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Abstract

The aim of this work is to offer a new characterization of the Hilbert symbol @jgfrom the commutator
of a certain central extension of groups. We obtain a characterizatiépfop # 2) and a different one
for Q3.

2000Mathematics subject classificatioprimary 19F15, 20F12.

1. Introduction

In recent years, characterizations of algebraic symbols have been obtained from the
properties of infinite-dimensional vector spaces in order to provide new interpretations
for these symbols and to deduce standard theorems from the new definitions in ar
easy way.

Thus, in 1968 Tate?] gave a definition of the residues of differentials on curves in
terms of traces of certain linear operators on infinite-dimensional vector spaces.

A few years later, in 1989, Arbarello, de Concini and Kakdbtained a definition
of the tame symbol of an algebraic curve from the commutator of a certain central
extension of group. More recently, the author has given an interpretation of this
central extension in terms of determinants associated with infinite-dimensional vector
subspaces3], and has defined the Parshin symbol on a surface as iterated tame
symbols f].
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In all articles referred to above, the respective reciprocity laws (in particular, the
residue theorem) are deduced directly from the finiteness of the cohomology groups
HO(C, 0c) andHY(C, O.).

The purpose of the present work is to give a new characterization of the Hilbert
symbol overQ; by using the method described if nd [3]. This definition, which
involves topics of Steinberg symbols, allows us to use the results &f B] to study
the properties of this symbol. A remaining problem is to obtain a new proof of the
Gauss Reciprocity Law from the statements of this characterization.

Similarly to the computation of the symbob([page 20]), we obtain a characteri-
zation forQ’g with p # 2 and a different one fo®3.

For a detailed study of p-adic fields and the Hilbert symbol, the reader is referred
to [6].

2. Preliminaries

This section is added for the sake of completeness.

2.1. Definition of the Hilbert symbol If k denotes either the fielR of real numbers
or the fieldQ, of p-adic numbers f being a prime number), Serré][defines the
Hilbert symbol(-, -)i : kK* x k* — u, as:

@b 1 if 22— ax? — by? = 0 has a non-trivial solution ik®;

KT 121 otherwise,
wherea, b € k* andu, = {1, —1}.

The Hilbert symbolis a Steinberg symbdt(page 94]) because itis bimultiplicative
and satisfiesa, 1 — a), = 1. Moreover,(a, —a), = 1 and(a, b), = (b, a)y.

If k = Qp, we shall write(a, b), = (a, b)x.

Itis known thatQ}, >~ Z x %P, whereZ ? is the group of p-adic units. Hence, if
vp denotes thep-adic valuation, each elemeate Q; can be written uniquely in the
forma = p*u, with o = vp(a) andu € % °.

Moreover, if we denote by/ 2 the group of units oZ,, we can define the morphisms
of groupse, w : %% — 7/2 as follows:

_u-1 _J0 ifu=1 (mod 4,
= 2 (mOda_{l if u=—-1 (mod 4,

2

if u=+1 (mod 8;

w(U) = !
B if u=+5 (mod 8.

0
(mod 2 = {1
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Setting%,P = 1+ p"Z,, ¢ andw determine isomorphisms of groups
€U UF > 1)2 and w: UR UL S T2

Furthermore@Q;/(Q3)?> >~ Z/2 x Z/2 x 7/2 and each element= 2"u € Q; can
be written in the form—1)<"2*5°@q, wherel € (Q})>.

There exist also isomorphisms of groups % °/%," = (Z/p)*, and if f € %P,
we shall writef (p) = ¢(f) € (Z/p)*.

Thus, givera, b € Q*, a = p*u andb = pfv, the value of the Hilbert symbol is:

8 (p-1)/2
@, by, = (—1)*<® (u—(p)> if p#2,

U(X
(a b)2 — (_1)e(u)s(v)+aw(v)+ﬁa)(u)'

2.2. The group GV, A) and its canonical central extension LetV be a vector
space over a fielt (in general infinite-dimensional) and |é&tbe a vector subspace
of V. With the same notation as ifi][we set

Gl(V, A) = {f € Aut(V) suchthatf A~ A},

where f ~ fA when dim(A+ fA/AN fA) < oo, which is the definition of
commensurable subspaces of Tate [

If f eGlI(V, A),wesettAlfA) = AA/ANTA*Q, A(TA/AN fA), A being
the maximal exterior power. Canonically, Arbarello, de Concini and Khdéfined
a groupGl(V, A) = {(f,s)with f € GI(V, A)ands € (A/fA),s # 0}, which
induces a central extension:

1— k* = GI(V, A) — GI(V, A) — 1.

