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Abstract

Let M be a reductive algebraic monoid with zero and unit groupG. We obtain a description of the
submonoid generated by the idempotents ofM . In particular, we find necessary and sufficient conditions
for M\G to be idempotent generated.

2000Mathematics subject classification: primary 20M99; secondary 20G99.

Introduction

Let S be a semigroup. It has long been recognized that an important tool in un-
derstanding the structure ofS is to consider the semigroup〈E.S/〉 generated by the
idempotent setE.S/ of S, see, for example, [3, 4, 5, 6]. In particular for a regular
semigroupS, Hall [5] constructs from the semigroup〈E.S/〉 a universal fundamental
semigroupTE containing the fundamental imageS=¼ of S.

Our interest is in linear algebraic monoidsM with unit groupG. In earlier papers
[8, 10], we have found sufficient conditions forM\G to be idempotent generated.
In this paper we find complete answers. We begin by studying〈E.M/〉 for any
irreducible algebraic monoidM . For each regularJ -classJ of M we associate a
normal subgroupGJ of G so that for any idempotente in J, J ∩ 〈E.M/〉 = GJeGJ.
When M is a regular irreducible monoid with zero (equivalentlyG is reductive),
we find necessary and sufficient conditions forJ to be idempotent generated. The
conditions are of a discrete nature, associated with the Weyl group ofG.
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1. Preliminaries

Let M be a strongly³ -regular monoid. This means that some power of each
element lies in a subgroup. IfX ⊆ M , let E.X/ denote the set of idempotents inX.
LetJ = D , R, L , H denote the usual Green’s relations onM . A J -classJ is
regular if E.J/ 6= ∅. M is regular if allJ -classes are regular. LetU .M/ denote the
partially ordered set of regularJ -classes ofM . If J ∈ U .M/, then J0 = J ∪ {0}
with

a ◦ b =
{

ab if ab ∈ J;

0 otherwise

is a completely 0-simple semigroup. We are interested in the products of idempotents.
It has been noted by Hall [5, Lemma 1] that the property of being a product of
idempotents is local.

PROPOSITION1.1. If J ∈ U .M/, thenJ ∩ 〈E.M/〉 ⊆ 〈E.J/〉.
COROLLARY 1.2. 〈E.M/〉 is a strongly³ -regular monoid.

PROOF. Let a ∈ 〈E.M/〉. ThenamH a2m for some positive integerm. If J is the
J -class ofam, thenam ∈ J ∩ 〈E.M/〉 ⊆ 〈E.J/〉. SinceJ0 is completely 0-simple,
amH a2m in 〈E.J0/〉 and hence in〈E.M/〉.

Let J ∈ U .M/. We will say thatJ is idempotent generatedif J ⊆ 〈E.M/〉. In
such a caseJ is a regularJ -class of〈E.M/〉. If e ∈ E.J/ and if H is theH -class
of e (unit group ofeMe), thenJ is idempotent generated if and only ifH ⊆ 〈E.M/〉
and any two idempotents inJ areJ -related in〈E.M/〉. The unit group ofM , if
non-trivial, is never idempotent generated. Both the full transformation semigroup
of a finite set and the multiplicative monoid ofn × n matrices over a field have the
property that the non-units are products of idempotents, see, for example, [3, 6].

2. Algebraic monoids

Let M be an algebraic monoid over an algebraically closed fieldk. This means that
M is an affine variety with the product map being a morphism. By [9, Theorem 3.18],
M is a strongly³ -regular monoid. LetMc denote the irreducible component of 1. We
will assume thatM is an irreducible monoid, that is,M = Mc. By [9, Theorem 5.10],
U .M/ is a finite lattice. LetG denote the unit group ofM . Fore ∈ E.M/,

Gr
e = {x ∈ G | xe= e}; Gl

e = {x ∈ G | ex = e};
Ge = {x ∈ G | ex = e = xe}; CG.e/ = {x ∈ G | ex = xe}
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are closed subgroups ofG andCG.e/ is also connected. ForJ ∈ U .M/, e ∈ E.J/,
let

GJ = {x ∈ G | ex ∈ 〈E.M/〉}:(2.1)

THEOREM2.1. (i) GJ is a closed normal subgroup ofG and is independent of
the choice of the idempotente.

(ii) If e ∈ E.J/, thenGJ = 〈Gr
e;Gl

e〉 and is also equal to the normal subgroup of
G generated byGe.

