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Abstract

This work is concerned with the question of when a von Neumann regular ring is expressible as a directed
union of Artinian subrings.
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1. Introduction

Given a commutative rindR, we recall thatR is von Neumann regular if for each
elementr in R there exists an element such that = r?r’, or equivalently,R is
reduced (0 is the only nilpotent element) and zero-dimensional (all prime ideals are
maximal). Several papers in the literature have dealt with various aspects of von
Neumann regular rings in commutative ring theory (see, for exaniple, §]). These
works are source of motivation for this paper.

The purpose of this paper is to pursue the study of the problem of whether a von
Neumann regular ringR is expressible as a directed union of Artinian subrings, raised
by Gilmer and Heinzer in 1992[ Problem 42].

This fact leads us to consider the family of residue fieldRafenoted% (R). We
focus on the behaviour of the family of the residue fieldRoflt is well known that
if a zero-dimensional rindR with Idem(R) is finite, thenR is a directed union of
Artinian subrings §, Theorem 5.4]. This leads us to examine the case where(Rem
is infinite.
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Let {R,}.ca De a nonempty family of rings and[,., R, their product. We fre-
quently considelf [,., R, as the set of all functiong : A — |J,., R., such that
f(x) € R, for eacha € A, with addition and multiplication defined pointwise:

(f + 9)(a) = f(a) + g(e) and(fg) (@) = f(x)g(w). In this perspective, the direct
sumideal of [, R., denoted byp,_, R, is the set of function$ e [] ., R, that
are finitely nonzero (that ige € A: f(«x) # 0in R,} is finite).

All rings considered in this paper are assumed to be commutative with a unity
element. IfSis a subring of a ringR, we assume thaR and S have the same unity
element. We denote by’ (R) and%(R), respectively, the set of Artinian subrings of
R, and the setcharR/M) : M is a maximal ideal oR}.

acA

2. Directed unions of Artinian subrings

Let us fix notation for much of Sectich The data will consist of a directed system
(Ry, fjx) of rings indexed by a directed s@t, <). LetR = Uje, R;, together with
the canonical maps$; : R; — R. The ringR is said to be a directed union of the
R;'s if the fj’s are inclusion maps. Thus, directed unions can be treated by assuming
all fj to be monomorphisms. Notice thatk; is a ring for eachj € I, thenRis
also a ring. HoweverR needs not be Artinian even if eadt is. If R = {J,, R
is a directed union of Artinian subrings, then we regard e&chs a subrings oR,
that is, contains the same unity. Turning to the Artinian case, two key properties of
an Artinian ringR that come into play are that Sgé&®) is finite and thatR has only
finitely many idempotents.

We begin this section with two lemmas that we use throughout this paper.

LEMMA 2.1. Let R be aring.

(1) (a) If Risadirected union of Artinian subrings th&h(R) is finite.

(b) If (R) isinfinite thens/ (R) = @.
(2) If Ris a zero-dimensional ring with finite spectrum, thieris expressible as a
finite product of zero-dimensional quasi-local subrings.
(3) If Ris avon Neumann regular ring, theiis Artinian if and only ifR is a finite
product of fields if and only iR is Noetherian.

PrROOF. (1) (a) Suppose thaR is a directed union of Artinian subrings. Then
7 (R) # @ and henc&’(R) is finite [4, Proposition 1].

(b) Assume that? (R) # @, let S € &/ (R), then? (R) C % (S) and henc&’(S) is
infinite, a contradiction wittSis Artinian ring @ (R) is finite).

(2) Let Spe¢R) = {M;}_; be the spectrum dR. Let Sy, (0) denote Ker, for each
i =1,...,n,wherey : R— Ry, andg;(r) =r/1, is the canonical homomorphism.
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Since RadSy, (0)) = M;, Sy, (0) is a primary ideal. Note thaﬂi”:1 Sy, (0) = (0) and
Su (0) + Sy, (0) = Rforeachi # jin{1,...,n}. ThereforeR ~ R/ ﬂi”:l Sy (0).
By the Chinese Remainder TheoreRi~ []", R/Sy (0), whereR/Sy, (0) is quasi-
local and zero-dimensional, for=1, ..., n.

(3) This follows from the fact that a von Neumann regular ring with only finitely
many idempotent elements is a finite product of fields, and then it is Artinian[J

LemmaZ2.1leads us to state that R is a von Neumann regular ring, théhis
a directed union of Artinian subrings if and only R is a directed union of zero-
dimensional semi-quasilocal subrings. This follows from the fact that a von Neumann
regular ring with only finitely many idempotent elements is a finite product of fields
and then it is Artinian.

LEMMA 2.2. LetRbe aring andSa multiplicatively closet subset B Then

(a) If Ris adirected union of Artinian subrings, then scSs'R.

