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Abstract

In this paper we give new results concerning the maximal regularity of the strict solution of an abstract
second-order differential equation, with non-homogeneous boundary conditions of Dirichlet type, and set
in an unbounded interval. The right-hand term of the equation is a Hölder continuous function.
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1. Introduction

This work is devoted to the study of the second-order abstract differential equation

u′′.t/+ Au.t/ = f .t/; t ∈ .0;+∞/;(1.1)

under non-homogeneous boundary conditions of Dirichlet type given by

u.0/ = '; u.+∞/ = 0;(1.2)

where' and f .t/ belong to a complex Banach spaceE and A is a closed linear
operator with domainD.A/ not necessarily dense inE.

For l ∈ N, we denote byBUCl .[0;+∞[ ; E/ the space of vector-valued functions
with uniformly continuous and bounded derivatives up to orderl in [0;+∞[ and
by C¦ .[0;+∞[ ; E/ for ¦ ∈ ]0; 1[, the space of bounded and¦ -Hölder continuous
functions f : [0;+∞[ → E, such that supt∈[0;+∞[ ‖ f .t/‖E < ∞ and there exists
C > 0 such that for allt; − ∈ [0;+∞[,

‖ f .t/− f .− /‖E 6 C|t − − |¦ ;
c© 2006 Australian Mathematical Society 1446-8107/06$A2:00+ 0:00
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endowed with the norm

‖ f ‖C¦ .[0;+∞[;E/ = sup
t∈[0;+∞[

‖ f .t/‖E + sup
t 6=−

‖ f .t/− f .− /‖E

|t − − |¦
= ‖ f ‖∞ + [ f ]C¦ .[0;+∞[ ;E/:

For simplicity, we shall writeC¦ .E/ instead ofC¦ .[0;+∞[ ; E/:
In the present study, we are interested in the existence, the uniqueness and the max-

imal regularity of the strict solutionu in the Banach spaceX = BUC.[0;+∞[ ; E/,
when the right-hand termf is regular (Ḧolder continuous function).

We recall thatu ∈ BUC.[0;+∞[ ; E/ is astrict solutionof Problem (1.1)–(1.2) if

u ∈ BUC.[0;+∞[ ; E/ ∩ BUC.[0;+∞[ ; D.A//;

andu satisfies (1.1) and (1.2).
Throughout this paper we assume that the resolvent ofA verifies the hypothesis

that there existsK > 0 such that for all½ > 0∥∥.A − ½I /−1
∥∥

L.E/
6

K

1 + ½
:(1.3)

Equations (1.1)–(1.2) can be illustrated by the following example of a Laplacian
problem


@2u

@t2
.t; x/+ @2u

@x2
.t; x/ = f .t; x/; .t; x/ ∈ .0;+∞/× .0; 1/;

u.0; x/ = '.x/; u.+∞; x/ = 0; x ∈ .0; 1/;
u.t; 0/ = u.t; 1/ = 0:

Indeed, inE = C.[0; 1]/, we can choose the operatorA as follows:

D.A/ = {v ∈ C2.[0; 1]/ : v.0/ = v.1/ = 0} ⊂ E;

.Av/.x/ = v ′′.x/; v ∈ D.A/:

Several authors have studied equation (1.1) under various (homogeneous or non-
homogeneous) boundary conditions, as well as in the case of variable operators,
but on a finite interval. See, for instance, Krein [5], Sobolevskii [11], Véron [13],
Kuyazyuk [6], Da Prato-Grisvard [9], Labbas [7].

Our approach is based on the direct use of the operational calculus and of Dunford’s
integrals as in Da Prato-Grisvard [9]. We make use of the real Banach interpolation
spacesDA.�;+∞/; betweenD.A/ and E, which are well-known in many concrete
cases and can be characterized by

DA.�;+∞/ =
{
¾ ∈ E : sup

t>0

∥∥t � A.A − t I /−1¾
∥∥

E
< ∞

}
;
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where� ∈ .0; 1/ (see Grisvard [4]).
Assumption (1.3) does not imply thatA is an infinitesimal generator of an analytical

semigroup. However it allows us to define.−A/1=2, (for details, see Balakrishnan [1]).
We do not use this fractional power of the operator nor the techniques of semigroups
estimates generated by them as in Krein [5].

Our main results are the following.

THEOREM1.1. Let' ∈ D.A/ and f ∈ C2� .E/; with � ∈ .0; 1=2/ such that

f .0/− A' ∈ D.A/:

Then Problem(1.1)–(1.2) admits a unique strict solution.

