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Abstract

In this paper we investigate the boundedness on Hardy spaces for the higher order commutatorT −
b;m

generated by theBMO functionb and fractional integral type operatorT − , and establish the boundedness
theorems forT −

b;m from H p1;q1;s
b;m to L p2 and toH p2 .0 < p1 ≤ 1/, and fromH K̇ Þ;p1;s

q1;b;m
to K̇ Þ;p2

q2
and to

H K̇ Þ;p2
q2

, respectively, for certain ranges ofÞ, p1, q1, p2, q2 ands.
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1. Introduction

Let T be a linear operator andb a BMO function. The higher order commutator
operators are defined as

Tb;m f .x/ = T..b.·/− b.x//m f .·//.x/; m = 0; 1; 2; : : : :

Obviously,Tb;0 = T , Tb;1 = [b; T] which is the commutator in [6], and

Tb;m = [b; Tb;m−1]; m = 1; 2; : : : :

Coifman, Rochberg and Weiss [6] stated that ifT is a Caldeŕon-Zygmund singular
integral operator, thenTb;1 = [b; T] is bounded onL p.Rn/ for 1< p < ∞. Chanillo
[4] extended this result to the fractional integral. Subsequently, many authors have
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studied theL p−boundedness of the commutatorTb;1 = [b; T] (see, for example,
[3, 22, 2, 10]) and the higher order commutatorsTb;m, m = 0; 1; : : : , (see [23, 15,
12, 8]). The case 0< p ≤ 1 was also considered by many authors. WhenT
is a Caldeŕon-Zygmund singular integral operator, Perez [21], Pluszynski [20] and
Alvarez [1] showed that[b; T] does not mapH p.Rn/ into L p.Rn/. However, Perez
[21] proved thatTb;m maps the modified spacesH1;∞;0

b;m .Rn/ to L1.Rn/, Alvarez [1]
obtained that[b; T] mapsH p;∞;0

b;1 .Rn/ to L p.Rn/, and Long and Wang [15] proved
that Tb;m mapsH p;q;s

b;m .Rn/ to L p.Rn/ and toH p.Rn/. In this paper, we will extend
these results to the higher order commutatorsT −

b;m of fractional integral type operators
T − and consider their boundedness fromH p1;q1;s

b;m .Rn/ to L p2.Rn/ and toH p2.Rn/ for
0< p1 ≤ 1.

On the other hand, Herz type Hardy spaces were recently studied by many authors
(see [5, 9, 17, 19, 11, 12, 18, 16]). The boundedness of some operators on Herz spaces
and Herz type Hardy spaces can be found in [17, 19, 11, 12, 16, 15, 14]. If T is a
standard Calderón-Zygmund operator,[b; T] is bounded on Herz spacėK Þ;p

q .Rn/ (or
K Þ;p

q .Rn/) for −n=q ≤ Þ < n.1− 1=q/, but not forÞ ≥ n.1− 1=q/ (see [11, 19]). It
is not bounded even fromH K̇ Þ;p;0

q .Rn/ (or H K Þ;p;0
q .Rn/) into K̇ Þ;p

q .Rn/ (or K Þ;p
q .Rn/)

for Þ ≥ n.1−1=q/. However,[b; T] is bounded fromH K̇ Þ;p;0
q;b .Rn/ (or H K Þ;p;0

q;b .Rn/)
into K̇ Þ;p

q .Rn/ (or K Þ;p
q .Rn/) for n.1− 1=q/ ≤ Þ < n.1− 1=q/+  (see [19]), just as

the cases involving the standard Hardy spaceH1.Rn/ and the Lebesgue spaceL1.Rn/.
Long and Wang [15] obtained the boundedness of the higher order commutators
Tb;m of the Caldeŕon-Zygmund singular integral operatorsT from H K̇ Þ;p;s

q;b;m.R
n/ (or

H K Þ;p;s
q;b;m.R

n/) into K̇ Þ;p
q .Rn/ (or K Þ;p

q .Rn/), and fromH K̇ Þ;p;s
q;b;m.R

n/ (or H K Þ;p;s
q;b;m.R

n/)
into H K̇ Þ;p

q .Rn/ (or H K Þ;p
q .Rn/) for some ranges ofp;q; s andÞ: The boundedness

of higher order commutators of fractional integrals on Herz spaces was obtained for a
range ofÞ in [12]. Here, we will also investigate the boundedness for the higher order
commutatorsT −

b;m of the fractional integral type operatorsT − from the Herz type Hardy
spacesH K̇ Þ;p1;s

q1;b;m.R
n/ (or H K Þ;p1;s

q1;b;m.R
n/) to Herz spaceṡK Þ;p2

q2
.Rn/ (or K Þ;p2

q2
.Rn/) and

from H K̇ Þ;p1;s
q1;b;m.R

n/ (or H K Þ;p1;s
q1;b;m.R

n/) to H K̇ Þ;p2
q2
.Rn/ (or H K Þ;p2

q2
.Rn/) for certain

ranges ofÞ; p1;q1; p2;q2 ands.
Let us introduce some definitions below.