(iii) J ∩ 〈E.M/〉 = J ∩ GJ = GJeGJ is a closed irreducible subset ofJ for all
e ∈ E.J/.

(iv) J is idempotent generated if and only ifG = GJ.
(v) If J1; J2 ∈ U .M/ with J1 ≤ J2, thenGJ2 ⊆ GJ1.

PROOF. Let e ∈ E.J/, x ∈ GJ. If eL e1 ∈ E.J/, then

e1x = e1ex ∈ e1〈E.J/〉 ⊆ 〈E.J/〉:(2.2)

If eRe1 ∈ E.J/, then

e1x = ee1x = .ex/.x−1e1x/ ∈ e1〈E.J/〉.x−1e1x/ ⊆ 〈E.J/〉:(2.3)

If f ∈ E.J/, then by [9, Theorem 5.9],

eL e1Re2L f for some e1; e2 ∈ E.J/:(2.4)

By (2.2)–(2.4), we see that

E.J/GJ ⊆ 〈E.J/〉:(2.5)

It follows thatGJ is independent of the choice of the idempotente. If g ∈ G, then by
(2.5),

eg−1xg = g−1.geg−1 · x/g ⊆ g−1〈E.J/〉g = 〈E.J/〉:

Henceg−1xg ∈ GJ . Thus

g−1GJg ⊆ GJ for all g ∈ G:(2.6)

Let a; b ∈ GJ. Thenea; eb∈ 〈E.J/〉. So

eab= .eb/b−1.ea/b ∈ 〈E.J/〉b−1〈E.J/〉b = 〈E.J/〉2 = 〈E.J/〉:
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Henceab ∈ GJ . Thus

GJ GJ ⊆ GJ(2.7)

Now E.J/ is a closed irreducible subset ofM by [9, Proposition 5.8]. Hence we have
an ascending chain of closed irreducible setsE.J/ ⊆ E.J/2 ⊆ E.J/3 ⊆ · · · . Hence
for some positive integeri ,

S = 〈E.J/〉 = E.J/i = E.J/i +1 = · · ·(2.8)

is an irreducible algebraic semigroup. By (2.4), J ∩ S is theJ -class ofe in S. By
[9, Lemma 3.27],X = {a ∈ M | e 6∈ MaM} is closed. HenceS∩ J = SeS\X is
irreducible. LetH denote theH -class ofe in S. SinceH is open ineSe, we see that
there exists a non-empty open subsetU of H such thatU ⊆ eE.J/i e. SinceH is a
connected group,U 2 = H . HenceH ⊆ 〈E.J/〉. By (2.4), J ∩ S ⊆ 〈E.J/〉. Thus

J ∩ S = J ∩ 〈E.J/〉(2.9)

is closed inJ. It follows that GJ is closed inG. Hence by (2.6) and (2.7), GJ is a
closed normal subgroup ofG, proving (i).

If e ∈ E.J/, thenGe ⊆ GJ and hence by [9, Theorem 6.11],e ∈ Ge ⊆ GJ . Thus
E.J/ ⊆ GJ . So by (2.4), J ∩ GJ is theJ -class ofGJ . Hence by [7, Theorem 1],

J ∩ GJ = GJeGJ :(2.10)

If a; b ∈ GJ , then by (2.5) aeb∈ aea−1 · ab ∈ 〈E.J/〉. So,

GJeGJ ⊆ 〈E.J/〉 ⊆ GJ:(2.11)

By (2.9)–(2.11) we see that (iii) and (iv) are valid.
Clearly Gr

e;Gl
e ⊆ GJ. So 〈Gr

e;Gl
e〉 ⊆ GJ . Conversely letx ∈ GJ. Thenex =

e1 · · · em for somee1; · · · ; em ∈ E.J/. Thenex = ee1 · · · em. By [9, Corollary 6.8],
e1 = yey−1 for some y ∈ G. Sinceee1 ∈ J, eyeH e. By [9, Theorem 6.33],
y ∈ Gl

eCG.e/Gr
e = Gl

eGr
eCG.e/. Thus we may assume without loss of generality that

y ∈ Gl
eGr

e. Soeye= e. Henceee1 = ey−1. Then

ee1e2 = ey−1e2 = ey−1e2yy−1:

As above,e · y−1e2y = ez−1 for somez ∈ Gl
eGr

e. Soee1e2 = ez−1y−1. Continuing
we see that there existsu ∈ 〈Gr

e;Gl
e〉 such thatex = ee1 · · · em = eu. Soexu−1 = e

andxu−1 ∈ Gl
e. It follows thatx ∈ 〈Gl

e;Gr
e〉. ThusGJ = 〈Gl

e;Gr
e〉.