(b) Ris a directed union of zero-dimensional semi-quasilocal subrings if and only
if S"tRis a directed union of zero-dimensional quasilocal subrings.

(c) If Ris reduced, therR is a directed union of Artinian subrings if and only if

S 1Ris a directed union of Artinian subrings.

PrROOF. (a) If R = ., R is a directed union of Artinian subrings, th&n'R =
Ui SR, whereS = SN R for eachi € |. By [11, (6.17)], § 'R is Noetherian
foreachi e | since eaclR, is Noetherian. EacB 'R is zero-dimensional as eaéh
is (see, for example2[ Proposition 1.21]). By3, Theorem 8.5]S*R; is an Artinian
ring for eachi € |. The family{S 'R}, is directed because so is the fam{iig };., .
ThusStRis a directed union of Artinian subrings.

(b) Suppose thaR = |J,., R is a directed union of zero-dimensional semi-
quasilocal subrings, we have in @)'R = J,., S'R. Let Spe¢S'R) = {S'm:

m € Spec¢R) andm N S = @}, then§ 'R is semi-quasilocal. From (a) we con-
clude thatS R is a directed union of the required type. Conversely, suppose that
S'R = U, T is a directed union of zero-dimensional semi-quasilocal subrings.
Let R = Ti N R, thenR is zero-dimensional (see, for examplé, Theorem 2.4]).
Also | ldem(R)| < | ldem(T;)|. Any zero-dimensional ring with only finitely many
idempotent elements is a semi-quasilocal ring. TherefBre; | J._, R is a directed
union of zero-dimensional semi-quasilocal subrings.

(c) First, we claim that iR is reduced, then so 8 'R. Letr /s € N(S*R), where
N(S!R) is the nilradical ofS'R. Then there exists, € N* such thatr /s)™ = 0;
so there existsl € U such thafru)™ = 0. SinceR is reduced, we haveu = 0 and
hence /s = 0. In other wordsN (S!R) = (0). Thus,S'Risreduced. Now, assume
thatS*R =, Ti is a directed union of Artinian subrings. BY({, Corollary 4],R
is also a directed union of Artinian subrings. O

iel
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ExamPLE 2.3. Let R = Q“ be a countable direct product of copies®@f where
Q denotes the field of rational numbers. We consider

QY = {{Xj}?ozl eQ™:X_1=%=-- }

asubring ofR, andQ® ~ Q', the product of copies ofQ, an Artinian von Neumann

regular ring. It follows thate7 (R) # ¢. We can easily see th&®, i > 1, are the

only Artinian subrings oR. However,R is not a directed union of Artinian subrings.

Indeed, considey = (¥;)ien+ € Rsuchthaty; # y; fori # j. Then, for each € N*,

y ¢ QO It follows thatﬁ)n@“ ¢ Q®. However.y = Ii_m)Q“) is the biggest

subring of R which expressible as a directed union of Artinian subrings.
Hence< (R) # ¢ does not imply thaR is a directed union of Artinian subrings.

Let R be a von Neumann regular ring afiifl; },c, its spectrum. Since is a
reduced ring, we havg),_, M, = (0). This allows us to regar® as a subring
of S = [[,., R/M,. Itis known that if there exist& e Z\{O} such that the set
{L € A 1 |R/M;| > Kk} is finite, then[],_, R/M; is a directed union of Artinian
subrings §, Theorem 6.7]. By 10, Corollary 4], R is also a directed union of
Artinian subrings. Hence, we further assume that for daehzZ* the set{x € A :
IR/M;| > k} is infinite. Under these assumptions, it would be interesting to know
whethers (R, [],., R/M,) # ¥, whereo/ (R, [],., R/M,) is the family of Artinian
subrings ofS containingR. The following result provides an answer to this problem.

PROPOSITION2.4. Let R be a von Neumann regular ring withpecR) = {M; :
A € A} . The following statements are equivalent
() (R Ilca R/M:) # 0.
(i) There existy, ..., A, in A such thaf_, M,, = (0).
(iii) 1dem(R) is a finite set.
(iv) Ris Artinian.

PrOOF. (i) = (ii). If @/(R,[],., R/M,) # @, then there exists an Artinian ring
Asuch thatR € A C [[,., R/M,. Since[],_, R/M, is reduced, so is the ring
A. Therefore, A ~ ]'[i”:1 Ki, whereK; is a field for each = 1,...,n. Now, let
Q =[l{K;:j=1....nandj #i},wherei =1,...,n. Then]‘[rj‘lej/Qi ~ K;
and henc&); € SpecA). Thus, foreach =1,...,n, M,, = QiNR € Spec¢R) and
Nty M, = (0).

(i) = (iii). Since_, M,, = (0), thenRis imbeddable if]"_, R/M;,,. HenceR
has only finitely many idempotent elements.