DEFINITION 1. Let 0 ≤ − < n, 0 <  ≤ 1, s ∈ N ∪ {0}, 1 < q1 ≤ q2 < ∞
be such that 1=q1 − 1=q2 = −=n. T − is said to be a.q1; − ; s;  /-fractional integral
type operator ifT − is a bounded singular integral operator fromLq1.Rn/ into Lq2.Rn/

with kernel K .x; y/, which isC∞ away from the origin and satisfies the following
conditions:

(i) T − f .x/ = ∫
Rn K .x; y/ f .y/ dy, if x 6= y;

(ii)

∣∣∣∣@� K .x; y/

@y�
− @� K .x; y′/

@y�

∣∣∣∣ ≤ C�

|y − y′|
|x − y|n−−+s+ , if |x− y| ≥ 2|y− y′|, where
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� = .�1; : : : ; �n/ is any multi-index ands = |� | = �1 + · · · + �n.

Denote by[r ] the integer part of the real numberr . For þ = .þ1; : : : ; þn/ ∈
.N ∪ {0}/n, xþ = xþ1

1 · · · xþn
n and|þ| = þ1 + · · · + þn. Let

‖ f ‖Lq.Rn/ =
(∫

Rn

| f .x/|q dx

)1=q

:

Denote byT∗ the conjugate operator ofT .

DEFINITION 2. Let 0 < p ≤ 1 ≤ q ≤ ∞, p < q; [n.1=p − 1/] ≤ s < ∞. A
function a.x/ is said to be a.p;q; s; b/-atom of orderm if there exists a ballB for
which

(i) suppa ⊆ B = B.x0; r / = {x : |x − x0| < r };
(ii) ‖a‖Lq.Rn/ ≤ |B|1=q−1=p;
(iii)

∫
Rn a.x/bi .x/xþdx = 0; |þ| ≤ s, i = 0; 1; : : : ;m.

DEFINITION 3. Let 0 < p ≤ 1 ≤ q ≤ ∞, p < q, [n.1=p − 1/] ≤ s < ∞.
We define f ∈ H p;q;s

b;m .Rn/ if and only if f .x/ = ∑
k∈N ½kak.x/, where eachak is a

.p;q; s; b/-atom of orderm,
∑

k∈N |½k|p < +∞, and‖ f ‖H p;q;s
b;m .Rn/ ∼ (∑

k∈N |½k|p
)

1=p.

Obviously, H1;∞;0
b;m .Rn/ are the spacesH1

b;m.R
n/ which were introduced by Perez

in [21]. By the atomic decomposition theory of Coifman and Weiss [7, 13, 25], if
0 < p ≤ 1 ≤ q ≤ ∞; p < q and [n.1=p − 1/] ≤ s < ∞; it is easy to see that
H p;q;s

b;0 .Rn/ = H p.Rn/; the classical Hardy spaces.

THEOREM1.1. Let 0< p1 ≤ 1, 1=p2 = 1=p1−−=n, 0<  ≤ 1, s> [n.1=p1−1/],
1 < q1 ≤ ∞, and letT − be a .q1; − ; s;  /-fractional integral type operator(as in
Definition1) andb ∈ BMO. If n=.n − − + s +  / < p2 < +∞ and0 ≤ − < n, then
T −

b;m mapsH p1;q1;s
b;m .Rn/ into L p2.Rn/.

REMARK 1. Theorem1.1 is equivalent to [21, Theorem 1.9] when− = 0, p1 =
p2 = 1, s = 0, q1 = ∞; and to [1, Theorem 1.5] when− = 0, m = 1, s = 0.

THEOREM1.2. Let 0< p1 ≤ 1, 1=p2 = 1=p1−−=n, 0<  ≤ 1, s> [n.1=p1−1/],
1 < q1 ≤ ∞, and let T − be a .q1; − ; s;  /- fractional integral type operator and
b ∈ BMO. Assume that.T − /∗.gi;þ/ = C (a constant), gi;þ.x/ = bi .x/xþ , |þ| ≤ s, i =
0; 1; : : : ;m. If n=.n−−+s+ / < p2 ≤ 1and0 ≤ − <  , thenT −

b;mmaps Hp1;q1;s
b;m .Rn/

into H p2.Rn/.

