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Abstract

The aim of this work is to offer a new characterization of the Hilbert symbol overQ∗
p from the commutator

of a certain central extension of groups. We obtain a characterization forQ∗
p .p 6= 2/ and a different one

forQ∗
2.

2000Mathematics subject classification: primary 19F15, 20F12.

1. Introduction

In recent years, characterizations of algebraic symbols have been obtained from the
properties of infinite-dimensional vector spaces in order to provide new interpretations
for these symbols and to deduce standard theorems from the new definitions in an
easy way.

Thus, in 1968 Tate [7] gave a definition of the residues of differentials on curves in
terms of traces of certain linear operators on infinite-dimensional vector spaces.

A few years later, in 1989, Arbarello, de Concini and Kac [1] obtained a definition
of the tame symbol of an algebraic curve from the commutator of a certain central
extension of group. More recently, the author has given an interpretation of this
central extension in terms of determinants associated with infinite-dimensional vector
subspaces [3], and has defined the Parshin symbol on a surface as iterated tame
symbols [4].
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In all articles referred to above, the respective reciprocity laws (in particular, the
residue theorem) are deduced directly from the finiteness of the cohomology groups
H0.C;OC/ andH1.C;OC/.

The purpose of the present work is to give a new characterization of the Hilbert
symbol overQ∗

p by using the method described in [1] and [3]. This definition, which
involves topics of Steinberg symbols, allows us to use the results of [1, 2, 3] to study
the properties of this symbol. A remaining problem is to obtain a new proof of the
Gauss Reciprocity Law from the statements of this characterization.

Similarly to the computation of the symbol ([6, page 20]), we obtain a characteri-
zation forQ∗

p with p 6= 2 and a different one forQ∗
2.

For a detailed study of p-adic fields and the Hilbert symbol, the reader is referred
to [6].

2. Preliminaries

This section is added for the sake of completeness.

2.1. Definition of the Hilbert symbol If k denotes either the fieldR of real numbers
or the fieldQp of p-adic numbers (p being a prime number), Serre [6] defines the
Hilbert symbol.·; ·/k : k∗ × k∗ → ¼2 as:

.a; b/k =
{

1 if z2 − ax2 − by2 = 0 has a non-trivial solution ink3;

−1 otherwise,

wherea; b ∈ k∗ and¼2 = {1;−1}.
The Hilbert symbol is a Steinberg symbol ([2, page 94]) because it is bimultiplicative

and satisfies.a; 1 − a/k = 1. Moreover,.a;−a/k = 1 and.a; b/k = .b; a/k.
If k = Qp, we shall write.a; b/p = .a; b/k.
It is known thatQ∗

p ' Z×U p, whereU p is the group of p-adic units. Hence, if
vp denotes thep-adic valuation, each elementa ∈ Q∗

p can be written uniquely in the
form a = pÞu, with Þ = vp.a/ andu ∈ U p.

Moreover, if we denote byU 2 the group of units ofZ2, we can define the morphisms
of groupsž; ! : U 2 → Z=2 as follows:

ž.u/ = u − 1

2
.mod 2/ =

{
0 if u ≡ 1 .mod 4/;

1 if u ≡ −1 .mod 4/;

!.u/ = u2 − 1

8
.mod 2/ =

{
0 if u ≡ ±1 .mod 8/;

1 if u ≡ ±5 .mod 8/:
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SettingU p
n = 1 + pnZp, ž and! determine isomorphisms of groups

ž : U 2=U 2
2

∼→ Z=2 and ! : U 2
2 =U

2
3

∼→ Z=2:

Furthermore,Q∗
2=.Q

∗
2/

2 ' Z=2 × Z=2 × Z=2 and each elementa = 2Þu ∈ Q∗
2 can

be written in the form.−1/ž.u/2Þ5!.u/ū, whereū ∈ .Q∗
2/

2.
There exist also isomorphisms of groups� : U p=U

p
1

∼→ .Z=p/∗, and if f ∈ U p,
we shall write f .p/ = �. f̄ / ∈ .Z=p/∗.

Thus, givena; b ∈ Q∗
p, a = pÞu andb = pþv, the value of the Hilbert symbol is:

.a; b/p = .−1/Þþž.p/
(

uþ

vÞ
.p/

).p−1/=2

if p 6= 2;

.a; b/2 = .−1/ž.u/ž.v/+Þ!.v/+þ!.u/:

2.2. The group Gl(V, A) and its canonical central extension Let V be a vector
space over a fieldk (in general infinite-dimensional) and letA be a vector subspace
of V . With the same notation as in [1] we set

Gl.V; A/ = { f ∈ Aut.V/ such that f A ∼ A};

where f ∼ f A when dimk.A + f A=A ∩ f A/ < ∞, which is the definition of
commensurable subspaces of Tate [7].

