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Abstract

The conjugacy classes of so-called special involutions parameterize the constituents of the action of &
finite Coxeter group on the cohomology of the complement of its complexified hyperplane arrangement.
In this note we give a short intrinsic characterisation of special involutions in terms of so-called bulky
parabolic subgroups.

2000Mathematics subject classificatioprimary 20F55; secondary 06A07.

1. Introduction

A finite Coxeter groupV with root system® spanning a Euclidean vector spa¢e
acts on the spacé as a finite reflection group. Any involution W decomposes the
spaceV into the direct sum of a 1-eigenspace an@-d)-eigenspace. With respect
to such a decomposition, one might ask whether the projection of some recp
onto an eigenspace is proportional to a root contained in the eigenspace or not. Ir
general, such a projection need not be proportional to a root. An involution is called
special if every root yields at least one projection which is proportional to a root.
Special involutions have been introduced by Felder and Ves@&low [describe the
cohomology of the complement of the complexified hyperplane arrangemewt of

In this note, we give a short intrinsic characterisation of special involutions in terms
of a property of parabolic subgroups. It is well known that the normal&g¢P) of
a parabolic subgroup of W splits overP. Here we call the parabolic subgrolp
bulky, if the semidirect produdtly (P) = P x N isin fact a direct produd® x N. We
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show that an involution is special if and only if its corresponding parabolic subgroup
is bulky; see Theorerf.3.

In [3] Felder and Veselov considered the standard and twisted actions of a finite
Coxeter groupv on the cohomology* (.#,y) of the complement of the complexified
hyperplane arrangemen#,, of W. The twisted action is obtained by combining the
standard action with complex conjugation; we refer the readeBJtdof precise
statements. In a case by case argument, Felder and Veselov obtain a formula for al
finite Coxeter group$V for the standard action

H*(tw) = ) (2-1))) - 0)
oeXw

as CW-modules, whereXyy, is a set of representatives of thgé-conjugacy classes
of the special involutions iW, ¢ is the regular representation 9f, and 1, is the
CW-module induced from the trivial{o)-module. In casa&V is crystallographic,
this formula can be deduced from earlier work of Lehi&rq] and Fleischmann—
Janiszczak4, 5]. The new aspect off] in the theory is a uniform geometric description
ofthe setsXyy of W-conjugacy classes of special involutions used in the formula above.

Felder and Veselov give a similar formula for the twisted action where the summa-
tion is taken over the set of even elements frEm.

2. Notation and preliminaries

Throughout,W denotes a finite Coxeter group, generated by a set of simple re-
flectionsS C W; see [] or [6] for a general introduction into the theory of Coxeter
groups. Ford C S, letW; be the parabolic subgroup W generated byl and denote
by w; the unique word inW; of maximal length (with respect t8). Let T = S" be
the set of all reflections diV. Let ® be a root system with Coxeter grobp and® ;
the root subsystem @b corresponding t&W;. SetV := 7Z® ®; R. ThenV affords
the usual reflection representationWf For each involutionr € W we have a direct
sum decompositiolV = V; & V_y, whereV; andV_; are the 1 and-{1)-eigenspaces
of V of o, respectively. Foe = +1 let®, := ® N V.. Note that foro = w; we have
®_; = &,. Following [3], we say that an involutionr in W is specia] if for any root
a € O at least one of its projections ont§ is proportional to a root ird,. Clearly,
this definition does not depend on the choice of root systerdfor

The conjugacy classes of involutions\Wi have been classified by Richardsdm,|
Theorem A] and Springerlfl] in terms of the parabolic subgroups @ whose
longest element is central. More precisely, each involution is conjugate to a longest
elementw; which is central inW; for someJ C S.

The normalisers of parabolic subgroups of finite Coxeter groups have been de-
scribed by Howlett T] and Brink and Howlett 7]. Accordingly, the normaliser
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Nw(Wj;) of W; in W is a semi-direct product of the forW; x Nj, whereN; is
itself a semi-direct product of a Coxeter group of known type and a ghéyp[7,
Corollary 7]. It turns out, however, that in the case whenis central inW; the
groupMj is trivial.

