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Abstract

Let A be a C*-algebra ani{ the C*-algebra of all compact operators on a countably infinite dimensional
Hilbert space. In this note, we shall show that there is an isomorphism of a semigroup of equivalence
classes of certain partial automorphismsfo® K onto a semigroup of equivalence classes of certain
countably generateA- A-Hilbert bimodules.

2000Mathematics subject classificatioprimary 46L08; secondary 46L40.

0. Introduction

Let A be a C*-algebra an& the C*-algebra of all compact operators on a countably
infinite dimensional Hilbert space. Brown, Green and Rieffgldefined PicA),
the Picard group ofA as the group of isomorphic classes &fA-equivalence bi-
modules and showed that there is a homomorphism of A K), the group of
all automorphisms oA ® K to Pi(A) and that its kernel is 1A ® K), the nor-
mal subgroup of AUtA ® K) of all generalized inner automorphisms Afg K. If
A is o-unital, the homomorphism of AUA ® K) to Pic(A) is surjective. Hence
Out(A® K)(= Aut(A ® K)/ Int(A ® K)) is isomorphic to PicA).

In this note, we shall give a similar result to the above one for certain partial
automorphisms oA ® K and certain countably generat@dA-Hilbert bimodules.

For a C*-algebraB, let Aut(B) be the group of all automorphisms BfandM (B)
its multiplier algebra.
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1. Equivalence relations and a map

Let AandK be as above. Let PA(A ® K) be the set of all partial automorphisms
of A® K defined by Exel§]. We shall give an equivalence relatienas follows; for
O;=(;,J;,0) e PAUAR®RK) (j =1,2),0; ~0,if I, =1, J; = J, and there
is a unitary elementv € M(l;) such thatd, = 6; o Ad(w). We denote by®] the
equivalence class of a partial automorphiéme PAut(A ® K). We also denote by
PAUt(A ® K)/~ the quotient set of PAUA ® K) by the above equivalence relation.
We shall define a product in PAW ® K)/~ as follows. Let®; = (I, J;,0;) €
PAULA® K) (j = 1,2), and letl; = 6; 1 (I N 1y), Js = 62( N 1), O3 = 6, 0 6.
Finally, let®; = (I3, Js, 65) € PAUAR K). We defind®,][®,] = [O3]. By routine
computations, we can see tH@i;] is independent of the choices of representatives
of [®;] and[©®,]. By the above product, PAGA ® K)/~ is a semigroup. Let
B = (AR K, A® K, idagx) € PAUt(A ® K). Then by easy computation®.]
is the unit element in PAUA ® K)/~ and the group of all invertible elements in
PAUtA® K)/~ is

IA®K, ARK, B)] | B € Au(A® K)} = Out(A® K).

We identify it with Ou(A ® K) and denote an elemeftA ® K, A® K, B)] €
PAUt(A ® K)/~ by [B].

Let HB(A) be the set of allA-A-Hilbert bimodule isomorphic classes @& A-
Hilbert bimodules defined in Brown, Mingo and Shéhdnd Abadie, Eilers and Exel
[1]. For any A-A-Hilbert bimoduleX, we denote by X] the A-A-Hilbert bimodule
isomorphic class oK. We define a product in H&\) as the relative tensor product
with respect toA.

In the same way as in Abadie, Eilers and Exgl Example 3.2], for any® =
(1, J,0) € PAUt(A® K) we define amA ® K-A® K-Hilbert bimoduleXg as follows.
Let X be the vector spadeand the obvious left action & ® K and the obvious left
inner product, but we define the right actionAfz K on Xe by x - a = 8-1(8(x)a)
foranya € A® K andx € Xe and the rightA ® K-valued inner product by
(X, Y)agx = 0(X*y) foranyx, y € Xe.

LEMMA 1.1. Let®; = (1}, J;,0;) € PAUA® K) (j = 1,2). If ®; ~ Oy, then
Xo, = Xo, as A ® K-A ® K-Hilbert bimodules.

PrOOF We shall prove this lemma in the same way as in Brown, Green and Rieffel
[4, Proposition 3.1]. Sinc®; ~ O,, I, = I, andJ; = J,. Putl = I, = I, and
J = J; = J,. Thenthereisaunitary elemante M(l)suchthab, = 6;0Ad(w). Let
® be a map fronXe, to Xe, defined byd (x) = xw for anyx € Xe,. Then by direct
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computations, we can see thhis anA ® K-A ® K- Hilbert bimodule isomorphism
of Xe, 0nto Xe, sinced, = 6; o Ad(w). Hence we obtain the conclusion. O

By Lemmal.l, the map[®] € PAUt(A ® K)/~ — [Xe] € HB(A® K) can be
defined.