If f ∈ Gl.V; A/, we set.A| f A/ = 3.A=A ∩ f A/∗
⊗

k 3. f A=A ∩ f A/,3 being
the maximal exterior power. Canonically, Arbarello, de Concini and Kac [1] defined
a groupG̃l.V; A/ = {. f; s/ with f ∈ Gl.V; A/ ands ∈ .A| f A/; s 6= 0}, which
induces a central extension:

1 → k∗ → G̃l.V; A/ → Gl.V; A/ → 1:

Let us setA = k[[t]] and V = k..t//. Sincek..t//∗ ⊆ Gl.V; A/, if we denote
by {·; ·}A the commutator of the above extension and we consider two elements,
f; g ∈ k..t//∗ with f = ½tÞ

(
1 + ∑

i ≥1ai t i
)
, and g = ¼tþ

(
1 + ∑

j ≥1bj t j
)
, where

½; þ ∈ k∗ andÞ; þ ∈ Z, we have that

{ f; g}A = ½þ

¼Þ
∈ k∗:

This computation of the commutator can also be found in[3].
2.3. Steinberg symbols For any fieldF , a bimultiplicative mappingc : F∗×F∗→A
to an abelian group, satisfyingc.x; 1 − x/ = 1 for x 6= 1, is called a ‘Steinberg
symbol’ on the fieldF .
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If Fv is a discrete valuation field,Ov is the valuation ring,mv is the unique maximal
ideal andk.v/ = Ov=mv is the residue class field, the tame symbol

dv : F∗
v × F∗

v → k.v/∗

.x; y/ 7→ .−1/v.x/v.y/
xv.y/

yv.x/
.modmv/

is an easy example of a Steinberg symbol onF∗
v .

For a detailed study of Steinberg symbols, we refer the reader to [2].

3. Characterization of the Hilbert symbol

Let us now considerk = Qp, Ap = Qp[[t]] andVp = Qp..t//.
Since each elementf ∈ Q∗

p can be written uniquely in the forma = pvp. f /u with
u ∈ U p, we can consider the injective group morphism

' : Q∗
p ,→ Qp..t//

∗;

pÞu 7→ utÞ;

and we deduce thatQ∗
p is a commutative subgroup of Gl.Vp; Ap/ by considering the

homothetiesh'. f /. Thus the commutator of the following central extension of groups

1 → Q∗
p → G̃l.Vp; Ap/ → Gl.Vp; Ap/ → 1

determines a 2-cocycle{·; ·}p : Q∗
p × Q∗

p → U p whose value is{ f; g}p = uþ=vÞ,
where f = pÞu andg = pþv.

3.1. Hilbert symbol overQ∗
p ( p 6= 2) From the morphism of groups p : U p → ¼2

defined as p.u/ = .u.p//.p−1/=2 we have a 2-cocyclẽ{·; ·}p : Q∗
p ×Q∗

p → ¼2, whose
value is

]{ f; g}p =  p.{ f; g}p/ =
(

uþ

vÞ
.p/

).p−1/=2

:

In general , one has that̃{·; ·}p is not a Steinberg symbol because

^{p−1; 1 − p−1}p = −1

whenp ≡ 3 .mod 4/.
We shall now give a cohomological definition of the Hilbert symbol as a distin-

guished element in the cohomology class[{̃·; ·}p] ∈ H2.Q∗
p; ¼2/, whereH2.A; B/ is

the group of classes of 2-cocyclesf : A × A → B (mod 2-coboundaries) [5].
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LEMMA 3.1. For eacha ∈ Z, there exists a unique2-coboundaryca : Z× Z → ¼2

satisfying the conditions:

• ca.Þ; þ + 
 / = ca.Þ; þ/ca.Þ; 
 /;
• ca.Þ; Þ/ = .−1/Þa

for Þ; þ; 
 ∈ Z.

PROOF. Recall that a 2-cocycleca : Z×Z → ¼2 is a 2-coboundary when there exists
a map� : Z → ¼2 such thatca.Þ; þ/ = �.Þ+þ/�.Þ/−1�.þ/−1. Let�.Þ/ = ½Þ ∈ ¼2.
It follows from the conditions of the lemma that

½Þ = .−1/Þ.Þ−1/a=2½Þ1 for each Þ ∈ Z:
Henceca.Þ; þ/ = .−1/Þþa is the unique 2-coboundary that satisfies the statement of
the lemma.

THEOREM 3.2. There exists a unique Steinberg symbol.·; ·/p in the cohomology
class[{̃·; ·}p] ∈ H2.Q∗

p; ¼2/ satisfying the condition

. f; g/p =]{ f; g}p if vp. f / = 0:

This Steinberg symbol is the Hilbert symbol overQ∗
p.