PrOPOSITION2.1. M; acts faithfully as inner graph automorphisms @y. In
particular, if w; is central inWj, thenM; = {1}.

PrROOF. According to the tables in2], if W is irreducible andJ is such that
|S\ J| = 2, then a non-trivial generator of the grolyfy exists only when eithé is
of type E; andW; is of type Ay x A, or W is of type D,, andW; is of type Az,_, Or
Ao x Ay withk £ | andk+1 = n—1. Let us say thatV, is anM-parabolicsubgroup
of Win such a case. An easy check shows thaVjfis an M-parabolic subgroup of
W, thenM; induces the same non-trivial graph automorphismAgnas conjugation
by wj. Ingeneral, it follows from2] that M is trivial unless a conjugate of J lies in
asubseK C SsuchthatK \ L| =2 andWx = Wy x Wy andW_ = Wy x W, for
suitable subset&’, L', N € SandW, is an M-parabolic subgroup &¥.. Now M_
induces a non-trivial inner automorphism @ and so doe$/; on W;.

By [7, Corollary 9], M; intersects the centraliser dfin N, trivially, and hence
acts faithfully onw;. O

The centraliser of the involuticn ; and the normaliser of the parabolic subgroVip
of W coincide; seed, Proposition 7]. We give a new proof of this property.

PROPOSITION2.2. For eachJ C Sthe elemento; is central inW; if and only if
Cw(wj;) = Nw(Ws;).

PROOF. Supposew; is central inW;. ThenW; C Cy(w;) N Nw(Wj;). To show
thatCw(wj) = Nw(W,) it thus suffices to consider the 8 = {x € W : [(sX) >
[(x) andl (xs) > I (x) for all s € J} of distinguished double coset representatives of
W; in W.

We havel (w*) = I(w) for all w € W3, x € N;j = {x € D; : J* = J}. In
particular,w’y = w, for x € N;. HenceNy (W;) € Cw(w,).

Conversely, letx € Cy(wy) N Dy;. Thenw; € W; N WJ = W,y see, for
example, §, (2.1.12)]. It follows that) = J* whenceCy (w;) S Nw(W;). O

We call the parabolic subgrolyy; bulky (in W) if Nw(W;) = W; x Nj, that is,
if N acts trivially onW;. The main result of this note is the following theorem.

THEOREMZ2.3. LetJ € Sbe such thatv, is central inW;. Then the involutionu
is special if and only i#V; is bulky inW.
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In our arguments we do make use of the classification of the irreducible Coxeter
groups and the structure of the root systems of Weyl groups. We also use the notatior
and labelling of the Dynkin diagram &% as in [L, Planches I-1X].

3. Special involutions and bulky parabolic subgroups

We maintain the notation from the previous sections.

LEMMA 3.1. If dmV, = 1and®; # @ orif dimV_; = 1, thenw; is special. In
particular, o is special for every reflection € T.

PrROOF. The projection of any root onto a one-dimensional space generated by a
roota is clearly proportional tex. O

REMARK 3.2. The elementuv; is central inWj if and only if W; has no components
of type A, with n > 2, of type D, with n > 2, of typeEg, or of typel,(2m + 1),
m > 2;see [0, 1.12].

PROOF OFTHEOREMZ2.3. We may assume th&V is irreducible. By B, Theorem B]
and our Propositio2.1the groupN; is generated by certain conjugates of elements
of the formw_wy, whereL € K C SsuchthaLl is a conjugate o, |[K\L| = 1and
L¥« = L. If s*+*x = sforall s € L, thenw,wk centralisedV, and so its conjugate
centralisedV;. Obviously,s*+*x = s*« for all s € L, sincew, is central inW,.

Now suppose thatV; is not bulky in W, that is, N; does not centralis&V;.
Then there exists a conjugateof J and a subseK C Ssuch thatL € K with
K\ L| = 1 andwg induces a non-trivial graph automorphism\dh. It follows that
Wk = Wy x Wy for suitableN, K’ € Swhere the type 0¥V is one of those listed
in Remark3.2. Sincew, is central inW,_, it follows thatW, = Wy x W, where
W, is a product of components of types not listed in Renfagk Inspection of the
maximal parabolic subgroups Wy, shows thatV,. is of type D2, andWk. is of type
D,ny1, N > 1; this includes the case Wheﬁé embeds intoA; forn = 1.