(iii) = (iv). It follows form [10, Lemma 1].

(iv) = (i). Obvious. O
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Let S C T be an extension of rings wit8 an Artinian and von Neumann regular,
and letF be a finite set of idempotents af then S[F] is Artinian. Indeed,SF]
is an integral extension @ since each idempotent elementf F satisfiese? = e.
Therefore, din§[F] = 0. Furthermore§[F] is finitely generated over the Noetherian
ring S. HenceS[F] is Noetherian and then Artinian.

LEMMA 2.5. Let R be a von Neumann regular subring of a riigand Idem(T)=
{e.}1ea the set of idempotent elementsTaf ThenR is a directed union of Artinian
subrings if and only ilR[{e, : A € A}]is a directed union of Artinian subrings.

PrROOF. Assume thaiR =
write A =

i, R is a directed union of Artinian subrings. We
e A whereA ; ranges over all finite subsets af thus

{eher = J&)ien,, and Rife:neall= [J RIAjlL

jed (i.)el xJ

whereR[A;] = R[{e : k € A;}]. Now, endowed with the lexicographic order, the
setl x Jis directed and clearly the familyRi[Aj] : (i, j) € | x J} is also directed.

It follows that R[{e, : A € A}]is a directed union of Artinian subrings. The converse
follows from [10, Lemma 1 and Corollary 4]. O

PROPOSITIONZ2.6. Let {K;}ic; be a family of fields. Then the following statements
are equivalent

() (T Ki) #9.
(i) {charK;) :i € I}is finite.

PROOF. (i) = (ii). Let A be an Artinian subring of [, _, Ki. By [4, Proposition 1]
% ([Tie Ki) € €(A). SinceAis Artinian, MaxA) is finite and henc&’(A) is finite.
Thus{charK;) : i € 1} is finite since{charK;) : i € 1} € ¢([Ti., Ki).

(i) = (). If char (], Ki) # O, thene ([T, Ki) # ¥, since the prime subring
of [T, Ki is finite, and hence it is Artinian. So suppose that ¢{dr., Ki) = 0.
Since{charK;) : i € I} = {py,..., pc} is finite, we may set = A U--- U A,
whereAs = {i € A: charK;) = ps} fors=1,..., k. Since chatR) = 0, we may
suppose thap; = 0 and writeR = R; x --- x R, whereR = ]'[jeA_ K;, for each
i=1,...,k HenceQ* x n; x --- x n} € &/(R), wherer; is the prime subring of
R foreachi = 2, ..., kandQ* (respectivelys*) denotes the diagonal imbedding of
Q (respectivelyyr) into [],_,, K; (respectively[ ], , K;j, fori =2,...,k). O

Let (R, [T, R/M.) denote the set of all the intermediate directed unions of
Artinian subrings betweeR and[],., R/M,. By Example2.3, it may happen that
B(R, [lea R/M,) # 0 even if [T,.o R/M, is not a directed union of Artinian
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subrings. In this cas® must be a directed union of Artinian subrings. By [
Corollary 1.2], if #(R) is infinite, thenR admits no Artinian subring. So we restrict
our study to the case wheéfi(R) is a finite set.

If x € N(R), we denote by)(x) the index of nilpotency ok, that is,n(x) = k if
x* = 0 butx*~1 £ 0. We defing;(R) to be Supn(x) : x € N(R)}; if the set{n(x) :

X € N(R)} is unbounded, then we writg(R) = co. From [6, Theorem 3.4], we
have dim[[,_, T, = 0, for any family{T,}.,.a of zero-dimensional rings, equivalent
to{a € A: n(T,) > k} is finite for somek € Z+.

It is worth to mention thaf [ _, R. needs not be a directed union of Artinian
subrings even if dinf[],., R«) = 0, where{R,}.cx is family of zero-dimensional
rings. For instance, leK be an infinite field,X be an indeterminate ove¢, and
R = K[X]/(X®) for eachi € Z*. We haveN(R) = (X)/(X®),i € Z*. Since
n(R) = 3 for eachi € Z*, by [6, Theorem 3.4], dinj[>; R = 0 and from B,
Theorem 6.7]] ]2, R is not a directed union of Artinian subrings.

Let R be a von Neumann regular ring and M& = {M, },.ca the set of maximal
ideals ofR. Lety : R < [],.A L, be a monomorphism defined Byx) = {X;}ica
such thatx, = X modulo M;, whereR/M, =~ L, for eachA € A. We assume
that@(R) = {py, ..., pa} is finite, then we hav§], ., L, = @], R, whereR; =
[Lea LrandA; = {1 € A: charl,) = p;}. For eachj, we suppose there exists
a field Q; that contains all fieldd;, 2 € A;. We now regardR as a subring of
[T).. S, whereS = Q}J. Lete; be the primitive idempotent df[|_, S; associated
with {j}for j =1,...,n. ThenR[e,...,e] = Re @ --- ® Re. Therefore,Ris
a directed union of Artinian subrings if and onlyRfey, ..., e,] is a directed union
of Artinian subrings if and only if everyRe is a directed union of Artinian subrings.
Also Rg < Q;‘ We denote by: the diagonal imbedding a2; into Q;‘ Without
loss of generality we assume tiag = R, In other words%’'(R) = { p}.

