yn
2

Sincex is a locally uniformly rotund point 0By, we obtain that(diam(C,,))nen
converges to 0.

Assume that (i) holds. Lety,)nn be a sequence i8x such that the sequence
(JI(X+Y¥n)/2]nen cONvergesto 1. Forevenye N, letC, be the segment of extremgs
andx. Itis clear thak is a diametral point of,. In addition, according to Lemniaé,
it is not difficult to see thatdist({0}, C,))nen CONverges to 1. Therefore, the sequence
(diam(C))nen coONnverges to 0. In consequencg,)nen CONverges tx. 1

REMARK 2.8.1tis known that a Banach space is uniformly rotund (Se@éges 441—
459)) if and only if for every pair of sequencés,)nen and (Ynnen IN Sy such that
(1% + Yn)/2lDnen cONverges to 1(X, — Yn)nen CONverges to 0. It is also well
known (see %, page 460]) that every uniformly rotund Banach space is a locally
uniformly rotund Banach space. Moreover, this implication is not an equivalence (see
[5, pages 462—-463]).

A little modification of proof of Theoren®.7 yields the equivalence of these
assertions for a Banach spaxe

(@) X is uniformly rotund.
(b) If (Conen is a sequence of convex subsetsByf such that the sequence
(dist({0}, C)))nen CONverges to 1, then the sequeridem(C,,)) .y converges to 0.

REMARK 2.9. Recently, Bandyopadhyay and Li8][proved the following equiva-
lences for a poink of the unit sphere of a Banach spaxe
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(i) xis a rotund point oBy if and only if it is an exposed point &y for each
f € Sx- such thatf (x) = 1.

(i) xisanalmost locally uniformly rotund point &f if and only if it is a strongly
exposed point oBy for eachf € Sy. such thatf (x) = 1.

According to these results, it is clear that

(i) if x is an exposed point and a smooth poinBgf, then it is a rotund point
of By;

(i) if x is a strongly exposed point and a smooth poinBgf then it is an almost
locally uniformly rotund point oBy.

THEOREMZ2.10. Let X be a Banach space and bete Sy. If x is a strongly exposed
point of Bx and a strongly smooth point &y, then it is a locally uniformly rotund
point of By.

PROOF. Let (Yn)nen be a sequence i8x such that(||(X + Yn)/2])nen CONVErges
to 1. Take the functionaf in Sx. that characterizes as a strongly exposed point of
Bx. For everyn € N, let f,, in Sx. be such that

f (XY _ Xt
" 2 - 2

Since (f,((X + Y¥n)/2)nen CONverges to 1, we assume, without loss of generality,
that the sequencedd, (yn))nen and(f,(X))nen are both convergent to 1. Singds a
strongly smooth point d8y, we deduce thatf,),.y converges td . For everyn € N,

we have that

11— f(y)l < 11— faly)l + [ fa(yn) + Ty < 11— foly) |l + I fa — TI.

Therefore,( f (y,))nen CONverges to 1. Sinceis a strongly exposed point &y, we
deduce that the sequen@g)..n CcOnverges tx. O

COROLLARY 2.11. Let X be a Banach space. Theéfis locally uniformly rotund if
it is almost locally uniformly rotund and its norm is &het differentiable 5.

3. Renormings

REMARK 3.1. Let X be a Banach space. Ldtbe a norm-attaining functional
of Sx.. The mapping| - |lo : X — R, defined for every in X by the formula

1
@ IYllo = \/—E\/Ilyllurlf()/)l2

is an equivalent norm oiX such that (wheré&X, denotes the spacé with the norm

I Tlo)
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(i) Bx € By, C V2B
(ll) SXO NSy = Cu —C, whereC = f_l({l}) N By;
i) fisinSy.

THEOREM 3.2. Let X be a Banach space. L& be a nonempty subset 8%. The
following statements are equivalent

(i) Cis an exposed face 8.

(i) There exists an equivalent norjmn ||o on X such thatBx < By, < /2By,
Sx, N Sx = CU—C, andC is a maximal face oByx,, whereX, denotes the spacé
with the norm|| - ||o.