LEMMA 1.2. The map[®] € PAUtA® K)/~ — [Xo] € HB(A® K) is a
semigroup homomaorphism.

PROOF. Let ®; = (I}, J;,0;) € PAUA® K) (j = 1,2). Let®3 = (6; (I N
12),02(31 N 1), 60, 0 6;) € PAU(A ® K). Then by the definition of the product in
PAUA ® K)/~, [@3] = [01][®,]. Hence it suffices to show th¥y, Raxx Xe, =
Xo, 8SA® K — A ® K-Hilbert bimodules. We note thako, = |1, Xe, = |, and
Xeo, =61 1(J.N1,) as vector spaces. Létbe a map 0o, ®ask Xe, 10 Xg, defined
by ®(X; ® Xo) = 6; 1 (A1(X1)%,) for anyx; € Xe, andx, € Xe,. Foranya e A® K
andx; € Xg,, X € Xg, With Xz, X, > 0,

DX ® (@- %)) = 07 H(61(x)axy) = P ((X1 - @) ® Xp).

Thus® is well defined. It is also clear that is surjective. Furthermore, by routine
computations® preserves the both inner products. Hence, by the remark after Jensen
and Thomsen{, Definition 1.1.18],Xe, ®@aex Xeo, = Xe, 8SA @ K-A @ K-Hilbert
bimodules. Therefore, we obtain the conclusion. O

For anyA- A-Hilbert bimodule, let, (X) be the closure of linear span gf(x, y) |
X,y € X} andIr(X) the closure of linear span ¢fx, y)» | X,y € X}. By Brown,
Mingo and Shen, Remark 1.9]], (X) andIr(X) are closed two-sided ideals &f
and by restriction we regard as anl_(X)-1r(X)-equivalence bimodule.

LEMMA 1.3. The homomorphisii®] € PAUt(A ® K)/~ — [Xg] € HB(A® K)
is injective.

PROOF. Let ®; € PAUA® K) (j = 1,2). We suppose thaKe, = Xe, as
A ® K-A ® K-Hilbert bimodules. Thus there is ah® K-A ® K-Hilbert bimodule
isomorphism® of Xe, onto Xe,. Then sinced preserves the both inner products,
IL(Xe,) = 1L(Xe,) and 1g(Xe,) = Ir(Xe,). On the other handl (Xe,) = Ij,
Ir(Xe;) = Jj by the definition ofXe, for j = 1,2. Thusl; = l; andJ, = J,.
We regardXe, and Xg, as | -J-equivalence bimodules whele = 1; = |, and
J = J; = J. ThenXe, = Xe, asl-J-equivalence bimodules. Hence, by Brown,
Green and Rieffel4, Corollary 3.2], there is a unitary elemente M(l) such that
0, = 6, o Ad(w). Therefore®, ~ O,. O
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Let B be a C*-algebra. For eadh-B-Hilbert bimoduleX, let X be its dual Hilbert
C*-bimodule. LetH 5 be the standard equivalence bimodule betwaenh K and A,
that is,H, = (A ® K)(1 ® e), where 1 is the unit element iM(A), e is a rank
one projection inK and we identifyA with A® e. For any® € PAut(A ® K), let
Yo = Ha Q@ask Xo ®asx Ha. Then the mapX] — [Ha Qasx X @agx Hal is an
isomorphism of HBA ® [K) onto HB(A). Thus the map®] € PAUt(A® K)/~ —
[Yo] € HB(A) is injective.

COROLLARY 1.4. The mag®] € PAUt(ARK)/~ — [Yo] € HB(A)isaninjective
homomorphism.

2. A certain class of countably generated Hilbert bimodules
and a certain class of partial automorphisms

Let Y be an A-A-Hilbert bimodule. We say thaY is countably generated as
equivalence bimodules ¥ is a countably generated left Hilbdgt(Y)-module andy
is a countably generated right Hilbdg(Y)-module.

LetY be anA-A-Hilbert bimodule countably generated as equivalence bimodules.
By Blackadar P, Corollary 13.6.3] . (Y) andIr(Y) arec-unital. Putl = I (Y)® K,
J = Igr(Y) ® K. Thenl andJ are alsoo-unital by Brown, Green and Rieffel]
Proposition 2.4]. Le)X = Ha @Y ®a Ha. Then

[L(X) = agr(Ha a(YAFa, Ha), Y), Ha)
= pox(Ha AYAY), Ha) = agx(Hal (Y), Ha) = [L(Y) ® K

sinceY A=Y by Brown, Mingo and Sherb| Proposition 1.7]. Similarlylg(X) =
Ir(Y) ® K.