Let N denote the normal subgroup ofG generated byGe. ThenN ⊆ GJ . Now
e ∈ Ge ⊆ N. Since all idempotents inJ are conjugate andN G G, we see that
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E.J/ ⊆ N. By [7], E.J/ ⊆ N
c
. Let a ∈ Gr

e. Thenae = e. Let f = ea ∈ E.J/.
Then eR f . So by [9, Corollary 6.8], f = eb for someb ∈ Nc with be = e.
So ab−1 ∈ Ge ⊆ N. So a ∈ N. HenceGr

e ⊆ N. Similarly Gl
e ⊆ N. Hence

〈Gr
e;Gl

e〉 ⊆ N. ThusN = GJ , proving (ii).
Let J1; J2 ∈ U .M/, J1 ≤ J2. Then there existse1 ∈ E.J1/, e2 ∈ E.J2/ with

e1 ≤ e2. Let a ∈ GJ2. Thene2a ∈ 〈E.M/〉. So

e1a = e1e2a ∈ e1〈E.M/〉 ⊆ 〈E.M/〉:
Hencea ∈ GJ1. ThusGJ2 ⊆ GJ1. This proves (v), completing the proof.

COROLLARY 2.2. If M is a regular irreducible algebraic monoid, then〈E.M/〉 is
closed.

PROOF. Let J; J ′ ∈ U .M/, J ≥ J ′. Then by Theorem2.1,

J ′ ∩ GJ ⊆ J ′ ∩ GJ ′ ⊆ 〈E.M/〉:(2.12)

ChooseeJ ∈ E.J/, J ∈ U .M/. Then by (2.12), GJeGJ ⊆ 〈E.M/〉. So by
Theorem2.1, 〈E.M/〉 = ⋃

J∈U .M/ GJeJ GJ is closed.

If M is not irreducible then〈E.M/〉 need not be closed.

EXAMPLE 1. Let J consist of all matrices of the form(
a 0
0 0

)
;

(
a a
0 0

)
;

(
a 0
a 0

)
;

(
a a
a a

)
;

wherea ∈ CI , a 6= 0. Let

M =
{(

1 0
0 1

)}
∪ J ∪

{(
0 0
0 0

)}
:

ThenM is a non-irreducible, regular algebraic monoid withJ ∈ U .M/ and

E.J/ =
{(

1 0
0 0

)
;

(
1 1
0 0

)
;

(
1 0
1 0

)
; 1=2

(
1 1
1 1

)}
:

So

〈E.M/〉 =
{(

1 0
0 1

)
;

(
0 0
0 0

)}
∪

⋃
n∈Z

2n E.J/

is not closed (in the Zariski topology).

The following is extracted from the proof of [9, Theorem 6.33].
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LEMMA 2.3. Let x ∈ M ande ∈ E.M/. If exe= e, thenx ∈ Gl
eGr

e. If exeH e,
thenx ∈ Gl

eGr
eCG.e/ = Gl

eCG.e/Gr
e.

PROOF. Supposeexe = e. Then eRex ∈ E.M/, so ex = ey = y−1ey for
some y ∈ G, by [9, Corollary 6.8]. Henceexy−1 = e, so xy−1 ∈ Gl

e. Also
ye = yexe= yy−1eye= eye= exe= e, so y ∈ Gr

e, giving x = .xy−1/y ∈ Gl
eGr

e.
Now supposeexeH e. By [9, Theorem 6.16 (iii)],e = exec = excefor some
c ∈ CG.e/. By the previous part,xc ∈ Gl

eGr
e, sox ∈ Gl

eGr
eCG.e/, and the lemma is

proved.

If E.J/ is a semigroup, then it is a rectangular band and hence [2] J is a direct
product ofE.J/ and a group.J is then called arectangular group. The following
generalizes a result of Renner [13, Theorem 2] concerning completely regular algebraic
monoids with solvable unit groups.

COROLLARY 2.4. Let e ∈ E.J/. Then J is a rectangular group if and only if
Gr

eGl
e = Gl

eGr
e.

PROOF. SupposeJ is a rectangular group. Leta ∈ Gr
e, b ∈ Gl

e. Let e1 = ea, e2 =
be ∈ E.J/. Soeabe= a1e2 = e. By Lemma2.3, ab ∈ Gl

eGr
e. SoGr

eGl
e ⊆ Gl

eGr
e.