Let Bk = {x ∈ Rn : |x| ≤ 2k}, Ck = Bk \ Bk−1, and�k = �Ck for k ∈ Z, where�Ck

is the characteristic function of setCk.
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DEFINITION 4. Let 0< Þ < ∞, 0 < p < ∞, 1 ≤ q < ∞. The Herz spaces are
defined by

(a) K̇ Þ;p
q .Rn/ = { f ∈ Lq

loc.R
n \ {0}/ : ‖ f ‖K̇ Þ;p

q .Rn/ < +∞} (homogeneous space),
where

‖ f ‖K̇ Þ;p
q .Rn/ =

(∑
k∈Z

|Bk|Þp=n‖ f �k‖p
Lq.Rn/

)1=p

;

(b) K Þ;p
q .Rn/ = Lq.Rn/ ∩ K̇ Þ;p

q .Rn/ (non-homogeneous space), and‖ f ‖K Þ;p
q .Rn/ =

‖ f ‖Lq.Rn/ + ‖ f ‖K̇ Þ;p
q .Rn/:

Obviously,K̇ 0;p
p .Rn/ = L p.Rn/ = K 0;p

p .Rn/ for all 0< p ≤ ∞.

DEFINITION 5. Let −∞ < Þ < ∞, 0 < p < ∞, 1 ≤ q < ∞ ands ∈ N ∪ {0}.
A function a.x/ is said to be anmth order centralH K̇ − .Þ;q; ; b/s-atom if a.x/
satisfies

(i) suppa ⊆ B.0; r / = {x ∈ Rn : |x| < r; r > 0};
(ii) ‖a‖Lq.Rn/ ≤ |B.0; r /|−Þ=n;
(iii)

∫
Rn a.x/bi .x/xþ dx = 0, |þ| ≤ s, i = 0; 1; : : : ;m.

A function a.x/ is said to be anmth order centralH K − .Þ;q; ; b/s-atom if a.x/
satisfies (ii), (iii) and

(i′) suppa ⊆ B.0; r / = {x ∈ Rn : |x| < r; r > 1}.

DEFINITION 6. Let 0< p < ∞, 1< q < ∞, n.1−1=q/ ≤ Þ < ∞ ands ∈ N∪{0}.
We define f ∈ H K̇ Þ;p;s

q;b;m.R
n/ (or H K Þ;p;s

q;b;m.R
n/) if and only if f .x/ = ∑

k∈Z ½kak.x/(
or f .x/ = ∑

k≥0 ½kak.x/
)
, where eachak is anm order centralH K̇ − (or H K−)

.Þ;q; ; b/s-atom with the supportBk,
∑

k∈Z |½k|p < +∞ (
or
∑

k≥0 |½k|p < +∞)
, and

‖ f ‖H K̇ Þ;p;s
q;b;m.R

n/ ∼
(∑

k∈Z
|½k|p

)1=p

or ‖ f ‖H K Þ;p;s

q;b;m.R
n/ ∼

(∑
k≥0

|½k|p

)1=p

 :

If 0 < p < ∞, 1 < q < ∞, n.1 − 1=q/ ≤ Þ < ∞ ands ≥ [Þ − n.1 − 1=q/],
it is easy to see thatH K̇ Þ;p;s

q;b;0 .R
n/ = H K̇ Þ;p

q .Rn/; H K Þ;p;s
q;b;0 .R

n/ = H K Þ;p
q .Rn/ (see

[17, 11] or [19, 18]). For 0 < p < ∞; H K̇ 0;p
p .Rn/ = H K 0;p

p .Rn/ which are the
usual Hardy spacesH p.Rn/: In particular, H p.Rn/ = L p.Rn/ when p > 1. When
1 < q < ∞;−n=q < Þ < n.1 − 1=q/ and 0< p ≤ ∞; H K̇ Þ;p

q .Rn/ = K̇ Þ;p
q .Rn/

andH K Þ;p
q .Rn/ = K Þ;p

q .Rn/ (see [11]).

THEOREM 1.3. Let 0 ≤ − < n, s ∈ N ∪ {0}, 0 <  ≤ 1, 0 < p1 ≤ p2 < ∞,
1 < q1 < ∞, 1=q2 = 1=q1 − −=n, n.1 − 1=q1/ ≤ Þ < s +  + n.1 − 1=q1/, and let



[5] The higher order commutators of the fractional integrals on Hardy spaces 15

b ∈ BMO andT − be a.q1; − ; s;  /-fractional integral type operator. ThenT −
b;m maps

H K̇ Þ;p1;s
q1;b;m.R

n/ into K̇ Þ;p2
q2
.Rn/ and H K Þ;p1;s

q1;b;m.R
n/ into K Þ;p2

q2
.Rn/, respectively.

REMARK 2. Theorem 3 is [19, Theorem 3.1] when− = 0, s = 0, m = 1.