LEMMA 2.1. LetY be anA- A-Hilbert bimodule countably generated as equivalence
bimodules. Then there is a partial automorphi€y of A ® K such thatYg, =Y as
A-A-Hilbert bimodules.

PrROOF. Let | andJ be as above. ThehandJ ares-unital. Hence, by Brown,
Green and Rieffel4, Theorem 3.4], there is an isomorphighof | onto J such that
Xy = X as|-J-equivalence bimodules whebg, is an | -J-equivalence bimodule
induced by the isomorphisi of | onto J which is defined in Brown, Green and
Rieffel [4, Section 3] andX = Ha ®a Y ®a Ha Let®y be a partial automorphism
of A® K defined by®y = (I, J,6). Then by the definition oKe,, Xe, = X, as
| -J-equivalence bimodules. Hendg,, = X asl-J-equivalence bimodules. By the
remark after Jensen and ThomseénDefinition 1.1.18],Xe, = X asA® K-A® K-
Hilbert bimodules. ThereforeéY,, = Y asA-A-Hilbert bimodules. O
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Let PAut, (A ® K) be the set of all partial automorphisr@s= (I, J, 6) of A® K
satisfying thatl and J areo-unital. Let HB.(A) be the subsemigroup of al\-A-
Hilbert bimodules countably generated as equivalence bimodules.

LEMMA 2.2. HB.(A) is the image of a subsemigrolgAut, (A ® K)/~ by the
homomorphisni®] € PAUtA® K)/~ — [Yo] € HB(A).

PrROOF. By the proof of Lemm&.1, we see that HR A) is contained in the image
of PAuUt, (A ® K)/~ by the mapg®] € PAUt(A® K)/~ — [Yeo] € HB(A). Hence
we have only to show the inverse inclusion. Bet (I, J, ) € PAut, (A® K). Then
sinceXe (A ® K) = Xg by Brown, Mingo and Sherb| Proposition 1.7],

IL(Yo) = AlHa as(Xe asx{Ha, Ha), Xo), Ha)

= A<|]:I]A A®K(X(—)a X(—)>, I]:I]A> = (l Ha, IH]A>A
=(1l®el(lxe.

Let (A ® K)” and |” be the universal von Neumann algebras/® K and I,
respectively. Then by Pedersedj,[there is a central open projectigne (A ® K)”
with 1” = p(A® K)” andl = p(A® K)’ N (A® K). Putq = (1® e)p. Then
g is a full projection inM(l) and 1. (Ye) = qlq. Sincel is o-unital, by Brown
[3, Corallary 2.6],1,(Ye) is stably isomorphic td. Hence, by Brown, Green and
Rieffel [4, Proposition 2.4] | (Ye) is o-unital sincel is o-unital. Similarly, [r(Ye) is
alsoo-unital. Thus, by Blackada?[ Corollary 13.6.3]Ye is countably generated as
equivalence bimodules. Therefof&,] € HB.(A). O

By Corollary1.4and Lemma2.2, we obtain the following theorem.

THEOREMZ2.3. The maf®] — [Ye]is anisomorphism oPAuUt, (A® K)/~ onto
HB.(A).

Using the proof of Lemma&.1, we obtain the following corollary.

COROLLARY 2.4. For any o-unital closed two-sided idedl of A ® KK, there is a
o-unital closed two-sided ided}, of A such thatl = |, ® K.

3. Conjugacy classes

For a C*-algebraA, let HB(A)~! be the set of all invertible elements in KB).
Then Pi¢A) = HB(A)~1. We consider the set of conjugacy classes of elements in
HB(A) by an invertible elementin HBM\). Thatis, for any{ X;], [X2] € HB(A), [X4]
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is equivalent td X,], written [ X;] ~ [X;], if there is an elemer(tY] € Pic(A) such
that[X,] = [Y][XiI[Y]:. We denote by HBA)/~ the quotient set by the above
equivalence relation and denote [p)X]] the equivalence class K] € HB(A). By
Brown, Green and Rieffel] Proposition 3.1], we can easily consider the following
conjecture:

CONJECTURE There is a map fronPAut(A ® K)/~ to HB(A)/~ induced by the
homomorphism oPAut(A ® K)/~ to HB(A) defined in Sectio if we give an
appropriate equivalence relatior in PAUt(A® )/~ , wherePAUt( A® )/~ is the
quotient set dPAUt( A®R K) /~ by the appropriate equivalence relation. Furthermore,
the map fronPAuUt(A ® K)/~ to HB(A)/~ is injective ifAis o-unital.

