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Abstract

In this paper we give new results concerning the maximal regularity of the strict solution of an abstract
second-order differential equation, with non-homogeneous boundary conditions of Dirichlet type, and set
in an unbounded interval. The right-hand term of the equation il continuous function.
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1. Introduction

This work is devoted to the study of the second-order abstract differential equation
(1.1) u’(t) + Aut) = f(t), te (0, +o0),

under non-homogeneous boundary conditions of Dirichlet type given by

(1.2) u@) =¢, u(4oo0) =0,

whereg and f (t) belong to a complex Banach spaBeand A is a closed linear
operator with domairD (A) not necessarily dense .

Forl € N, we denote b)BUCf ([0, +o00[ ; E) the space of vector-valued functions
with uniformly continuous and bounded derivatives up to ordér [0, +oo[ and
by C° ([0, +o0[; E) for o € 10, 1], the space of bounded amdHolder continuous
functions f : [0, +o00[ — E, such that sup, . Il f(H)le < oo and there exists
C > O such that for alt, T € [0, 4+o0],

I — f(Ole<Clt -7,
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endowed with the norm

fa)—f
Ifllc- 0. = SUP IO+ IT® — T@)lle

tel0,+o0[ It —z|”

=|fllo+ [f]cn<[o,+oo[;E)-

For simplicity, we shall writeC? (E) instead ofC’ ([0, +o0[; E).

In the present study, we are interested in the existence, the uniqueness and the ma;
imal regularity of the strict solution in the Banach spac¥ = BUC([0, +ocl ; E),
when the right-hand ternfi is regular (Hblder continuous function).

We recall thau € BUC([0, +o0[ ; E) is astrict solutionof Problem {.1)—(1.2) if

u € BUC([O, +o0[; E) N BUC([O, +o0[ ; D(A)),

andu satisfies {.1) and (L.2).
Throughout this paper we assume that the resolve®X wérifies the hypothesis
that there exist& > 0 such that foralk > 0
K
e S 141"
Equations {.1)—(1.2) can be illustrated by the following example of a Laplacian
problem

(1.3) [(A=aD)7

9%u 9%u

— U, x)+—=t,x) =, x), (x) e +00)x(0,1),
ot2 ax2
u(0, x) = e(x), u(4+o0,x)=0, xe (01,

uc,0) =u,1) =0.
Indeed, inE = C([0, 1]), we can choose the operataras follows:

D(A) = {v € C*([0, 1)) : v(0) = v(1) = 0} C E,
(Av)(X) = v"(x), v e D(A).

Several authors have studied equatidri) under various (homogeneous or non-
homogeneous) boundary conditions, as well as in the case of variable operators
but on a finite interval. See, for instance, Kref#, [Sobolevskii [L1], Véron [L3],
Kuyazyuk ], Da Prato-Grisvardd], Labbas [].

Our approach is based on the direct use of the operational calculus and of Dunford’s
integrals as in Da Prato-Grisvarél]] We make use of the real Banach interpolation
spaceD (0, +o0), betweenD (A) and E, which are well-known in many concrete
cases and can be characterized by

Da(8, +00) = {s € E:sup|t’A(A—th | < oo},
t>0
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wheref € (0, 1) (see Grisvard4]).

Assumption {.3) does notimply thaA is an infinitesimal generator of an analytical
semigroup. However it allows us to defice A)¥2, (for details, see Balakrishnat].
We do not use this fractional power of the operator nor the techniques of semigroups
estimates generated by them as in Kréij [

Our main results are the following.

THEOREM1.1. Letgp € D(A) and f € C¥(E), with @ < (0, 1/2) such that
f(0) — Ap € D(A).
Then Problen{l.1)—(1.2) admits a unique strict solution.

THEOREM1.2. Letgp € D(A) and f € C¥(E), withd < (0, 1/2) such that
f(0) — Ap € Da(0, +00).

Then the unique strict solution ¢f..1)—(1.2) satisfies the property of maximal regu-
larity Au(-), u”(-) € C¥(E).

If fisinalLP-Lebesgue space, we can prove that the same representation given
in (2.1) leads to the existence of a strict solution, because Lebesgue spaces satisfy th
so-called UMD property. This no longer holds true fabltler spaces; so the function
needs more regularity (see, for instance, Fagiral. [3]).

The paperis organized as follows. In Sectiyme give the natural representation of
the solutionu to Problem {.1)—(1.2) by using the operational calculus and Dunford’s
integral. In Sectior3, we give necessary and sufficient conditiongpand Ag — f (0)
to obtain the maximal smoothness of the solutiagiven by Dunford’s integral when
f is Holderian. In Sectiod, we present an example, to which our abstract results can
be applied.