THEOREM1.2. Let' ∈ D.A/ and f ∈ C2� .E/; with � ∈ .0; 1=2/ such that

f .0/− A' ∈ DA.�;+∞/:

Then the unique strict solution of(1.1)–(1.2) satisfies the property of maximal regu-
larity Au.·/; u′′.·/ ∈ C2� .E/.

If f is in a L p-Lebesgue space, we can prove that the same representation given
in (2.1) leads to the existence of a strict solution, because Lebesgue spaces satisfy the
so-called UMD property. This no longer holds true for Hölder spaces; so the function
needs more regularity (see, for instance, Faviniet al. [3]).

The paper is organized as follows. In Section2, we give the natural representation of
the solutionu to Problem (1.1)–(1.2) by using the operational calculus and Dunford’s
integral. In Section3, we give necessary and sufficient conditions on' andA'− f .0/
to obtain the maximal smoothness of the solutionu given by Dunford’s integral when
f is Hölderian. In Section4, we present an example, to which our abstract results can
be applied.

2. Construction of the solution

If A is a complex scalarz such that Re
√−z is positive, then the solution of

(1.1)–(1.2) is given by

u.t/ = e−√−z t' −
∫ +∞

0

k.t; s/ f .s/ ds;

where

k.t; s/ =




e−√−z t sinh
√−zs√−z

06 s6 t;

e−√−zs sinh
√−z t√−z

s> t:
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Here
√−z is the analytic determination defined by Re

√−z > 0. In the general
case, it is well known that Hypothesis (1.3) implies the existence ofŽ0 ∈ .0; ³=2/ and
ž0 > 0 such that the resolvent set ofA contains a sectorial domain of the form

Sž0;Ž0 = S = {
½ ∈ C∗ : | arg½| 6 Ž0

} ∪ B.O; ž0/;

whereB.O; ž0/ is an open ball of radiusž0. If  denotes the sectorial boundary curve
of Sž0;Ž0 oriented positively, remaining in².A/\R+; and defined by

 = {
z ∈ C : |z| > ž0 and | argz| = Ž0

} ∪ {z = ž0ei× : Ž0 6 × 6 2³ − Ž0

}
;

then the natural representation of the solution of (1.1)–(1.2), in the abstract case, is
given by Dunford’s integral

u.t/ = 1

2i³

∫


e−√−z t.A − zI/−1' dz(2.1)

− 1

2i³

∫


∫ +∞

0

k.t; s/.A − zI/−1 f .s/ ds dz:

These integrals converge absolutely for everyt ∈ .0;+∞/. Indeed, we have for
z ∈  ,

∣∣e−√−z t
∣∣ 6 e− Re

√−z t = e−c0|z|1=2t , wherec0 = cos..³ − Ž0/=2/. On the other
hand, for anyf ∈ X, we see that∥∥∥∥

∫ +∞

0

k.t; s/.A − zI/−1 f .s/ ds

∥∥∥∥
E

6
1

c0|z|2‖ f ‖X:

Set, for' ∈ E andt ∈ .0;+∞/;

B.t; A/' = 1

2i³

∫


e−√−zt.A − zI/−1' dz:

Then we have the following result, which allows us to study the properties of the
solutionu.

PROPOSITION2.1. Under Assumption(1.3) we have

(1) that there existsK > 0 depending only on such that for all' ∈ E and for all
t > 0, ‖B.t; A/'‖E 6 K‖'‖E;
(2) for all ' ∈ E and for all t > 0, B.t; A/' ∈ D.A/;
(3) B.·; A/' ∈ X if and only if' ∈ D.A/.

PROOF. (1) For t > 0, we can write

B.t; A/' = 1

2i³

∫
+

t

e−√−zt.A − zI/−1' dz+ 1

2i³

∫
−

t

e−√−z t.A − zI/−1' dz

= I+ + I−;
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where

 +
t = {

z ∈  : |z| > 1=t2
}
;  −

t = {
z ∈  : |z| 6 1=t2

}
:(2.2)