PROOF It is an easy exercise to see that (ii) implies (i). Assume that (i) holds. Let

f € Sx- be the functional that characteriz€sas an exposed face 8f. Consider

the equivalent norm orX given by (). We know thatBxy < By, < /2By and

Sx, N Sx = CU —C. We see thaC is a maximal face oBy,. Let D be a face 0By,

such thatC ¢ D and consider an elemedtin D\C. Since|/d||, = 1, we have that
Id||? + | f (d)|? = 2, thereforg|d| + | f (d)| < 2. Since||d|| > 1 (becausel is not in

C U —C), we deduce thatf (d)| < 1. Therefore||d|| + | f(d)| < 2. Letc be inC.

Let us see that(c 4+ d)/2||o < 1, which is a contradiction. We have that

c+d _i\/ c+d 2+’f(c+d>2
2 o V2 2
c+d|Z+ |1+ f(d)?
Zf\/ll IZ+11+ ()
cll2+ ||d||2+ 2|icli|id]| + 1+ | f(d)|2+ 2| f(d
2\/—\/” 12+ lldli [eiidil | T ()] | T(d)]
=—/44+2(d|| +|f@)]) ==v/2+|d|+|fd 1
zﬁ‘/ rdif 41D 2\/ il + [T ()] <
So the proof is concluded. O

COROLLARY 3.3. Let X be a Banach space and Igte Sx. The following state-
ments are equivalent

(i) xis an exposed point &Y.

(i) There exists an equivalent norjmn ||o on X such thatBx < By, < /2By,
Sx, N Sx = {X, —x}, andx is a rotund point oBy,, whereX, denotes the spack
with the norm|| - ||o.

THEOREM3.4. Let X be a Banach space and bete Sy. The following statements
are equivalent
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(i) xis a strongly exposed point 8f.

(i) There exists an equivalent norjmn ||o on X such thatBx < By, < /2By,
Sx, N Sx = {X, —x}, andx is a locally uniformly rotund point oByx,, where X,
denotes the space with the norm|| - ||o.

PROOF. It is an easy exercise to see that (ii) implies (i). Assume that (i) holds.
Let f € Sx. be the functional that characterizess a strongly exposed point Bf;.
Consider the equivalent norm ot given by (1). We know thaiBx € Bx, C +/2Bx
andSy, N Sx = {X, —x}. We show thak is a locally uniformly rotund point oBy,.

Let (xn)nen be @ sequence By, such that the sequence

(=71

converges to 1. We assume, without loss of generality, that thereceaistl 3 in R
such that(|| X, | )nen converges tae and( f (X,))nen CONVerges t@. For everyn € N,
since||Xllo = 1, we have thalix,||? + | f (x,)|> = 2 and||X,|| + | f (X,)| < 2. On the
other hand, for everg € N, we have

Xn + X
2

2

Xn+X| 1 Xy + X 2+ ¢ X, + X
2 O_ﬂ 2 2
1
= —VIIXn + X2+ | f (%) + 12
2ﬁ\/n 12+ [ f %) + 1
1
< ——I%allZ 4+ 1X112 4 2|1%a lHIXI 4+ 2+ | £ (X)) |2+ 2] f (X,
2J§\/|| 1=+ 11Xl %l 1] [T (Xn)] T (Xn)l
1 1
= ——VA4+2(IX: |l F | T X)) = =2+ 1%l + | F(X)] < 1.
2&‘/ Xl + 1T )] 2\/ [Xall + | f (%)
Therefore,

1
1< 5\/2+a+|,3| <1

We deduce that = |B] = 1. Suppose thag = —1. Then((— f)(X,))nen CONVErges
to 1, thereforeX,)nen || - [I-cOnverges te-x. Then, for everyn € N, we have

X0 4+ Xllo = v/ 1% + X[12+ | (X, + X) 2.

Therefore(||x, + X|lo)nen CONverges to 0. We have a contradiction, becalieg, +
X)/2|lo)nen CONvVerges to 1. We deduce that= g = 1. Then,(f (X,))nen CONVErges
to 1, thereforgXx,)nen || - ||-cOnverges tx. Then, for everyn € N, we have

X2 — Xllo = v/ 1% — XII2 4+ | f (X2 — X)|2.

Therefore,(X,)nen || - [lo-CONvVerges t. O
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