2. Construction of the solution

If Ais a complex scalar such that Re/—z is positive, then the solution of
(1.1)—(1.2) is given by

+oo
ut) = e V2l —/ k(t,s) f(s)ds,
0

where
e V~?tsinh/—zs

\S\ta

. J—z
k(t,s) = e V-7sinhy/—zt

s>t.
/_Z =
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Here «/—z is the analytic determination defined by Re-z > 0. In the general
case, it is well known that Hypothesit.B) implies the existence @ € (0, =/2) and
€0 > 0 such that the resolvent set Afcontains a sectorial domain of the form

Sos =S= {1 € C :|argi| < &} UB(O, ),

whereB(O, ¢) is an open ball of radius. If y denotes the sectorial boundary curve
of §, 5, oriented positively, remaining in(A)\R ., and defined by

y={zeC: |zl > e and |argz| = &} U {z = €€’ : 8o < v < 27 — 8o},

then the natural representation of the solutionlofi)~(1.2), in the abstract case, is
given by Dunford’s integral

(2.1) ut) = .i/e‘ﬁ‘(A— zl)tpdz
2in J,

1
2im

+00
// k(t,s)(A—zl)"1f(s)dsdz
y JO

These integrals converge absolutely for everg (0, +00). Indeed, we have for
zey, eV 2| L e ReVTZt = g %ld" wherecy, = cod(7 — 8,)/2). On the other
hand, for anyf € X, we see that

+00
f k(t,s)(A—zl)tf(s)ds
0

< iy
e Glz2t

Set, forgp € E andt € (0, +00),
1
B(t, A)p = — / eVt A-zh)pdz
2w J,

Then we have the following result, which allows us to study the properties of the
solutionu.

ProPoOsITION2.1. Under Assumptiolil.3) we have

(1) thatthere exist& > 0 depending only o such that for allp € E and for all
t >0, [IB(t, Avlle < Klele;

(2) forall ¢ € E andforallt > 0, B(t, A)p € D(A);

(3) B(-, A)p € Xifandonlyifp € D(A).

PrOOF (1) Fort > 0, we can write

1 1
B(t,A)gp:z,—/ eﬁ‘(A—z|)1¢dz+,—/ eV A=z pdz
17T J 2w J,-

= I++ |77
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where

(2.2) v ={zey:12 =213, y ={zey: 121 <1t?}.

Then

|dz| too @m0 2
Ille < Kf A 7 lelle <K o7 12 delvle <Kligle.
V‘ 1

and

1
|_ = /(eﬁ H(A-zl)tpdz— — (A—zl) pdz=1"+1",
2|71 2im

whereC, = {z=€V/t>: =8, < v < &}. Forl’, we write

1
| = —— eV 1) (A—z)lpdz
AT Joey, eo<iz<ite
1
+— eV —1)(A-zl)pdz= ' + J?,
2w zey, z=€€V
then
1/t? e—ﬁt -1 1/t? d| Z
[3Me < K/ gdlzlllwllE < K/ 121"t — lplle < Klglle,
o 1Z| 0 1Z|
26 27—
132 < 2—; |}(A—e €' | du < Kglle.

o

Forl” , we have

+do 1 . -1
ek [ (A= ger) v
5o

(2) Thisrises from the convergence of the integral

—dv < Kllelle.

1

A ] eV IAA—z) tpdz

and from the fact thag~v=2'(A — z1)"'¢ € D(A) for all ¢ € E andt > 0.
(3) Fixe > 0and letp € D(A), then there existg € D(A) such that

(2.3) llo —Vlle <e
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Using the resolvent’s identityA — z1) Ay = v + z(A — zI)~1y, we obtain
1 (et

B(t, Ay = —/ (A—zhtAydz

2 z

14

Thanks to the inequality

a2
z

(A—zh Ay

<= AVl
. N |Z|2 E»

Lebesgue’s and Cauchy’s theorems give us

zh™?

| 1 [ (A- -

Now from the equality
B(t, Alp — ¢ = (B(t, Alp — B(t, Ay) + (B(t, Ay —¥) + (¥ — ¢),

and from the estimate2(3), we deduce thaB(t, A)p — ¢ — 0 ast — 0". The
uniform continuity int > 0 is easily verified.
Conversely, ifB(-, A)p € X, then forz € y one has

(A— zl)‘ltILn(l B(t, A)p = tli)rg(A —zD)B(t, Ay
= t|anr)1+ B(t, A)/(A—1zl)p
=(A-2zl) ",
wich implies thatp = lim_.o- B(t, A)p € D(A). O
PrOPOSITION2.2. Under Assumptiolil.3) and foré € (0, 1/2) we have
B(-, A)p € C¥(E) ifandonlyif ¢ € Da(, +00).