Then

‖I+‖E 6 K
∫
+

t

e−.Re
√−z/t |dz|

|z| ‖'‖E 6 K
∫ +∞

1

e−c0¦

¦ 2=t2

2¦

t2
d¦‖'‖E 6 K‖'‖E;

and

I− = 1

2i³

∫
−

t

.e−√−z t − 1/.A − zI/−1' dz− 1

2i³

∫
Ct

.A − zI/−1' dz = I ′
− + I ′′

−;

whereCt = {
z = ei×=t2 : −Ž0 6 × 6 Ž0

}
. For I ′

−, we write

I ′
− = 1

2i³

∫
z∈ −

t ; ž06|z|61=t2

.e−√−z t − 1/.A − zI/−1' dz

+ 1

2i³

∫
z∈ −

t ; z=ž0ei×

.e−√−z t − 1/.A − zI/−1' dz = J1
− + J2

−;

then

‖J1
−‖E 6 K

∫ 1=t2

ž0

∣∣e−√−z t − 1
∣∣

|z| d|z|‖'‖E 6 K
∫ 1=t2

0

|z|1=2t
d|z|
|z| ‖'‖E 6 K |'‖E;

‖J2
−‖E 6

2ž0

2³

∫ 2³−Ž0

Ž0

∥∥.A − ž0ei× I /−1'
∥∥

E
d× 6 K‖'‖E:

For I ′′
− , we have

‖I ′′
−‖E 6 K

∫ +Ž0

−Ž0

∥∥∥∥∥
(

A − 1

t2
ei×

)−1

'

∥∥∥∥∥
E

1

t2
d× 6 K‖'‖E:

(2) This rises from the convergence of the integral

1

2i³

∫


e−√−z t A.A − zI/−1' dz;

and from the fact thate−√−z t.A − zI/−1' ∈ D.A/ for all ' ∈ E andt > 0.

(3) Fix ž > 0 and let' ∈ D.A/, then there exists ∈ D.A/ such that

‖' −  ‖E 6 ž:(2.3)
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Using the resolvent’s identity.A − zI/−1A =  + z.A − zI/−1 , we obtain

B.t; A/ = 1

2i³

∫


e−√−z t

z
.A − zI/−1A dz:

Thanks to the inequality∥∥∥∥∥e−√−z t

z
.A − zI/−1A 

∥∥∥∥∥
E

6
K

|z|2 ‖A ‖E;

Lebesgue’s and Cauchy’s theorems give us

lim
t→0+

B.t; A/ = 1

2i³

∫


.A − zI/−1

z
A dz =  :

Now from the equality

B.t; A/' − ' = .B.t; A/' − B.t; A/ /+ .B.t; A/ −  /+ . − '/;

and from the estimate (2.3), we deduce thatB.t; A/' − ' → 0 ast → 0+. The
uniform continuity int > 0 is easily verified.

Conversely, ifB.·; A/' ∈ X, then forz ∈  one has

.A − zI/−1 lim
t→0+

B.t; A/' = lim
t→0+

.A − zI/−1B.t; A/'

= lim
t→0+

B.t; A/.A − zI/−1'

= .A − zI/−1';

wich implies that' = lim t→0+ B.t; A/' ∈ D.A/.

PROPOSITION2.2. Under Assumption(1.3) and for� ∈ .0; 1=2/ we have

B.·; A/' ∈ C2� .E/ if and only if ' ∈ DA.�;+∞/:

PROOF. Let ' ∈ DA.�;+∞/ and 06 − < t . Thus

.−; A/' − B.t; A/' = 1

2i³

∫


(
e−√−z− −e−√−z t

) A.A − zI/−1

z
' dz

= 1

2i³

∫
z∈;|z|>.t−− /−2

(
e−√−z− −e−√−z t

) A.A − zI/−1

z
' dz

+ 1

2i³

∫
z∈;|z|6.t−− /−2

(
e−√−z− −e−√−z t

) A.A − zI/−1

z
' dz;
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and ∥∥B.−; A/' − B.t; A/'
∥∥

E

6 K
∫

z∈;|z|>.t−− /−2

|dz|
|z|�+1

‖'‖DA.�;+∞/

+ K ′
∫

z∈;|z|6.t−− /−2

e−.Re
√−z/− |z|1=2.t − − /

|z|�+1
|dz|‖'‖DA.�;+∞/

6 K
∫

z∈;|z|>.t−− /−2

|dz|
|z|�+1

‖'‖DA.�;+∞/

+ K ′
∫

z∈;|z|6.t−− /−2

|z|1=2.t − − /

|z|�+1
|dz|‖'‖DA.�;+∞/

6 max.K ; K ′/.t − − /2�‖'‖DA.�;+∞/:

For the proof of the direct sense, we know (see Sinestrari [10]) that if B is the
infinitesimal generator of an analytic semigroupV.t/, thenV.t/' − ' = O.tÞ/, as
t → 0+, if and only if ' ∈ DB.Þ;+∞/. Observe that−.−A/1=2 is the infinitesimal
generator of the analytic semigroupV.t/ = B.t; A/ (see Krein [5]). Therefore,

' ∈ D.−A/1=2.2�;+∞/ = DA.�;+∞/:

The last equality holds by using the reiteration theorem in interpolation theory (see
Lions-Peetre [8]).