THEOREM 1.4. Let p1, p2, q1, q2, − , Þ, s,  , T − and b be as in Theorem1.3.
Assume that.T − /∗.gi;þ/ = C, gi;þ .x/ = bi .x/xþ , |þ| ≤ s, i = 0; 1; 2; : : : ;m. Then
T −

b;m.R
n/ mapsH K̇ Þ;p1;s

q1;b;m.R
n/ into H K̇ Þ;p2

q2
.Rn/ and H K Þ;p1;s

q1;b;m.R
n/ into H K Þ;p2

q2
.Rn/,

respectively.

Denote byBMO the space of measurable functionsb such that

∫
B

|b.x/− bB| dx < C|B|

holds for all ballsB, wherebB = |B|−1
∫

B b.x/ dx with a constantC independent
of B.

Throughout this paper,C always means a constant independent of the main para-
meters involved, but which may be different from line to line. For any power exponent
p with 1 ≤ p ≤ ∞, we denote the conjugate exponentp=.p − 1/ by p′.

2. Proofs of the theorems

First we prove two lemmas.

LEMMA 2.1. Let 1 < q ≤ ∞, T − be the.q1; − ; s;  /-fractional integral type
operator defined as above andb.x/ ∈ BMO. If for i = 0; 1; : : : ;m, a.x/bi .x/ satisfy
s order vanishing moments withsuppa ⊂ B with the center atx0 = 0 andx ∈ .2B/c,
then

|T −
b;ma.x/| ≤ C|B|.s+ /=n+1=q′ ‖a‖Lq.Rn/

( |b.x/− bB|m

|x|n−−+s+ + ‖b‖m
BMO

|x|n−−+s+

)
:

PROOF. Using thesth order vanishing moments ofa.x/bi .x/, i = 0; 1; : : : ;m, we
have

T −
b;ma.x/ =

∫
Rn

.b.x/− b.y//mK .x; y/a.y/ dy

=
∫
Rn

.b.x/− b.y//m.K .x; y/− P.x; y//a.y/ dy;
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whereP.x; y/ is the.s−1/th order Taylor’s expansion forK .x; y/ as a function ofy at
y = 0. Again, using thesth order vanishing moments ofa.x/bi .x/, i = 0; 1; : : : ;m,
we have

T −
b;ma.x/ =

∫
Rn

∑
|� |=s

Cs;�
@� K .x; y0/

@y�
y� .b.x/− b.y//ma.y/ dy

=
∫
Rn

∑
|� |=s

Cs;�

(
@� K .x; y0/

@y�
− @� K .x; 0/

@y�

)
y� .b.x/− b.y//ma.y/ dy;

wherey0 is a point on the line segment connectingy and 0. Thus, by (ii) in Definition1,
and sincey0 ∈ B, y ∈ B, |� | = s, ‖a‖L1.Rn/ ≤ |B|1=q′ ‖a‖Lq.Rn/ and∫

Rn

|b.y/− bB|m|a.y/| dy ≤ ‖a‖Lq.Rn/

(∫
B

|b.x/− bB|mq′
dy

)1=q′

≤ C‖b‖m
BMO|B|1=q′ ‖a‖Lq.Rn/;

we have

|T −
b;ma.x/| ≤ C

|B|.s+ /=n

|x|n−−+s+

∫
Rn

|b.x/− b.y/|m|a.y/|dy

≤ C
|B|.s+ /=n

|x|n−−+s+

(
|b.x/− bB|m

∫
Rn

|a.y/| dy

+
∫
Rn

|b.y/− bB|m|a.y/| dy

)

≤ C|B|.s+ /=n+1=q′ ‖a‖Lq.Rn/

( |b.x/− bB|m

|x|n−−+s+ + ‖b‖m
BMO

|x|n−−+s+

)
:

LEMMA 2.2. Let q > 0, m ∈ N ∪ {0}, B = B.0; r /. Then

II =
∫
Rn\4B

|b.x/− bB|mq

|x|.n−−+s+ /q |x|Ž dx

≤ C‖b‖mq
BMO|B|−..n−−+s+ /q−Ž−n/=n

∞∑
j =2

. j + 1/mq2− j ..n−−+s+ /q−Ž−n/:

PROOF.

II =
∞∑
j =2

∫
2 j r<|x|<2 j+1r

|b.x/− bB|mq

|x|.n−−+s+ /q−Ž dx

≤
∞∑
j =2

1

|2 j r |.n−−+s+ /q−Ž

∫
2 j+1 B

|b.x/− bB|mq dx

= C
∞∑
j =2

1

.2 j r /.n−−+s+ /q−Ž−n

1

.2 j +1r /n

∫
2 j+1 B

|b.x/− bB|mq dx:
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Whenmq ≥ 1, we have

1

.2 j +1r /n

∫
2 j+1 B

|b.x/− bB|mq dx

≤ C
1

.2 j +1r /n

∫
2 j+1B

|b.x/− b2 j+1 B|mq dx + C

(
j∑

i =0

|b2i B − b2i+1 B|
)mq

≤ C‖b‖mq
BMO + C

(
j∑

i =0

‖b‖BMO

)mq

= C. j + 1/mq‖b‖mq
BMO:

When 0< mq< 1, by Hölder’s inequality, we have

1

.2 j +1r /n

∫
2 j+1 B

|b.x/− bB|mq dx

≤ 1

.2 j +1r /n

(∫
2 j+1 B

|b.x/− bB|dx

)mq

|2i +1B|1−mq

≤
(

1

.2 j +1r /n

∫
2 j+1B

|b.x/− b2 j+1 B| dx +
j∑

i =0

|b2i B − b2i+1 B|
)mq

≤ C. j + 1/mq‖b‖mq
BMO:

Whenmq = 0,

1

.2 j +1r /n

∫
2 j+1 B

|b.x/− bB|mq dx = C:

Thus, we have finished the proof of Lemma2.2.

PROOF OFTHEOREM1.1. We need to prove that there exists a constantC such that
for each functionf in H p1;q1;s

b;m .Rn/,

‖T −
b;m f ‖L p2.Rn/ ≤ C‖ f ‖H

p1;q1;s
b;m .Rn/;

whereq1, q2 are as in Definition1, that is, 1< q1 ≤ q2 ≤ ∞ such that 1=q1 − 1=q2 =
−=n.= 1=p1 − 1=p2/. By a standard argument, it is enough to show that there exists a
constantC independent ofa such that‖T −

b;ma‖L p2.Rn/ ≤ C for each.p1;q1; s; b/-atom
a of orderm.

To prove this, without loss of generality, we may suppose that suppa ⊂ B with
center at the origin. Then∫

Rn

|T −
b;ma.x/|p2 dx =

(∫
4B

+
∫
Rn\4B

)
|T −

b;ma.x/|p2 dx

= I + II :
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By the boundedness ofT −
b;m from Lq1.Rn/ into Lq2.Rn/ and Ḧolder’s inequality, we

have

I ≤ C

(
|B|1=p2−1=q2

(∫
4B

|T −
b;ma.x/|q2 dx

)1=q2
)p2

≤ C
(‖b‖m

BMO|B|1=p1−1=q1‖a‖Lq1.Rn/

)p2

≤ C
(‖b‖m

BMO|B|1=p1−1=q1|B|1=q1−1=p1
)p2

= C‖b‖mp2

BMO:

For II, using Lemma2.1 (q = q1), Lemma2.2 (Ž = 0, q = p2) and‖a‖Lq1 .Rn/ ≤
|B|1=q1−1=p1, we have

II ≤ C|B|.s+ /p2=n+p2=q′
1‖a‖p2

Lq1.Rn/

×
(∫

Rn\4B

|b.x/− bB|mp2

|x|.n−−+s+ /p2
dx +

∫
Rn\4B

‖b‖mp2
BMO

|x|.n−−+s+ /p2
dx

)
≤ C|B|.s+ /p2=n+p2=q′

1|B|.1=q1−1=p1/p2

× ‖b‖mp2
BMO|B|−.n−−+s+ /p2=n+1

∞∑
j =2

. j + 1/mp22− j ..n−−+s+ /p2−n/

= C‖b‖mp2

BMO;

sincen=.n − − + s +  / < p2. This concludes the proof of Theorem1.1.

PROOF OFTHEOREM1.2. By the atom-molecule theory of Coifman and Weiss (see
[7, 13, 25]) we need only to prove that there exists a constantC such that for each
.p1;q1; s; b/-atoma of orderm, T −

b;ma is a.p2;q2; s; "/-molecule, that is,

(i) |x|ndT −
b;ma.x/ ∈ Lq2.Rn/;

(ii) Nq2.T
−

b;ma/ = ‖T −
b;ma‖c=d

Lq2.Rn/‖|x|ndT −
b;ma.x/‖1−c=d

Lq2.Rn/ = C < ∞;
(iii)

∫
Rn T −

b;ma.x/xþ dx = 0, |þ| ≤ s,

wheres ≥ s0 = [n.1=p2 − 1/],
s − − + 

n
> " > max

{
s

n
;

1

p2
− 1

}
(.s − − +  /=n > 1=p2 − 1 sincep2 > n=.n − − + s +  /), c = 1 − 1=p2 + ",
d = 1 − 1=q2 + ", 0< p1 ≤ 1, 0<  ≤ 1, s ≥ 0, 1=q1 − 1=q2 = −=n.