In this section, we shall show this conjecture and obtain the main theorem. First,
we shall give an equivalence relationin PAut(A @ K)/~ as follows; for®; =
(13, J;,6)) € PAULA® K) (j = 1,2), [©41] ~ [O,] if there is ap € Aut(A ® K)
such thatl, = B(11), J, = B(J) and[O4] = [(I1, I, B~ 10 6, 0 B)]. We denote by
[[®]] the equivalence class §P] € PAUt(AQ® K)/~.

LEMMA 3.1. Let®; = (1}, J;,60)) € PAUAQ® K) for | = 1,2. If [@1] ~ [®,],
[Yo,l ~ [Yo,].

PROOF. Since[®;] ~ [®,], there is a8 € Aut(A ® ) such thatl, = (1),
J, = B(J) and[O4] = [(I1, J1, B~1 0 6, 0 B)]. By the definition of the product in
PAUlA ® K)/~,

[®l] = [(Ilv ‘Jls 1871 o 92 o IB)]
=[(AQ K, A®K, BIOAARK, A® K, B7H] = [BIIO[B]
Thus using the homomorphism of PAA® K)/~ to HB(A) defined in Sectior2,
we see thakYe,] = [Ys1[Ye,l[Ys171, whereY; = H A ®ask Xs Qagx Ha andXg is an
A® K-A® K-equivalence bimodule induced I8y which is defined in Brown, Green
and Rieffel B, Section 3]. Therefore, we obtain the conclusion. O
By Lemma3.1, we can define a map

1) [([O]] € PAUAQ K)/~ — [[Yoll € HB(A)/~.
LEMMA 3.2. If Alis ac-unital C*-algebra, the mayl) is injective.

PROOF. Let®; = (I}, J;, 6;) € PAUA®K) (j =1, 2) with[Ye,] ~ [Ye,]. Since
Aiso-unital, by Brown, Green and Rieffe4] Corollary 3.5], thereis A& € Aut(AQK)
such thafYe,] = [Ys1[Ye,1[Ys]~* whereY; is an A- A-equivalence bimodule defined
in the proof of Lemma3.1 Since the homomorphisfi®] € PAU(A ® K)/~ —
[Yo] € HB(A) is injective, we obtain thdi®,] = [B][O,][B] 1. O
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THEOREM 3.3. Let A be ac-unital C*-algebra. Then the map
[[®]] € PAUL (A® K)/~ — [[Yol] € HB(A)/~
is a bijection.

PrOOF The result follows immediately from Theorem3and Lemmé.2 O

4. Crossed products

In this section, we shall consider a crossed product of a C*-algebra by a Hilbert
C*-bimodule defined in Abadie, Eilers and Ex&].[

Let A be a C*-algebra andf an A-A-Hilbert bimodule countably generated as
equivalence bimodules. Then by Abadie, Eilers and ExeRemark 3.4],

(AXY Z)@Kg (A® K) X ey Z,

where(A ® K) xg, Z is the crossed product & ® K by ®y which is defined in
Exel [6] and ®y is a partial automorphism oA ® K induced byY which is defined
in Section2. Hence we obtain the following proposition.

PropPoOsSITIOM. 1. Let Abe a C*-algebra and an A- A-Hilbert bimodule countably
generated as equivalence bimodules. Then

AxyZ=(1®e(A®K) xe, 0)(1®e),

where @y is the partial automorphism oA ® K induced byY and 1 is the unit
element inM(A), e is a rank one projection irfK. In particular, if A is a simple
o-unital C*-algebra, there is 8 € Aut(A ® K) which is uniquely determined up to
multiplication by a generalized inner automorphismfo® K such that

AxyZ=(1®e)((A®K) xs2)(1®e€).

COROLLARY 4.2. Let Abe a simpler-unital C*-algebra andy an A- A-equivalence
bimodule. TherA xy Z is simple if and only if for anyn € Z \ {0}, [Y]" # [A] in
Pic(A).

PROOF. Let B8 be an automorphism ok ® K such that

AxyZ=(1®e)((A®K) xsZ)(1®e).

HenceA x; Z is simple if and only if8" ¢ Int(A® K) foranyn € Z\ {0} by Pedersen
[8, Corollary 8.9.10]. By the proof of Lemnmal, Y = N ®ask Xp @azx Ha Where
X, is the A ® K-A ® K-equivalence bimodule induced Iy Therefore, by Brown,
Green and Rieffel4, Corollary 3.5], we obtain the conclusion. O
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