3. Smoothness of the solution

Now we can state some regularity properties ofu andAu.

PROPOSITION3.1. Let' ∈ D.A/ and f ∈ C2� .E/, with � ∈ .0; 1=2/. Then

(1) for all t > 0, u.t/ ∈ D.A/;
(2) u.·/ andu′.·/ ∈ X;
(3) S.·/ = Au.·/− B.·; A/.A' − f .0// ∈ C2� .E/;
(4) Au.·/ ∈ X if and only if A' − f .0/ ∈ D.A/;
(5) Au.·/ ∈ C2� .E/ if and only if A' − f .0/ ∈ DA.�;+∞/:

PROOF. (1) In the second integral in (2.1) we write f .s/ = . f .s/− f .t//+ f .t/.
Then, after a calculation of the integral inf .t/, we get

u.t/ = B.t; A/' − 1

2i³

∫


∫ +∞

0

k.t; s/.A − zI/−1
(

f .s/− f .t/
)

ds dz
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− 1

2i³

∫


e−√−z t

z
.A − zI/−1 f .t/ dz

+ 1

2i³

∫


1

z
.A − zI/−1 f .t/ dz

= I1 + I2 + I3 + I4:

From Proposition2.1, we deduce thatI1 ∈ D.A/: The convergence of the integral

1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .t/ dz

implies thatI3 ∈ D.A/. For I4 we use the Cauchy theorem, which gives

I4 = A−1 f .t/ ∈ D.A/:

Finally for I2, it is sufficient to prove the convergence of the integral

1

2i³

∫


∫ +∞

0

k.t; s/A.A − zI/−1. f .s/− f .t// ds dz:

In fact, we have∥∥∥∥ 1

2i³

∫


∫ +∞

0

k.t; s/A.A − zI/−1. f .s/− f .t// ds dz

∥∥∥∥
E

6 K
∫ +∞

ž0

(
sup
t>0

∫ +∞

0

|k.t; s/||t − s|2� ds

)
d|z|‖ f ‖C2� .E/

6 K
∫ +∞

ž0

d|z|
|z|1+� ‖ f ‖C2� .E/;

where the last estimate holds by Hölder’s inequality.

(2) Let us prove thatu.·/ ∈ X (the same techniques give the resultu′.·/ ∈ X). For
06 − < t , we getu.t/− u.− / = I +11 +12 + J, where

I = B.t; A/' − B.−; A/'; J = A−1
(

f .t/− f .− /
)
;

11 = − 1

2i³

∫


∫ +∞

0

k.t; s/.A − zI/−1. f .s/− f .t// ds dz

+ 1

2i³

∫


∫ +∞

0

k.−; s/.A − zI/−1. f .s/− f .− // ds dz;

12 = − 1

2i³

∫


e−√−z t

z
.A − zI/−1 f .t/ dz+ 1

2i³

∫


e−√−z−

z
.A − zI/−1 f .− / dz:
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The result is obvious forI , since' ∈ D.A/. For J we use Assumption (1.3).
On the other hand, we have

12 = 1

2i³

∫


e−√−z t

z
.A − zI/−1. f .− /− f .t// dz

− 1

2i³

∫


(
e−√−z t − e−√−z−

)
z

.A − zI/−1 f .− / dz

= 1′
2 +1′′

2;

where

∥∥1′
2

∥∥
E
6

(
1

2³

∫ +∞

ž0

|dz|
|z|2

)
.t − − /2�‖ f ‖C2� .E/ 6 K .t − − /2�‖ f ‖C2� .E/;

and writing1′′
2 as

1′′
2 = 1

2i³

∫


1

z

(∫ t

−

√−ze−√−z¾ d¾

)
.A − zI/−1 f .− / dz;

we obtain

∥∥1′′
2

∥∥
E
6

(
1

2³

∫ +∞

ž0

|dz|
|z|3=2

)
.t − − /‖ f ‖X 6 K .t − − /‖ f ‖X:

Now for the quantity11, one has

11 = − 1

2i³

∫


∫ t

−

e−√−z t sinh
√−z s√−z

.A − zI/−1. f .s/− f .t// ds dz

+ 1

2i³

∫


∫ t

−

e−√−z s sinh
√−z−√−z

.A − zI/−1. f .s/− f .− // ds dz

− 1

2i³

∫


∫ −

0

e−√−z t sinh
√−z s√−z

.A − zI/−1. f .− /− f .t// ds dz

− 1

2i³

∫


∫ −

0

e−√−z t − e−√−z−

√−z
sinh

√−z s.A − zI/−1. f .s/− f .− // ds dz

− 1

2i³

∫


∫ +∞

t

e−√−z s sinh
√−z−√−z

.A − zI/−1. f .− /− f .t// ds dz

− 1

2i³

∫


∫ +∞

t

(
sinh

√−z t − sinh
√−z−

)
e

√−z s
√−z

.A − zI/−1. f .s/− f .t// ds dz

=
i =6∑
i =1

I i :
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Then

‖I1‖E 6 K
∫ t

−

(∫ +∞

ž0

|dz|
|z|3=2

)
.t − s/2� ds‖ f ‖C2� .E/ 6 K .t − − /2�+1‖ f ‖C2� .E/;

and

‖I2‖E 6 K
∫ t

−

(∫ +∞

ž0

|dz|
|z|3=2

)
.s − − /2� ds‖ f ‖C2� .E/ 6 K .t − − /2�+1‖ f ‖C2� .E/:

Writing I4 and I6 as

I4 = 1

2i³

∫


∫ −

0

(∫ t

−

e−√−z¾ d¾

)
sinh

√−zs.A − zI/−1. f .s/− f .− // ds dz;

I6 = − 1

2i³

∫


∫ +∞

t

e−√−z s

(∫ t

−

cosh
√−z¾ d¾

)
.A − zI/−1. f .s/− f .t// ds dz;

we get

‖I4‖E 6
1

2³

∫ +∞

ž0

(∫ −

0

∫ t

−

e− Re
√−z.¾−s/.− − s/2� d¾ ds

) |dz|
1 + |z| ‖ f ‖C2� .E/

6 K
∫ −

0

∫ t−s

−−s

.− − s/2�

�2

(∫ +∞

0

e−c0¦2¦d¦

)
d� ds‖ f ‖C2� .E/

6 K
∫ −

0

.− − s/2�
(

1

− − s
− 1

t − s

)
ds‖ f ‖C2� .E/

6 K .t − − /

∫ −

0

.− − s/2�−1

.t − − + − − s/
ds‖ f ‖C2� .E/;

by making the change of variable.− − s/ = ¾.t − − /, we obtain

‖I4‖E 6 K .t − − /2�
(∫ +∞

0

¾ 2�−1

.1 + ¾/
d¾

)
‖ f ‖C2� .E/ 6 K .t − − /2�‖ f ‖C2� .E/:

For I6, we have

‖I6‖E 6 K
∫ +∞

ž0

∫ +∞

t

∫ t

−

e− Re
√−z.s−¾/.s − t/2�d¾ ds

|dz|
1 + |z| ‖ f ‖C2� .E/

6 K
∫ +∞

t

∫ t

−

(∫ +∞

0

e−c0¦¦ d¦

)
.s − t/2�

.s − ¾/2
d¾ds‖ f ‖C2� .E/

6 K
∫ +∞

t

.s − t/2�
(∫ s−−

s−t

d�

�2

)
ds‖ f ‖C2� .E/

6 K .t − − /

∫ +∞

t

.s − t/2�−1

.s − t + t − − /
ds‖ f ‖C2� .E/
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6 K .t − − /2�
(∫ +∞

0

²2�−1

.1 + ²/
d²

)
‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/:

A direct calculation of the integrals in. f .− /− f .t// implies that

I3 + I5 = 1

2i³

∫


e−√−z.t−− /

z
.A − zI/−1. f .− /− f .t// dz

− 1

2i³

∫


e−√−z t

z
.A − zI/−1. f .− /− f .t// dz

= J −1′
2:

We write J as

J = 1

2i³

∫
+
.t−− /

e−√−z.t−− /

z
.A − zI/−1. f .− /− f .t// dz

+ 1

2i³

∫
−
.t−− /

e−√−z.t−− /

z
.A − zI/−1. f .− /− f .t// dz

= J+ + J−;