Let us setA = K[[t]] andV = Kk((t)). Sincek((t))* € GI(V, A), if we denote
by {-, -}a the commutator of the above extension and we consider two elements,
f.g € k((t)* with f = at*(1+ > ,.,at'), andg = ut/(1+ ijlbjti), where
A, B € k*anda, B € Z, we have that

AP
{f,g}AI —a S I‘(>‘<
w
This computation of the commutator can also be founi8]n

2.3. Steinberg symbols For any fieldF, a bimultiplicative mapping : F*xF*— A
to an abelian group, satisfying(x, 1 — x) = 1 for x # 1, is called a ‘Steinberg
symbol’ on the fieldF.
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If F, is a discrete valuation field7, is the valuation ringm, is the unique maximal
ideal andk(v) = &,/m, is the residue class field, the tame symbol

d,: F' x F — k(v)*

v(y)
X y) = (= DU(X)UW)W (modm,)

is an easy example of a Steinberg symboFgn
For a detailed study of Steinberg symbols, we refer the read@f.to |

3. Characterization of the Hilbert symbol

Let us now considek = Q,, Ay, = Q,[[t]] andV, = Q,((1)).
Since each elemerft € Qj, can be written uniquely in the forma = pvrMu with
u € % P, we can consider the injective group morphism

¢ Q= Qp((t)",
p“u — ut®,

and we deduce thd; is a commutative subgroup of G4,, Ap) by considering the
homothetied,,r,. Thus the commutator of the following central extension of groups

1— Q5 — Gl(Vp, Ap) = GI(Vp, Ap) > 1

determines a 2-cocyclg, -}, : Q) x Q — %P whose value iff, g}, = u? /v,
where f = p“u andg = pfv.

3.1. HilbertsymboloverQj (p # 2) Fromthe morphlsm ofgroups, : P — .,
defined ag/p(u) = (u(p))<p /2 e have a 2-cocyclg, - }p 1 Q1 x Q; — o, whose
value is

L U p-1)/2
{fv g}pzwp({ f’ g}p): (W(p)) .

In general , one has th{aftv-}p is not a Steinberg symbol because

{p_l’ 1 - p_l}p = _l

whenp = 3 (mod 4.

We shall now give a cohomological definition of the Hilbert symbol as a distin-
guished element in the cohomology claég-}p] e H2(Q*, u,), whereH?(A, B) is
the group of classes of 2-cocyclés A x A — B (mod 2-coboundaries}].



[5] Hilbert symbol 365
LEMMA 3.1. For eacha € Z, there exists a uniqu&-coboundaryc, : Z x Z — u,
satisfying the conditions

L4 Ca(av 13 + V) = Ca(av IB)Ca(Olﬂ J/),
L4 Ca(av a) = (_1)0(3

fora, B,y € Z.

PrROOF. Recallthata2-cocycle, : ZxZ — u,isa?2-coboundary when there exists

amapp: Z — pupsuchthaty(a, B) = ¢ (@+B)d () *¢(B) . Letp(a) = Ay € o
It follows from the conditions of the lemma that

Ay = (—1)*@ D3 foreacha € Z.

Hencec, (o, B) = (—1)#f2 is the unique 2-coboundary that satisfies the statement of
the lemma. O

THEOREM 3.2. There exists a unique Steinberg symbol), in the cohomology
classl[{-, Jol € H2(Q*, u,) satisfying the condition

(Lo ={(f.g), if vp(f)=0.
This Steinberg symbol is the Hilbert symbol ogy.