Taking inverses we see thatGr
eGl

e = Gl
eGr

e.
Conversely suppose thatGr

eGl
e = Gl

eGr
e. Since all idempotents inJ are conjugate,

Gl
f Gr

f = Gr
f Gl

f for all f ∈ E.J/. By [9, Theorem 5.9] there existe1; e2 ∈ E.J/
such thateRe1L e2R f . By [9, Corollary 6.8]e = e1x, e2 = ye1 for somex ∈ Gr

e1
,

y ∈ Gl
e1

. Soxy ∈ Gr
e1

Gl
e1

= Gl
e1

Gr
e1

. Soe1xye1 = e1. Hencee2e = ye1x ∈ E.J/.
The same argument shows thatee2 ∈ E.J/. Soee2 = e1. Similarly, e1 f ∈ E.J/. So
ef = ee2 f = e1 f ∈ E.J/. HenceJ is a rectangular group.

REMARK. For the monoid of all triangular matrices, Bauer [1] has shown that a
regularJ -class is a rectangular group if and only if the diagonal idempotent in it has
the property that all the 1’s are together.

COROLLARY 2.5. Let J1; J2 ∈ U .M/. If J1 and J2 are rectangular groups, then so
is J1 ∧ J2.

PROOF. Let J = J1 ∧ J2. Lete ∈ E.J/. Then by [9, Theorem 6.7, Corollary 6.10],
there existe1 ∈ E.J1/, e2 ∈ E.J2/ such thate = e1e2 = e2e1. Let x ∈ G. Then
e1xe1 ∈ J1. By Lemma2.3, x ∈ Gl

e1
CG.e1/Gr

e1
. So x = abc for somea ∈ Gl

e1
,

b ∈ CG.e1/, c ∈ Gr
e1

. So

exex−1e = eabcec−1b−1a−1e

= e2e1abce1e2c−1b−1a−1e = e2e1be1e2c−1b−1a−1e:
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Now c−1b−1a−1b ∈ Gr
e1

b−1Gl
e1

b = Gr
e1

Gl
e1

= Gl
e1

Gr
e1

. Soc−1b−1a−1b = a′c′ for some
a′ ∈ Gl

e1
, c′ ∈ Gr

e1
. So

exex−1e = e2e1be1e2c−1b−1a−1e1e2 = e2e1be1e2a′c′b−1e1e2

= e2e1be2e1a′c′e1b−1e2 = e1e2be2e1b−1e2

= e1e2be2b−1e1e2 = e1e2be2b−1e2e1:

Now e2be2J e2 and hence by Lemma2.3, b ∈ Gl
e2

CG.e2/Gr
e2

. Sob = vwu for some
v ∈ Gl

e2
, w ∈ CG.e2/, u ∈ Gr

e2
. So

e2be2b−1e2 = e2vwue2u
−1w−1v−1e2 = we2u

−1w−1v−1e2:

Now u−1w−1v−1w ∈ Gr
e2
w−1Gl

e2
w = Gr

e2
Gl

e2
= Gl

e2
Gr

e2
. Sou−1w−1v−1w = v′u′ for

somev′ ∈ Gl
e2

, u′ ∈ Gr
e2

. So

e2be2b
−1e2 = we2v

′u′w−1e2 = we2v
′u′e2w

−1 = we2w
−1 = e2:

Henceexex−1e = e1e2be2b−1e2e1 = e1e2e1 = e. Since all idempotents inJ are
conjugate, we see thatE.J/ is a semigroup. HenceJ is a rectangular group.

3. Reductive monoids

We will assume in this section thatM is a regular, irreducible algebraic monoid
with zero. Equivalently the unit groupG of M is reductive. Then the commutator
subgroup.G;G/ is semisimple andG = .G;G/Z, whereZ = Z.G/ is the center of
G. If dim Z = 1, we say thatM is asemisimple monoid. Now by [9, Theorem 6.20],
all maximal chains inU .M/ have the same length. This gives rise to a rank function
in U .M/ and hence onM . By [9, Theorem 7.9], the fundamental imageM=¼ is
obtained by factoring the maximal subgroups ofM by their centers. By [9, Chapter 9],
there is an idempotent cross-sectioneJ.J ∈ U .M// such that forJ1; J2 ∈ U .M/,

J1 ≤ J2 if and only if eJ1 ≤ eJ2:

Then3 = {eJ | J ∈ U .M/} is called across-section latticeof M and is unique up
to conjugacy. By [9, Chapter 9]B = {g ∈ G | ge = egefor all e ∈ 3} is a Borel
subgroup ofG containing the maximal torus

T = {g ∈ G|ge= eg for all e ∈ 3}:
Let W = NG.T/=T denote the Weyl group ofG with generating setS of simple
reflections. The subgroups containingB are called parabolic subgroups and are of the
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form PI = BWI B, I ⊆ S. HereWI is the subgroupW generated byI . Let U;UI

denote respectively the unipotent radicals ofB andPI , I ⊆ S. If s ∈ S, I = {s}, then
denoteUI by Xs. ThenXs

∼= k and is called a root subgroup. LetJ ∈ U .M/. As in
[12], the typeof J is defined as½.J/ = {s ∈ S | seJ = eJs}. Let

½∗.J/ =
⋂
J ′≥J

½.J ′/ and ½∗.J/ =
⋂
J ′≤J

½.J ′/:

ThenW½.J/ = W½∗.J/ × W½∗.J/. Now S has the structure of a Coxeter graph where for
s; t ∈ S, s andt are adjacent ifst 6= ts. Let SJ denote the union of components ofS
not contained in½∗.J/.

THEOREM3.1. If J ∈ U .M/, thenW.Gc
J/ = WSJ .

PROOF. Let e = eJ , I = ½.J/. Let S′ be a component ofS. First suppose that
S′ ⊆ SJ . ThenS′ 6⊆ ½∗.J/. So there existss ∈ S′ such thats 6∈ ½∗.J/. Suppose
s 6∈ I . ThenXs ⊆ UI and henceXse = {e}. So Xs ⊆ Gr

e ⊆ GJ. ThusXs ⊆ Gc
J.

SinceGc
J G G, it is a reductive group. Sos ∈ W.Gc

J/. SinceGc
J G G, S′ ⊆ W.Gc

J/.
Next suppose thats ∈ ½.J/. Sinces 6∈ ½∗.J/, s ∈ ½∗.J/. Sose= e = es. SinceGc

e

is a reductive group,Xs ⊆ Gc
e ⊆ Gc

J. So agains ∈ W.Gc
J/ andS′ ⊆ W.Gc

J/.
Assume conversely thatS′ ⊆ W.Gc

J/. We claim thatS′ ⊆ SJ . Otherwise,
S′ ⊆ ½∗.J/. There exists a closed connected normal subgroupG1 of G contained
in Gc

J such thatW.G1/ = WS′ . SinceG is a reductive group, there exists a closed
connected normal subgroupG2 of G such thatG = G1G2 and G2 centralizesG1.
SinceS′ ⊆ ½.J/ andW.G1/ = WS′ , we see thatG1 ⊆ CG.e/. So if f ∈ E.J/, then
f = xex−1 for somex ∈ G2. So G1 centralizesf . HenceG1 centralizes〈E.J/〉.
SinceG1 ⊆ GJ , eG1 ⊆ 〈E.J/〉. So eG1 is commutative andW.eG1/ = 1. So
S′ ⊆ ½∗.J/, a contradiction. ThusS′ ⊆ SJ , completing the proof.

COROLLARY 3.2. Let J ∈ U .M/. Then the image ofJ in M=¼ is idempotent
generated if and only if no component ofS is contained in½∗.J/.

COROLLARY 3.3. Let J ∈ U .M/, e = eJ. ThenJ is idempotent generated if and
only if

(i) no component ofS is contained in½∗.J/; and
(ii) G = .G;G/Te.

PROOF. Suppose first thatJ is idempotent generated. Then (i) is true by Theo-
rem3.1. Let H = .G;G/Te. ThenHc = .G;G/Tc

e is a reductive group ande ∈ Hc.
Now Z ⊆ T andG = .G;G/Z. Let f ∈ E.J/. Then f is conjugate toe and hence
there existsx ∈ .G;G/ such thatf = x−1ex. Hence f ∈ Hc. ThusE.J/ ⊆ H c. Let
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z ∈ Z. Thenez∈ J ⊆ 〈E.J/〉 ⊆ H c. So there existst ∈ Hc ∩ T such thatez= et.
Sozt−1 ∈ Te ⊆ H and hencez ∈ H . ThusZ ⊆ H . SinceG = .G;G/Z, we see that
G = H .

Assume conversely that (i), (ii) are valid. Then by Theorem3.1, W.Gc
J/ = W.