(where +
.t−− / and −

.t−− / are defined in (2.2)), then

‖J+‖E 6 K
∫ +∞

1

e− Re
√−z.t−− /

|z|
.t − − /2�

1 + |z| |dz|‖ f ‖C2� .E/

6 K .t − − /2�

(∫ +∞

1

e− Re
√−z.t−− /

|z| |dz|
)

‖ f ‖C2� .E/

6 K .t − − /2�
(∫ +∞

1

e−c0¦

¦
d¦

)
‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/;

and forJ− we have

J− = 1

2i³

∫
−
.t−− /

(
e−√−z.t−− / − 1

) .A − zI/−1. f .− /− f .t//

z
dz

+ A−1. f .− /− f .t//− 1

2i³

∫
C.t−− /

.A − zI/−1. f .− /− f .t//

z
dz

= J−
1 + A−1. f .− /− f .t//+ J−

2 ;

with C.t−− / = {
z = .t − − /−2ei ¹ : −Ž0 6 ¹ 6 Ž0

}
.
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So we obtain

‖J−
1 ‖E 6 K

∫ 1=.t−− /2

0

|z|1=2.t − − /

|z|
.t − − /2�

1 + |z| |dz|‖ f ‖C2� .E/

6 K .t − − /2�+1

∫ 1=.t−− /2

0

|z|1=2
|z| |dz|‖ f ‖C2� .E/ 6 K .t − − /2�‖ f ‖C2� .E/;

and

‖J−
2 ‖E 6 K

.t − − /2�

1 + .t − − /−2

∫ Ž0

−Ž0

.t − − /2
d¹‖ f ‖C2� .E/

.t − − /2
6 K .t − − /2�‖ f ‖C2� .E/:

(3) We have

S.t/ = 1

2i³

∫


e−√−z t

z
A.A − zI/−1A' dz

− 1

2i³

∫


∫ +∞

0

k.t; s/A.A − zI/−1. f .s/− f .t// ds dz

− 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .t/ dz+ f .t/

− 1

2i³

∫


e−√−z t

z
A.A − zI/−1.A' − f .0// dz;

thus

S.t/ = 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .0/ dz

− 1

2i³

∫


∫ +∞

0

k.t; s/A.A − zI/−1. f .s/− f .t// ds dz

− 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .t/ dz+ f .t/:

Let 06 − < t , thenS.t/− S.− / = f .t/− f .− /+3+5, where

3 = 1

2i³

∫


∫ +∞

0

k.−; s/A.A − zI/−1 . f .s/− f .− //dsdz

− 1

2i³

∫


∫ +∞

0

k.t; s/A.A − zI/−1 . f .s/− f .t//dsdz;

and

5 = 1

2i³

(∫


e−√−z t

z
A.A−zI/−1 f .0/ dz−

∫


e−√−z t

z
A.A−zI/−1 f .t/ dz

)
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− 1

2i³

(∫


e−√−z−

z
A.A−zI/−1 f .0/ dz−

∫


e−√−z−

z
A.A−zI/−1 f .− / dz

)
:

Regarding the quantity5, we have

5 = 1

2i³

∫


(
e−√−z t − e−√−z−

)
z

A.A − zI/−1 f .0/ dz

+ 1

2i³

∫


e−√−z−

z
A.A − zI/−1 f .− / dz

+ 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .− / dz

− 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .− / dz

− 1

2i³

∫


e−√−z t

z
A.A − zI/−1 f .t/ dz

= − 1

2i³

∫


(
e−√−z t − e−√−z−

)
z

A.A − zI/−1 . f .− /− f .0//dz

+ 1

2i³

∫


e−√−z t

z
A.A − zI/−1 . f .− /− f .t// dz

= 51 +52:

From Proposition2.1, we deduce that

‖52‖E = ‖B.t; A/. f .− /− f .t//‖E 6 K .t − − /2�‖ f ‖C2� .E/:

For51; we get

‖51‖E 6 K
∫ t

−

∫ +∞

ž0

|z|1=2e−c0|z|1=2s− 2�

|z| |dz| ds‖ f ‖C2� .E/;

and setting|z|1=2s = ¦ in this last inequality, we obtain

‖51‖E 6 K
∫ t

−

− 2�

s

(∫ +∞

0

e−c0¦ d¦

)
ds‖ f ‖C2� .E/ 6 K

(∫ t

−

s2�−1 ds

)
‖ f ‖C2� .E/

6 K
(
t2� − − 2�

) ‖ f ‖C2� .E/ 6 K .t − − /2�‖ f ‖C2� .E/:

3 may be written as

3 = − 1

2i³

∫


∫ t

−

e−√−z t sinh
√−z s√−z

A.A − zI/−1. f .s/− f .t// ds dz
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+ 1

2i³

∫


∫ t

−

e−√−zs sinh
√−z−√−z

A.A − zI/−1. f .s/− f .− // ds dz

− 1

2i³

∫


∫ −

0

e−√−z t sinh
√−z s√−z

A.A − zI/−1. f .− /− f .t// ds dz

− 1

2i³

∫


∫ −

0

(
e−√−z t − e−√−z−

)
√−z

sinh
√−z s

× A.A − zI/−1. f .s/− f .− // ds dz

− 1

2i³

∫


∫ +∞

t

e−√−z s sinh
√−z−√−z

A.A − zI/−1. f .− /− f .t// ds dz

− 1

2i³

∫


∫ +∞

t

e−√−z s
(

sinh
√−z t − sinh

√−z−
)

√−z

× A.A − zI/−1. f .s/− f .t// ds dz

=
i =6∑
i =1

3i :

For31 and32, we prove that

‖31‖E 6 K
∫ +∞

ž0

∫ t

−

e− Re
√−z.t−s/

|z|1=2 |t − s|2� ds|dz|‖ f ‖C2� .E/

6 K
∫ t

−

.t − s/2�−1

(∫ +∞

0

e−c0¦d¦

)
ds‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/;

‖32‖E 6 K
∫ +∞

ž0

∫ t

−

e− Re
√−z.s−− /

|z|1=2 |s − − |2� ds|dz|‖ f ‖C2� .E/

6 K
∫ t

−

.s − − /2�−1

(∫ +∞

0

e−c0¦d¦

)
ds‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/:

Writing 34 and36 as

34 = 1

2i³

∫


∫ −

0

(∫ t

−

e−√−z¾d¾

)
sinh

√−zs A.A−zI/−1. f .s/− f .− // ds dz;

36 = − 1

2i³

∫


∫ +∞

t

e−√−zs

(∫ t

−

cosh
√−z¾d¾

)
A.A−zI/−1. f .s/− f .t// ds dz;

we obtain

‖34‖E 6 K
∫ +∞

ž0

∫ −

0

∫ t

−

e− Re
√−z.¾−s/.− − s/2� d¾ ds|dz|‖ f ‖C2� .E/
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6 K
∫ −

0

∫ t−s

−−s

.− − s/2�

�2

(∫ +∞

0

e−c0¦2¦ d¦

)
d� ds‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/;

and

‖36‖E 6
1

2³

∫ +∞

ž0

∫ +∞

t

∫ t

−

e− Re
√−z.s−¾/.s − t/2� d¾ ds|dz|‖ f ‖C2� .E/

6 K
∫ +∞

t

∫ t

−

(∫ +∞

0

e−c0¦¦d¦

)
.s − t/2�

.s − ¾/2
d¾ds‖ f ‖C2� .E/

6 K
∫ +∞

t

.s − t/2�
(∫ s−−

s−t

d�

�2

)
ds‖ f ‖C2� .E/

6 K .t − − /2�‖ f ‖C2� .E/:

By calculating the integrals in. f .− /− f .t//, we get

33 +35 = 1

2i³

∫


e−√−z.t−− /

z
A.A − zI/−1. f .− /− f .t// dz

− B.t; A/. f .− /− f .t//

= Q −52;

whereQ = B.t − −; A/. f .− /− f .t//. Proposition2.1 implies that

‖Q‖E 6 K .t − − /2� ‖ f ‖C2� .E/ :

(4) Assume thatA' − f .0/ ∈ D.A/. Then, by Proposition2.1

Au.·/ = S.·/+ B.·; A/.A' − f .0// ∈ X:

Conversely, ifAu.·/ ∈ X, the functionB.·; A/.A' − f .0// = Au.·/ − S.·/, is
in X. Now using Proposition2.1, we obtainA' − f .0/ ∈ D.A/.

(5) Let us suppose thatA' − f .0/ ∈ DA.�;+∞/. By Proposition2.1, Au.·/ ∈
C2� .E/. Conversely, ifAu.·/ ∈ C2� .E/; then B.·; A/.A' − f .0// ∈ C2� .E/, and
A' − f .0/ ∈ DA.�;+∞/.