Let suppa ⊂ B with the center at the origin. By the boundedness ofT −
b;m from

Lq1.Rn/ into Lq2.Rn/, we have‖T −
b;ma‖Lq2 .Rn/ ≤ C‖b‖m

BMO‖a‖Lq1.Rn/. Let∫
Rn

|x|q2nd|T −
b;ma.x/|q2 dx =

(∫
4B

+
∫
Rn\4B

)
|x|q2nd|T −

b;ma.x/|q2 dx

= I + II :
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For I, by theLq.Rn/-boundedness ofT −
b;m and‖a‖Lq1.Rn/ ≤ |B|1=q1−1=p1; we have

I ≤ C|B|q2d‖T −
b;ma‖q2

Lq2 .Rn/ ≤ C|B|q2d‖b‖q2m
BMO‖a‖q2

Lq1.Rn/:

For II, by Lemma2.1and Lemma2.2(q = q2, Ž = q2nd), we have

II ≤ C|B|q2.s+ /=n+q2=q′
1‖a‖q2

Lq1 .Rn/

×
(∫

Rn\4B

|b.x/− bB|q2m

|x|q2.n−−+s+ /−q2nd
dx +

∫
Rn\4B

‖b‖q2m
BMO

|x|q2.n−−+s+ /−q2nd
dx

)
≤ C|B|q2.s+ /=n+q2=q′

1‖a‖q2

Lq1 .Rn/

× ‖b‖q2m
BMO|B|−q2.n−−+s+ /=n+q2d+1

∞∑
j =2

. j + 1/q2m2− j .q2..n−−+s+ /−nd/−n/

= C‖b‖q2m
BMO|B|q2d‖a‖q2

Lq1.Rn/;

sinceq2.n − − + s +  /− q2nd − n = q2.s +  − − − n"/ > 0.
Thus,

Nq2.T
−

b;ma/ ≤ C‖b‖mc=d
BMO‖a‖c=d

Lq1.Rn/‖b‖m.1−c=d/
BMO |B|d.1−c=d/‖a‖1−c=d

Lq1.Rn/

= C‖b‖m
BMO‖a‖Lq1.Rn/|B|1=p2−1=q2 ≤ C:

We have proved (i) and (ii). By.T − /∗.gi;þ/ = C; |þ| ≤ s, i = 0; 1; 2; : : : ;m, and the
vanishing moments ofa, (iii) is obvious.

This concludes the proof of Theorem1.2.

PROOF OFTHEOREM1.3. Let f ∈ H K̇ Þ;p1;s
q1;b;m.R

n/, that is, f .x/ = ∑∞
j =−∞ ½ j aj .x/,

where eachaj is anm-order dyadic centralH K̇ − .Þ;q1; b/s-atom with supportBj ,
and‖ f ‖H K̇

Þ;p1;s
q1;b;m

.Rn/ ∼ (∑∞
j =−∞ |½ j |p1

)
1=p1. Then,

‖T −
b;m f ‖p1

K̇
Þ;p2
q2 .Rn/

≤ C

( ∞∑
k=−∞

2kÞp2‖.T −
b;m f /�k‖p2

Lq2.Rn/

)p1=p2

≤ C
∞∑

k=−∞
2kÞp1‖.T −

b;m f /�k‖p1

Lq2.Rn/

≤ C
∞∑

k=−∞
2kÞp1

(
k−2∑

j =−∞
|½ j |‖.T −

b;maj /�k‖Lq2.Rn/

)p1

+ C
∞∑

k=−∞
2kÞp1

( ∞∑
j =k−1

|½ j |‖.T −
b;maj /�k‖Lq2.Rn/

)p1

= I1 + I2:
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For I2, by theLq.Rn/-boundedness ofT −
b;m and Ḧolder’s inequality, we have

I2 ≤ C
∞∑

k=−∞
2kÞp1

( ∞∑
j =k−1

‖b‖m
BMO|½ j |‖aj ‖Lq1 .Rn/

)p1

≤ C‖b‖p1m
BMO

∞∑
k=−∞

( ∞∑
j =k−1

2.k− j /Þ|½ j |
)p1

≤




C‖b‖p1m
BMO

∞∑
k=−∞

∞∑
j =k−1

2.k− j /p1Þ|½ j |p1 if 0 < p1 ≤ 1

C‖b‖p1m
BMO

∞∑
k=−∞

( ∞∑
j =k−1

2.k− j /p1Þ=2|½ j |p1

)

×
( ∞∑

j =k−1

2.k− j /p′
1Þ=2

)p1=p′
1

if 1 < p1 < ∞

≤




C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1

j +1∑
k=−∞

2.k− j /p1Þ if 0 < p1 ≤ 1

C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1

j +1∑
k=−∞

2.k− j /p1Þ=2 if 1 < p1 < ∞

≤ C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1:

That is,I2 ≤ C‖b‖p1m
BMO‖ f ‖p1

H K̇
Þ;p1;s
q1;b;m

.Rn/
. For I1, since

|b.x/− bBj |q2m ≤ C|b.x/− bBk |q2m + C

(
k−1∑
i = j

|bBi − bBi+1|
)q2m

≤ C|b.x/− bBk |q2m + C .k − j /q2m ‖b‖q2m
BMO;

and
∫

Ck
|b.x/− bBk |q2m dx ≤ |Bk|‖b‖q2m

BMO ≤ C2kn.k − j /‖b‖q2m
BMO, for k > j , we have

‖.T −
b;maj /�k‖q2

Lq2.Rn/

≤ C|Bj |.s+ /q2=n+q2=q′
1‖aj ‖q2

Lq1.Rn/

×
(∫

Ck

|b.x/− bBj |q2m

|x|q2.n−−+s+ / dx +
∫

Ck

‖b‖q2m
BMO

|x|q2.n−−+s+ / dx

)
≤ C|Bj |.s+ /q2=n+q2=q′

1‖aj ‖q2

Lq1.Rn/

×
(∫

Ck

|b.x/− bBk |q2m

|x|q2.n−−+s+ / dx +
∫

Ck

.k − j /q2m‖b‖q2m
BMO

|x|q2.n−−+s+ / dx

)
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≤ C2 j ..s+ /q2+nq2−nq2=q1/− jÞq2 2−k.n−−+s+ /q2 × 2kn.k − j /q2m‖b‖q2m
BMO

= C2. j −k/..s++n/q2−nq2=q1/2− jÞq2.k − j /q2m‖b‖q2m
BMO:

Hence

I1 ≤ C‖b‖p1m
BMO

∞∑
k=−∞

(
k−2∑

j =−∞
.k − j /m2. j −k/.n+s+−n=q1−Þ/|½ j |

)p1

≤




C‖b‖p1m
BMO

∞∑
k=−∞

k−2∑
j =−∞

.k − j /mp12. j −k/.n+s+−n=q1−Þ/p1|½ j |p1 if 0 < p1 ≤ 1

C‖b‖p1m
BMO

∞∑
k=−∞

(
k−2∑

j =−∞
2. j −k/.n+s+−n=q1−Þ/p1=2|½ j |p1

)

×
(∑k−2

j =−∞.k − j /mp′
12. j −k/.n+s+−n=q1−Þ/p′

1=2
)p1=p′

1

if 1 < p1 < ∞

≤




C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1

∞∑
k= j +2

.k − j /mp12. j −k/.n+s+−n=q1−Þ/p1 if 0 < p1 ≤ 1

C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1

∞∑
k= j +2

2. j −k/.n+s+−n=q1−Þ/p1=2 if 1 < p1 < ∞

≤ C‖b‖p1m
BMO

∞∑
j =−∞

|½ j |p1

for  > Þ + n=q1 − n − s. That is,I1 ≤ C‖b‖p1m
BMO‖ f ‖p1

H K̇
Þ;p1;s
q1;b;m

.Rn/
.

Thus, we have proved the case of homogeneous spaces of Theorem1.3The proof
of the non-homogeneous case is similar to that of homogeneous case. This concludes
the proof of Theorem1.3.

PROOF OFTHEOREM 1.4. By the atom-molecule theory ofH K̇ Þ;p
q .Rn/ (see [18,

Theorem 2.5]), we need only to prove that there exists a constantC such that for each
dyadic centralm-order H K̇ -.Þ;q1; b/-atom ak with supportBk, T −

b;mak is a dyadic
central.Þ;q2; s; "/k-molecule, that is,

(i) ‖T −
b;mak‖Lq2.Rn/ ≤ 2−kÞ;

(ii) N.T −
b;mak/ = ‖T −

b;mak‖c=d
Lq2 .Rn/‖|x|ndT −

b;mak.x/‖1−c=d
Lq2.Rn/ = C < ∞;

(iii)
∫
Rn T −

b;mak.x/xþ dx = 0, |þ| ≤ s,

wheres ≥ [Þ+ n.1=q1 −1/]; .s+  − − /=n > " > max{s=n; Þ=n+1=q1 −1} (since
.s +  − − /=n > Þ=n + 1=q1 − 1), c = 1 − 1=q1 − Þ=n + ", d = 1 − 1=q2 + ".

(i) By the Lq.Rn/-boundedness ofT −
b;m, we have

‖T −
b;mak‖Lq2 .Rn/ ≤ C‖b‖m

BMO‖ak‖Lq1 .Rn/ ≤ C‖b‖m
BMO2−kÞ:
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(ii) ∫
Rn

|x|q2nd|T −
b;mak.x/|q2 dx =

(∫
Bk+2

+
∫
Rn\Bk+2

)
|x|q2nd|T −

b;mak.x/|q2 dx

= I + II :

For I, by theLq.Rn/-boundedness ofT −
b;m, we have

I ≤ C2kndq2‖T −
b;mak‖q2

Lq2 .Rn/ ≤ C2kndq2‖b‖q2m
BMO‖ak‖q2

Lq1 .Rn/ ≤ C‖b‖q2m
BMO2kq2.nd−Þ/:

For II, by Lemma2.1and Lemma2.2.Ž = q2nd/, we have

II ≤ C|Bk|.s+ /q2=n+q2=q′
1‖ak‖q2

Lq1.Rn/

×
(∫

Rn\Bk+2

|b.x/− bBk |q2m

|x|q2.n−−+s+ /−q2nd
dx +

∫
Rn\Bk+2

‖b‖q2m
BMO

|x|q2.n−−+s+ /−q2nd
dx

)
≤ C2nk..s+ /q2=n+q2=q′

1/‖ak‖q2

Lq1 .Rn/

× ‖b‖q2m
BMO2−nk..n−−+s+ /q2=n−q2d−1/

∞∑
j =2

. j + 1/q2m2− j .q2..n−−+s+ /−nd/−n/

= C‖b‖q2m
BMO2kq2nd‖ak‖q2

Lq1.Rn/

∞∑
j =2

. j + 1/q2m2− j .s+−−−"n/q2

= C‖b‖q2m
BMO2kq2.nd−Þ/;

since.s +  − − − "n/q2 > 0. Therefore,

N.T −
b;mak/ ≤ C2−kÞc=d2k.nd−Þ/.1−c=d/ = C:

(iii) By .T − /∗.gi;þ/ = C; |þ| ≤ s, i = 0; 1; : : : ;m, and the vanishing moments ofak,
the vanishing moments ofT −

b;mak are obvious.
Thus, we have proved the case of homogeneous spaces of Theorem1.4. The proof

of the non-homogeneous case is similar to that of homogeneous case. This conclude
the proof of Theorem1.4.

3. Fractional integrals

Let 0 ≤ − < n; we define the fractional integrals ofT by

T − f .x/ =
∫
Rn

f .y/

|x − y|n−− dx:

The proof of the boundedness ofT − from Lq1.Rn/ into Lq2.Rn/ for 1< q1 < q2 < ∞
such that 1=q1 − 1=q2 = −=n can be found in [24]. Thus, the fractional integralsT −

as above satisfy the condition in Definition1 for  = 1 and anys ≥ 0. Hence, as the
special case of Theorems1.1–1.4, we have the following corollaries.
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COROLLARY 3.1. Let 0 < p1 ≤ 1, 1=p2 = 1=p1 − −=n, s > [n.1=p1 − 1/],
1 < q1 ≤ ∞, and letT − be a fractional integral operator(as above) andb ∈ BMO.
If n=.n − − + s + 1/ < p2 < +∞ and0 ≤ − < n, thenT −

b;m mapsH p1;q1;s
b;m .Rn/ into

L p2.Rn/.

The casep1 = 1 andm = 0 of Corollary3.1was proved by Stein and Weiss.

COROLLARY 3.2. Let 0 < p1 ≤ 1, 1=p2 = 1=p1 − −=n, s > [n.1=p1 − 1/],
1< q1 ≤ ∞, and letT − be a fractional integral operator andb ∈ BMO. Assume that
.T − /∗.bi .x/xþ/ = C, |þ| ≤ s, i = 0; 1; : : : ;m. If n=.n − − + s + 1/ < p2 ≤ 1 and
0 ≤ − < 1, thenT −

b;m mapsH p1;q1;s
b;m .Rn/ into H p2.Rn/.

The case 0< p1 < p2 ≤ 1 andm = 0 of Corollary3.2 was proved by Taibleson
and Weiss [25].

COROLLARY 3.3. Let 0 ≤ − < n, s ≥ 0, 0 < p1 ≤ p2 < ∞, 1 < q1 < ∞,
1=q2 = 1=q1 − −=n, n.1 − 1=q1/ ≤ Þ < s + 1 + n.1 − 1=q1/, and let T − be a
fractional integral andb ∈ BMO. ThenT −

b;m mapsH K̇ Þ;p1;s
q1;b;m.R

n/ into K̇ Þ;p2
q2
.Rn/ and

H K Þ;p1;s
q1;b;m.R

n/ into K Þ;p2
q2
.Rn/, respectively.

COROLLARY 3.4. Let p1, p2, q1, q2, − ,Þ, s, T − andb be as in Corollary3.3. Assume
that .T − /∗.bi .x/xþ/ = C, |þ| ≤ s, i = 0; 1; : : : ;m. ThenT −

b;m mapsH K̇ Þ;p1;s
q1;b;m.R

n/

into H K̇ Þ;p2
q2
.Rn/ and H K Þ;p1;s

q1;b;m.R
n/ into H K Þ;p2

q2
.Rn/, respectively.

The casem = 0 of Corollary3.3and Corollary3.4can be found in [18, 14].
The casem = 1 of Corollary3.3can be found in [19].
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