PROOF. Let v(f,g) = c(f, g){/f,\g}p be a Steinberg symbol in the cohomology
classl[{-, -},] € H2(Q%, u2) such thatc'(f,g) = 1 for v,(f) = 0. Sincec is a
2-coboundary, one has theit f, g) = 1 whenv,(g) = 0 and, therefore, there exists

a commutative diagram

Q; x Q;

l \
UpXUp

Zx7—S

M2

where€' is a 2-coboundary satisfying(«, 8 + y) = €(«, B)C (v, y).
Furthermore, since(f,—f) = 1 for all f € Q’;, one has that'(«, o) =
(—=1)«P=D/2 = (—1)*® |t then follows from LemmaB.1that& («, B) = (—1)*#<P
andc'(f, g) = (=1)v(Dve@<®,
Thus, the unique Steinberg symbol[{r-/ff}p] e H?(Q*, uy) is

v(f,g) = (=1 O P g},

which is the Hilbert symbol. O
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REMARK 3.3. The above property, which characterizes the Hilbert symb@ljjris
equivalent to one of the conditions that Serre gave to define local symbols on algebraic
curves (p]) which are also Steinberg symbols.

Let us now consider i@} the structure of the topological group induced by the
p-adic valuation and let us considgr, as a topological group with the discrete

topology.

CONJECTURE3.4. (-, ) is the unique continuous Steinberg symbol in the cohomol-
ogy clasg{-, -}, € H*(Q%, u2).

3.2. HilbertsymboloverQ; Letusconsiderthe morphismgfgroupg: U2 — |y
defined as/,(u) = (—1)““. This map induces a 2-cocycfe -}, : Q3 x Q5 — w2
whose value is

—~

{f, 91, = va({f, g)o) = (=Dt

where f = 2*u andg = 2°v.
Again, {-, -}, is not a Steinberg symbol beﬂc\:gu&e -5}, = —1. We shall now
determine the relation between the commutétor, and the Steinberg symbol -),

in the group of 2-cocycleZ?(Q3, u2).

THEOREM 3.5. There exists a uniqu&-cocyclec, ZZ(Q; W2) such thatcz{f,v-}2
is a non-trivial Steinberg symbol. This symbol is the Hilbert synibej,. Moreover,
C; is not a2-coboundary and henag, -), ¢ [{, -},] € H*(Q3}, w2).

PROOF Letc, € ZZ(Q; W2) such thaty = cz{f,\f}2 is a Steinberg symbol. Since
{-, -}, is a bimultiplicative map¢, must be bimultiplicative and one has that

G(f,1—f)y={(f,1—f}, for f #1

Moreover, since{f\—/f}2 =1, the conditiorc,(f, — f) = 1 must be satisfied and
it follows from the equality

—~

{fv 9}2 = {97 f}Z

thatc, must be a symmetric 2-cocycle.

Furthermore, since,(f?2, g) = c,(f, g?) = 1, we have that;, is characterized by
its values in—1, 2 and 5, which are the generators of the grQyp(Q3)?.

Bearing in mind the previous considerations, we have that

G2 —1) ={2 -1, =1 (22 =2 —2)Cx(2, —1) = 1.
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From the equalities

—_~

C(5, —4) = {5 -4, =1 and c,(5 2% =1,

we deduce that,(5, —1) = 1. Itis now clear that,(5, 5) = 1.
To conclude, let us first assume tlia{—1, —1) = 1. Then, since(3) = 1 and
(3) = 1 we have that 3= —5u?. Moreover,c,(6, —5) = {6, —5}, = —1, and thus

C2(2, 5) = C2(2, —5) = —02(12, —5) = —C2(3, —5)
= —Cy(-5, -5 = —c(-1,-1) =-1.

Hence if we writef = (—1)W2*5°@{2 andg = (—1)2f5°™ 32, we have in
this case that

Ga(f. Q) = Co(2, 5°V)y(57Y, 2F) = (~1)ew oW = [ g),

—_—~

andv = ¢,{+, -}, = 1 is the trivial Steinberg symbol.
Finally, whenc,(—1, —1) = —1 we deduce, using a similar argument, that
C2(2,5) = 1. Henceg,(f, ) = (—1)<W<™, and

v(f, @) = (1)@ g}, = (. 9.

Furthermore, since,(—1, —1) # 1 we have that; is not a 2-coboundary and we
conclude the proof. O
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