THEOREM 2.7. Let R be a von Neumann regular ring witt (R) = {L,}ueca,
¢ (R) = {p},and. = {{ra}aeA € [Lca Lo  {ro}eea has only finitely many distinct
coordinate:}s. Assume that each,, is absolutely algebraic and there exists a fi€ld
that contains all but finitely mani.,’'s. Then.” is a directed union of Artinian
subrings.

PrROOF. To show that¥ is a directed union of Artinian subrings, it suffices to
prove that is covered by a directed union of finite products of fields. Eet .7,
then{f(x) : @« € A} = [f4,..., f;} afinite set. LetA = {a € A: f(a) = f;}
and denotef* = (fi, fi,..., fi,...) € [[yca Lo Then{f(@)}aea = (f, ..., f).
SinceA = Uit:l A, and all the fieldd.,, « € A;, have the same characteristic, then,
up to isomorphism("),_, L. = K; is a field with f;* € K*, the diagonal imbedding
of Kiin ] L.. Itfollows that f € Kj x --- x Kf >~ Ky x --- x K. Therefore,

aeA
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.7 is covered by a directed union of Artinian subrings. O

ExampLE 2.8. Let p be a positive prime integer ard; }in- be an infinite family
of distinct prime integers. Le# = {Q} U {Q(&)}2, be an infinite family of fields,
whereg; is a p%-primitive root of unity. We denote by; the imbedding ofQ into
Q(¢) foreachi € Z*. Lety =[], ¢, T = []2, Q&) and letl = @7, Q&)
be the direct sum ideal of. We denote byQ* = ¢(Q) = R, >~ Q the diagonal
imbedding ofQ in T. LetS= R, + |, sinceSis a subring ofT and dim(S)=0 [9,
Proposition 2.7], the ring is a Von Neumann regular ring. Let

S=Q%) xQ" ~Q) xQ, ...,
S=QE) x-xQG)x Q" =Q@) x -+ x Q) x Q.

We have that§; C Sj,4, for each positive integejr € Z*. ThereforeS= ;... S is
an increasing union of Artinian subrings.

THEOREM 2.9. Let R be a von Neumann regular ring an# (R) = {L,},ca the
set of residue fields dR. Suppose that each, is absolutely algebraic. TheR is
a directed union of Artinian subrings if and only if for eagh= {X;},ca € R, X has
only finitely many distinct coordinates.

PrOOF. Assume thaR = |J,_, R is a directed union of Artinian subrings. Since
Ris imbeddable i [,_, R/M,, we regardR as a subring of [, _, R/M;, and hence
eachR is a subring off [,_, R/M,. Letx = {X.};ca € Rthenx € R for some
i, € 1. Since eaclR is isomorphic to a finite product of fields, s§§_, K;, which
in turn is isomorphic ta~ [T, K, whereK is the diagonal imbedding df; into
[Lica R/MyandA; = {1 € A: X, = x}. Itfollows that{x,},ca = (X, ..., X;) with
xi € Ki,i € {1,...,n}. The converse follows from the fact that theC . (see
Theorem?2.7 and [LO, Corollary 4]). O

ExampLE 2.10. Let F be an absolutely algebraic infinite fietdan infinite cardinal,
andSthe direct product o& copies ofF. Let A be a set of cardinality and consider
Sas the set of all function$ : A — F under pointwise addition and multiplication.
LetR={f € S: f(A) isfinite}, let & = {Ay, ..., Ay} be any finite partition ofA,
where A is a subset ofA for eachi. Moreover,R,» = {f € S: f is constant on
eachA} is a subring ofR containingr, the prime subring o6. Clearly,R» ~ F".
We useF* to denote the diagonal imbedding &f in S. From the proof of 6,
Proposition 5.2], the familyR4 : &7 is a finite partition ofA} is directed. EacliRy
is Artinian and von Neumann regular afl= UR» ~ F* + |, wherel = @ﬂeA F
is the direct sum ideal db, is the biggest subring & which expressible as a directed
union of Artinian subrings. On the other handgifs countable, then for each> 0,
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let FO = {{x;}, € S: %_1 = X = ---} be a subring ofS isomorphic toF'.
According to B, Proposition 5.1]R = | J2, F" is a directed union of Artinian von
Neumann regular subrings.
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