Hence.G;G/ ⊆ GJ. SinceTe ⊆ GJ , G = GJ . By Theorem2.1, J is idempotent
generated. This completes the proof.

Let J ∈ U .M/. Then by Theorem2.1, theJ -classJ ∩ Gc
J = J ∩ 〈E.M/〉 of Gc

J

is idempotent generated. By Theorem3.1, .Gc
J;Gc

J/ is the unique closed connected
normal subgroup of.G;G/ with Weyl groupWSJ . We have, by Corollary3.3,

COROLLARY 3.4. Let J ∈U .M/, e = eJ. ThenJ∩〈E.M/〉 = .Gc
J;Gc

J/e.G
c
J;Gc

J/.

COROLLARY 3.5. Let J ∈ U .M/. If J is idempotent generated then the dimension
of the center ofG is at most equal to the corank ofJ.

PROOF. Let e = eJ . Then rk J = dimeT and dimTe is the corank ofJ. By
Corollary3.3, G = .G;G/Te. SinceG = .G;G/Z, we see that dimZ ≤ dim Te.

Following [11], we will say that a nilpotent elementa is standardif am 6= 0, where
m is the rank ofa. We have shown in [11] that the number of conjugacy classes of
regular nilpotent elements is finite. In the monoid of alln × n matrices, a standard
nilpotent element is one with almost one non-zero Jordan block.

COROLLARY 3.6. Let J ∈ U .M/. If J has a standard nilpotent element, then it is
idempotent generated.

PROOF. Let e = eJ. By [11], there existsx ∈ W such thatex is a standard nilpotent
element. NowTc

e ⊆ GJ and by Theorem2.1, E.J/ ⊆ Gc
J . We also have the following

maximal chain ofE.T c
e / contained inGc

J :

e> e · xex−1 > exex−1x2ex−2 > · · · :

SoGc
J contains a maximal chain ofE.T/. HenceT ⊆ GJ . SinceGJ G G, G = GJ.

Thus by Theorem2.1, J is idempotent generated.

We are now able to solve [8, Problem 2.10].

THEOREM3.7. M\G is idempotent generated if and only if

(i) For any maximalJ -classJ 6= G, no component ofS is contained in½.J/;
and

(ii) M is semisimple.
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PROOF. First suppose thatM\G is idempotent generated. Then (i) follows by
Corollary 3.3 and (ii) follows by Corollary3.5. Assume conversely that (i) and
(ii) are true. LetJ be a maximalJ -class inM\G, e = eJ . By Theorem3.1,
.G;G/ ⊆ GJ . By (ii), dim G = 1 + dim.G;G/. Now Te ⊆ GJ . Since.G;G/ is
closed inM ande ∈ Tc

e , we see thatT c
e 6⊆ .G;G/. SoG = .G;G/Te andG = GJ.

By Theorem2.1 (iv), J is idempotent generated. So by Theorem2.1 (v), M\G is
idempotent generated.

EXAMPLE 2. Let G = {ÞA ⊕ þA | A ∈ SL2.k/; Þ; þ ∈ k∗} and letM denote the
Zariski closure ofG in M4.k/. Then S = {.12/}. The non-trivial elements of the
cross-section lattice3 are given by

e1 =
(

1 0
0 1

)
⊕

(
0 0
0 0

)
; e =

(
1 0
0 0

)
⊕

(
1 0
0 0

)
; e2 =

(
0 0
0 0

)
⊕

(
1 0
0 1

)
;

e′
1 =

(
1 0
0 0

)
⊕

(
0 0
0 0

)
; e′

2 =
(

0 0
0 0

)
⊕

(
1 0
0 0

)
:

Let the correspondingJ -classes beJ1, J, J2, J ′
1, J ′

2. ThenS ⊆ ½∗.J1/, S ⊆ ½∗.J2/.
So by Corollary3.2, the images ofJ1, J2 are not idempotent generated inM=¼. By
Corollary 3.6, J ′

1, J ′
2 are idempotent generated inM . Now S 6⊆ ½∗.J/ and so by

Corollary 3.2, the image ofJ is idempotent generated inM=¼. However,J is not
idempotent generated inM by Corollary3.5. In fact,

J ∩ 〈E.M/〉 = {A ⊕ A ∈ M | rk A = 1}
while J = {A ⊕ B ∈ M | rk A = 1; B = ÞA for some Þ ∈ k∗}.

Finally, the author would like to thank the referee for many useful suggestions.
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