REMARK. By using the same methods and techniques of calculation, we have a
similar result to Proposition3.1, when the right-hand term of the equation has a spatial
smoothness, that is, for allt > 0, f .t/ ∈ DA.�;+∞/, supt>0 ‖ f .t/‖DA.�;+∞/ < ∞,
with � ∈ .0; 1=2/. See [2] for details.

Now, we can deduce our main results concerning the regularity ofu.
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THEOREM3.2. Let' ∈ D.A/ and f ∈ C2� .E/, with � ∈ .0; 1=2/ such that

f .0/− A' ∈ D.A/:

Thenu, given in(2.1), is a strict solution of(1.1)–(1.2).

By the continuity ofB.·; A/' and Lebesgue’s theorem we can verify thatu.0/ = '

andu.+∞/ = 0. On the other hand, we prove thatu verifies (1.1) by using Dunford’s
operational calculus.

Finally, by Proposition3.1, the solutionu belongs to

BUC2.[0;+∞[ ; E/ ∩ BUC.[0;+∞[ ; D.A//:

Furthermore, iff .0/− A' ∈ DA.�;+∞/, then we have more regularity onAu.·/
andu′′.·/.

THEOREM3.3. Let' ∈ D.A/ and f ∈ C2� .E/, with � ∈ .0; 1=2/ such that

f .0/− A' ∈ DA.�;+∞/:

Then the unique strict solution of(1.1)–(1.2) satisfies the property of maximal regu-
larity Au.·/; u′′.·/ ∈ C2� .E/.

PROOF. It suffices to apply the previous results, using the fact thatDA.�;+∞/ ⊂
D.A/.

4. Example

We give an example governed by (1.1)–(1.2). ConsiderE = C.[0; 1]/ and

D.A/ = {
v ∈ C2.[0; 1]/ : v.0/ = v.1/ = 0

}
;

Av = v′′:

It is easy to check thatA satisfies Assumption (1.3). We can thus apply our results to
Laplacian problem in an infinite interval, given by



@2u

@t2
.t; x/+ @2u

@x2
.t; x/ = f .t; x/; .t; x/ ∈ .0;+∞/× .0; 1/;

u.0; x/ = '.x/; x ∈ .0; 1/;
u.+∞; x/ = 0; x ∈ .0; 1/;
u.t; 0/ = u.t; 1/ = 0:

(4.1)
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Observe that conditions' ∈ D.A/ and f .0/− A' ∈ D.A/, become

' ∈ C2.[0; 1]/ : '.0/ = '.1/ = 0;

f .0; ·/− '′′.·/ ∈ C.[0; 1]/ and

f .0; 0/− '′′.0/ = f .0; 1/− '′′.1/ = 0:

(4.2)

The interpolation spaceDA.�;+∞/ is given by

DA.�;+∞/ =



{
v ∈ C2� .[0; 1]/ : v.0/ = v.1/ = 0

}
if 2� < 1;

C1;∗.[0; 1]/; if 2� = 1;{
v ∈ C1;2�−1.[0; 1]/ : v.0/ = v.1/ = 0

}
if 2� > 1;

whereC1;∗.[0; 1]/ is a Zigmund space (see, for example, [12]). Applying Theorem3.2
and Theorem3.3we have the following results.

THEOREM4.1. Let f ∈ C2� .[0;+∞[ ; C.[0; 1]//, with2� ∈ .0; 1/, be such that the
conditions(4.2) are satisfied. Then Problem(4.1) has a unique solutionu satisfying
u ∈ BUC2.[0;+∞[ ; C.[0; 1]// ∩ BUC.[0;+∞[ ; C2.[0; 1]//.

THEOREM4.2. Let f ∈ C2� .[0;+∞[ ; C.[0; 1]/, with 2� ∈ .0; 1/, be such that



' ∈ C2.[0; 1]/ : '.0/ = '.1/ = 0;

f .0; ·/− '′′.·/ ∈ C2� .[0; 1]/ and

f .0; 0/− '′′.0/ = f .0; 1/− '′′.1/ = 0:

Then Problem(4.1) has a unique solution

u ∈ BUC2.[0;+∞[ ; C.[0; 1]// ∩ BUC.[0;+∞[ ; C2.[0; 1]//:

Moreover,u satisfies the maximal regularity

@2
x u.·; x/; @2

t u.·; x/ ∈ C2� .[0;+∞[ ; C.[0; 1]//:
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