PROOF. Letg € DA(0, +00) and 0< © < t. Thus

1
(r, Ap — B, Ap = 5— / (e‘“‘_zf —e—«/—_Zt)
2in J,

1 AA—zNH1
= (e*FZt —e*F“> AA=-2zD™ pdz
A7 Joey z1>0-0)2 z

1 AA—z)t
+ — (e*F” —e*F“> AA—zZD™ pdz,
A7 ey <oz z

AA—zI)t

dz
7 %

[6]
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and

|B(r. Ayp — B(t, Ag| .
|dz
<K /Zey 2> (t—1)2 |Z|T+1”(p”DA(9,+w)
’ e Rzt — 1)
o /ZGV Ao 21+ 1dZl1¢llo,6. 400
|dz
<K /Zey 21> (t—7)2 |z|T+l I#lloae. +o0)

|2|Y2(t — 1)
+ K// ——o— 19Zl@ll.6.+00)
zey. |27 (t—1)-2 |Z|

<max(K, K)(t = 0)*[[¢llpas. o0

For the proof of the direct sense, we know (see Sinestidl) that if B is the
infinitesimal generator of an analytic semigroujgt), thenV (t)¢ — ¢ = O(t*), as
t — 0, ifand only if ¢ € Dg(a, +00). Observe that-(—A)Y? is the infinitesimal
generator of the analytic semigrodfat) = B(t, A) (see Krein §]). Therefore,

¢ € D_pp2(20, +00) = Da(0, +00).
The last equality holds by using the reiteration theorem in interpolation theory (see

Lions-Peetred)). O

3. Smoothness of the solution

Now we can state some regularity properties and Aul.

PROPOSITION3.1. Letg € D(A) and f € C¥(E), withé € (0,1/2). Then
(1) forallt > 0, u(t) € D(A);
(2) u(:)andu'()) € X;
(3) S() = Au() — B(-, A)(Ap — f(0)) € C¥(E);
(4) Au(-) e Xifandonly ifAp — f(0) € D(A);
(5) Au(-) € C¥(E)ifandonly if Ap — f(0) € Da(8, +00).

PrROOF. (1) Inthe second integral ir2(1) we write f (s) = (f(s) — (1)) + f(b).
Then, after a calculation of the integral fr(t), we get

+00
ut) = B(t, Ay — %// kt,s) (A—zh)*(f(s)— f(t))dsdz
y J0O
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=T
I I I S
2
1 —1
+—/—(A—ZI) f(t)dz
2w J, z
=lh+la+ I3+ 14

From Propositior2.1, we deduce thal; € D(A). The convergence of the integral

1 (e

- . -1
o] AA—z)f(t)dz

implies thatl; € D(A). Forl, we use the Cauchy theorem, which gives
l, = A (t) e D(A).
Finally for I, it is sufficient to prove the convergence of the integral

// k(t,s)A(A—z) L(f(s)— f(t))dsdz
2|7r

In fact, we have

H // k(t, s)A(A—z1) L(f(s) — f(t))dsd%
2im e

+o00
<K / (SUP Ik(t, s)|It —s|” dS) dizll flicx

t>0 Jo
+0oo d|Z|
<K / —07 1 fllez@),
« 1

where the last estimate holds bylder’s inequality.

(2) Letus prove thati(-) € X (the same techniques give the result) € X). For
0<t <t,wegetu(t) —u(r) =1 + A1+ A, + J, where

I = B, Ag — B(t, Ay, J = A_l(f(t) - f(‘c)),

+oo
A1=—.i// k(t,s)(A—zh)~*(f(s) — f(t))dsdz
2 y Jo

+oo
i// k(t,s)(A—z) X(f(s)— f(r))dsdz
21w

1 e—J_Z

Ay = —— (A—zl)” lf(t)dz+—/
2 v

_ﬁ,
(A—zh)tf(r)dz
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The result is obvious fol, sincep € D(A). For J we use Assumptionl(3).
On the other hand, we have