PROOF. Let ¹. f; g/ = c′. f; g/]{ f; g}p be a Steinberg symbol in the cohomology
class[{̃·; ·}p] ∈ H2.Q∗

p; ¼2/ such thatc′. f; g/ = 1 for vp. f / = 0. Sincec′ is a
2-coboundary, one has thatc′. f; g/ = 1 whenvp.g/ = 0 and, therefore, there exists
a commutative diagram

Q∗
p ×Q∗

p

vp×vp

��

c′

$$HHHHHHHHH

Z× Z
c̃′

// ¼2

wherec̃′ is a 2-coboundary satisfying̃c′.Þ; þ + 
 / = c̃′.Þ; þ/c̃′.Þ; 
 /.
Furthermore, since¹. f;− f / = 1 for all f ∈ Q∗

p, one has that̃c′.Þ; Þ/ =
.−1/Þ.p−1/=2 = .−1/Þž.p/. It then follows from Lemma3.1 that c̃′.Þ; þ/ = .−1/Þþž.p/

andc′. f; g/ = .−1/vp. f /vp.g/ž.p/.
Thus, the unique Steinberg symbol in[{̃·; ·}p] ∈ H2.Q∗

p; ¼2/ is

¹. f; g/ = .−1/vp. f /vp.g/ž.p/]{ f; g}p;

which is the Hilbert symbol.
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REMARK 3.3. The above property, which characterizes the Hilbert symbol inQ∗
p is

equivalent to one of the conditions that Serre gave to define local symbols on algebraic
curves ([5]) which are also Steinberg symbols.

Let us now consider inQ∗
p the structure of the topological group induced by the

p-adic valuation and let us consider¼2 as a topological group with the discrete
topology.

CONJECTURE3.4. .·; ·/p is the unique continuous Steinberg symbol in the cohomol-
ogy class[{̃·; ·}p] ∈ H2.Q∗

p; ¼2/.

3.2. Hilbert symbol overQ∗
2 Let us consider the morphism of groups 2 : U 2 → ¼2

defined as 2.u/ = .−1/!.u/. This map induces a 2-cocyclẽ{·; ·}2 : Q∗
2 ×Q∗

2 → ¼2

whose value is

]{ f; g}2 =  2.{ f; g}2/ = .−1/þ!.u/+Þ!.v/;

where f = 2Þu andg = 2þv.
Again, {̃·; ·}2 is not a Steinberg symbol because^{6;−5}2 = −1. We shall now

determine the relation between the commutator̃{·; ·}2 and the Steinberg symbol.·; ·/2
in the group of 2-cocyclesZ2.Q∗

2; ¼2/.

THEOREM3.5. There exists a unique2-cocyclec2 ∈ Z2.Q∗
2; ¼2/ such thatc2{̃·; ·}2

is a non-trivial Steinberg symbol. This symbol is the Hilbert symbol.·; ·/2. Moreover,
c2 is not a2-coboundary and hence.·; ·/2 =∈ [{̃·; ·}2] ∈ H2.Q∗

2; ¼2/.

PROOF. Let c2 ∈ Z2.Q∗
2; ¼2/ such that¹ = c2{̃·; ·}2 is a Steinberg symbol. Since

{̃·; ·}2 is a bimultiplicative map,c2 must be bimultiplicative and one has that

c2. f; 1 − f / = ^{ f; 1 − f }2 for f 6= 1:

Moreover, since^{ f;− f }2 = 1, the conditionc2. f;− f / = 1 must be satisfied and
it follows from the equality

]{ f; g}2 =^{g; f }2

thatc2 must be a symmetric 2-cocycle.
Furthermore, sincec2. f 2; g/ = c2. f; g2/ = 1, we have thatc2 is characterized by

its values in−1, 2 and 5, which are the generators of the groupQ∗
2=.Q

∗
2/

2.
Bearing in mind the previous considerations, we have that

c2.2;−1/ =^{2;−1}2 = 1; c2.2; 2/ = c2.2;−2/c2.2;−1/ = 1:
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From the equalities

c2.5;−4/ =^{5;−4}2 = 1 and c2.5; 22/ = 1;

we deduce thatc2.5;−1/ = 1. It is now clear thatc2.5; 5/ = 1.
To conclude, let us first assume thatc2.−1;−1/ = 1. Then, sincež.3/ = 1 and

!.3/ = 1 we have that 3= −5u2. Moreover,c2.6;−5/ =^{6;−5}2 = −1, and thus

c2.2; 5/ = c2.2;−5/ = −c2.12;−5/ = −c2.3;−5/

= −c2.−5;−5/ = −c2.−1;−1/ = −1:

Hence if we write f = .−1/ž.u/2Þ5!.u/ū2 andg = .−1/ž.v/2þ5!.v/v̄2, we have in
this case that

c2. f; g/ = c2.2Þ; 5!.v//c2.5!.u/; 2þ/ = .−1/Þ!.v/+þ!.u/ =]{ f; g}2

and¹ = c2{̃·; ·}2 = 1 is the trivial Steinberg symbol.
Finally, when c2.−1;−1/ = −1 we deduce, using a similar argument, that

c2.2; 5/ = 1. Hence,c2. f; g/ = .−1/ž.u/ž.v/, and

¹. f; g/ = .−1/ž.u/ž.v/]{ f; g}2 = . f; g/2:

Furthermore, sincec2.−1;−1/ 6= 1 we have thatc2 is not a 2-coboundary and we
conclude the proof.
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