Without loss of generality we may assuiNe= @, K’ = K = SandL’' = L = J.
So let

d={tgxe:1<i<j<2n+1}

be a root system of typB,,,; and consider the simple roet= ¢; — ¢,. It is easy to
checkthate,, ..., eony1} is abasis o¥/_; and that/; is theR-span of;. ObviouslyV,
contains no root, hencé; = ® NV, = @. Consequently, no projection of a root
in ® onV, is proportional to a root inb;. Next we show that the projection af
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ontoV_; is not proportional to any root i®_; = ® N V_;. Recall thatd_; = &;, a
root system of typé,, consisting of the rootse; ¢, with2 <i < j <2n+ 1.
The projection ofv € V ontoV_; is given by%(v — wj(v)). Hencewx projects onto
%(oz — wj(a)) = —e, and therefore is not proportional to any rootdn ;. Thusw
is not special, as required.

For the converse, suppose thaj is bulky in W, that is,N; acts trivially onWj.

If J =@ orJ =S, then clearlyw; is a special involution. So let us assume that
J £ @, S. We consider the different types of irreducible Coxeter groups in turn.

If Wis of type A, (n > 1), then, by Remark.2, W; is necessarily a direct product
of components of typé;. But if there is more than one such componéhtpermutes
them non-trivially. Hencé&V; is of type A; and the claim follows by Lemma. 1.

If W is of typeC, (n > 2), then, by RemarkB.2, W; is a direct product of a
component of typ&s,,, 0 < m < n and further components of typ&;. As before
there cannot be more than one component of #xpeHenceW, is of typeC,, or of
typeC,, x A; for somem < n. In any caseW; has a component of typ@,,.

Let

O ={F+2:1<i<njU{Etexe:1<i<j<n}

be the root system of typ€,. Consider the maximal rank subsystebn of type
Cn x C,_n consisting of the long root§+2¢; : 1 < i < n} and the short roots
{eite :1<i<j<morm+1<i<j<n}. LetU; be the subspace &f
spanned by, ..., en andU, the subspace spanned &y, 1, ..., e,. ThenU, N &
is a root system of typ€,_,. All the long rootst2¢; of ® are contained id’. A
short root+e; £ ¢ is either contained ird” or both its projections otJ; and U,
are proportional to a root i®’. By construction, the-{1)-eigenspacé/_; of w;
containsU;. Hence every root that lies d; or is proportional to a root itJ; is also
proportional to a root irfV_;. It remains to consider the roots W. Without loss
of generality we can now assume tmat= 0. ThenW,; is of type A; and the claim
follows by Lemma3. 1

If W is of type D1 (N > 2), then, by Remarld.2, W; is a direct product of
an optional component of typB,,, 1 < m < n and further components of type
A;. As before there cannot be more than one component of AypeAnd N; acts
non-trivially on a component of typ®.,,,. HenceW; is of type A; and the claim
follows by Lemma3. 1

If W is of type Dy, (n > 2), then, by Remarld.2, W; is a direct product of an
optional component of typB,,, 1 < m < n and further components of typl. As
before there cannot be more than one component of Ayp&he non-trivial action of
the parabolic subgroup of type,,,.1 on a component of typ®., then restricts the
type of W, to eitherA; or Dy_1y x Ag. In the latter casey; N @ is a root system of
type A; and so in both cases the claim follows by Lem&na
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If W is of type l,(m) (m > 5), thenW; is of type A; and the claim follows by
Lemma3.1

Finally, if W has typeEs, E7, Eg, Fa, Hs, or Hy, then the claim is established by
inspection. O

REMARK 3.3. Felder and Veselov prove one implication of Theor2rg namely
thatW; is bulky if w; is special in a case by case analy§isHroposition 10].

REMARK 3.4. Bulky parabolic subgroups can be easily classified. It turns out that
if W has a central longest element, thegp is central inW; wheneveW; is bulky.
Otherwise,W has bulky parabolic subgroup®; which are not associated with a
conjugacy class of involutions W.
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