1 eVt
2in
1 (e*FZ —e V)
2im
= Ay + A},

A, = (A—zh) Y(f(r)— f(t))dz

(A—zh)tf(r)dz

+ood
}MME<(—/" Qa—wﬁumma Kt = 0% fleo o).

|z|?

and writing A’ as

2im

Ay = — (/ \/_zeﬁfdg‘)(A—zl) f(r)dz

we obtain

| Azl

1 T 1dz
Eg(—/ |l)(t—f)Hfo\K(t—f)”f”x-

21 J. |z|3/2

Now for the quantityA;, one has

// e V2t smh\/_z s(

l—

A—zDHX(f(s)— f(t))dsdz

2in
e‘ﬁ53|nhﬁr »

2I7r// NE A—zl)"(f(s) - f(r))dsdz
e*f“smh\/_zs 9

2m// J—z A=z (f(r) - f(t))dsdz

gVt —e*f”
2|7r// —— sinhv/—zA—2zD)Y(f(s)— f(r))dsdz

—z)Y(f(r)— f(t))dsdz

oo e*fzssmh\/_u
C2nm // -z
(sinhy/=zt—sinhy/=z7)
C 2in /,/ ev-2s/—z

i=6
li.

i=1

395

(A—zh) Y(f(s)—f(t))dsdz
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Then
Y[ 1dg 2 20+1
e <k [ ([ 555) € =97 dsl fleng < Kt =02 flen,
T €0
and
t e |dZ| 20 20+1
[2lle < K BEE (s—)7ds| fllcze < Kt =) fllca ).

Writing |, andlg as
le = ZIn// (/eﬁ%)s'inw‘_zs(’*‘z')1<f<8>—f<r>>dsdz
+00 t
N 2|71/ e (/ COSW—_ZSO'¥> (A—zh)7X(f(9) - f(t) dsdz

we get

||| || < 1 /+oc (/T /t e—Re«/—_Z(i"—S)( S)29 d%_ dS |dZ| || f ||
N T — 20
e 27T €0 0 T 1+ |Z| e
T pt—s _ o\ +oo
K / / (‘[ ZS) (/ e_°°‘720d0> dT] dS” f ||C25(E)
/ (t—9% ( s ) ds|| fllcz,

_g)¥-1
K(t—r)f T )_ S dsl fllene,

by making the change of variable — s) = &(t — 1), we obtain

+o00 20—-1
Halle < K(t =) (/0 (i+§) %‘) I llcae < Kt = )| fllca ).

For I, we have

lelle < Kfm/m/te—%ﬁ“-@(s b2 de ds—92 £
6IlE X . : . 1+|Z| C¥(E)

+oo  pt +00 (s— t)29
K / / (/ e o dU) —déds|| fllca g
t T 0 E)
+00 S—1 d
<K f (s—t)% (/ n") ds|| fllco

)201
<Kt — fllca
(t r)/ (S_Ht o 4 flee




[11] Resolution in Hlder spaces
) +00 p29—1
<K@t —1)¥ / d ) fllc
<Kt —-1) (0 S T llc )
<Kt =) fllca).

A direct calculation of the integrals if (t) — f (t)) implies that

1 e V-ut-1) .
I3+ lg = o f(A—zl)* (f(r)— f(t))dz
Y
1 g vzt
~ 5 (A—zD)Y(f(r)— f(t))dz
T J, A
=J— A,
We write J as
1 e V-zt-1)
=5 —(A—z)}f(x) - f(t)dz
V(ttr)
1 e—«/—_Z(t—r> 1
+ﬂ T(A—zl)—(f(r)—f(t))dz
o
=J"+J,

wherey/ _ andy, ., are defined inZ.2), then
t—o) (t-1)

+oo o Re/—z(t—1) (t — .E)29
J+ <K dz|| f 0
137 < /1 Z 112 [dZ||| T llce k)
oo o Rey=z(t—7)
<kt—o” ([ T2 Iflee
1

- +00 e—CoU
<Kt —-1) (/ dU) I fllc e
1 o
<Kt =) fllcre),

and forJ~ we have

_ -1 _
J = i (efx/jz(tfr) B l) (A=z)=*(f(r) = T (1)) dz
2w Yo Z

(A—zh(f(m) - 1) dz

1
+ AN (f() - f(t) - 2—/
17T Jeo.,

= AN @ - fO) +

z

with Cy_ry = {z=(t — 1)7%€" : =8 < v < o).

397
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So we obtain
1/(t—1)? |Z|l/2(t _ T) (t _ .L.)ZH
J; < K dz|| f ||c
19; e /O iz 1112 [dzZl|| T [l
204+1 v | |l/2 20
<Kt —r1) 2 dZ|| fllcx@E < KA =) fllcx@E),
0
and
_ (=07 —1)29 dvIIfII %
19 e < K=o / =o' SKE=0”flee.
(3) We have
1 -zt
sty=— [ - AA—zI)tApdz
2 ), z
1 +00
- —// k(t, 9)A(A—z)"}(f(s) — f(t))dsdz
2|7T y Jo
1 (e .
- AA—zD) @) dz+ f(t)
2w ), z
1 (et .
- = AA—zH) " (Ap — f(0)dz
2
thus
1 [eV2t .
St) = — AA—zH"f(0)dz
2in ), z
l +00
- —// k(t, S)A(A—z)"}(f(s) — f(t))dsdz
2|7T y Jo
1 (e .
- = AA—zhH = f@)dz+ f(1).
2in ), z

LetO< t <t,thenS(t) — S(t) = f(t) — f(r) + A +II, where
// k(t,s)A(A—z)t(f(s)— f(r))dsdz
2|7r

// K(t. ) AA— 1)L (F(s) — f (1) dsdz
2|7'r

14

1 eV eVt
M= _— / . A(A—zl)lf(O)dz—/ . A(A—z)tf(t)dz
Y
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e — =zt
i(/e AA—zD)"1f(0)dz— /e _ A(A—zl)‘lf(r)dz>.
Y Y

C 2in

Regarding the quantitil, we have

—V—Zt __ a2t
i/(e Ze )A(A—zl)‘lf(O)dz

=2i71
1 (e .
il AA—z) tf(7)dz
—\/—72'(
[ AA— 2z (o dz
21w
—/—zt
L e A A 2 () dz
21w
—/—zt
—.i ° AA—zD)tf(t)dz
21w
1 —J—_Zt_ —J—_ZT
=___/(e © )A(A—zl)*l(f(r)—f(O))dz
2 z
1 e Vit
+— AA—z)*(f(x) - f(t))dz
21w
=H1+H2.

From Propositior?.1, we deduce that
ITlle = 1B, A(f(r) — f)lle < Kt — ¥ fllca ).

ForIl;, we get

t  ptoo |Z|1/2e—cg\z\1/zs.[29
ITile < K/ / —————— |dZ ds| f [|cz &),
T €0 |Z|

and settingz|*?s = o in this last inequality, we obtain

t .[29 +00 t
IMfle < K/ - (/ e do) dsi fllese, < K (/ sze—lds) Il
T 0 T

<K —22) [ fllcre < Kt =0 fllco e
A may be written as

// e*ﬁ‘smhd Zs

AA—zD)}(f(s) — f(t))dsdz
C2in
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—+/—ZS
o // - Slnh\/_ZTA(A—ZD*l(f(S) - f(m)dsdz

N
e V-Zlsinhy/=zs .
2|7T// N AA—z) " (f(r)— f(t))dsdz
(eV2t—e V)
2I7r// = sinhv/—z's
x ACA—zD)X(f(s) — f(r))dsdz
T g@V=Zssinhy/=zt »
ZIH// N AA—zhH)*(f(r)— f(t))dsdz
o @ V=25(sinhy/=zt — sinhy/=z71)
C2im /},/[ -z

x A(A—z) (f(s) — f(t))dsdz
i=6

Aj.
1

For A; andA,, we prove that

+o0o e—ReJ_z(t S) ,
IAlle < / / ———— |t —s[*dsldZ|| f ez

| |1/2

K/ (t—9? (/ e—°°<’da> ds| fllcz
T 0

<Kt =) fllcae).

+o00 e—ReJ_z(s 7) ,
1Aslle < // S — 7 dsdz| flomee,

|1/2

K/ (s—0)¥* (f e°°"da> dsl fllcz
T 0

<Kt =) fllcae).

Writing A4 andAg as
As= 2|n././ (/erzgd's)Sinh‘/__ZSA(A_Zl)1(f(S)—f(r))dsdz
+00
Ae=— 2|7r// eﬁs(/ Cosh\/_ZASdS)A(A zl)}(f(s)— f(t))dsdz

we obtain

+0o0 T t
IAdle < K / / / e ReV 9 (1 _ 5% d dsid | f fleae
€0 0 T
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T t—s _ o\ +o0
g K / / (T ZS) (/ 87%020 dO") dT] dS” f ||C25(E)
0 Je-s n 0

<K= fllcxe),

and
l +00 +00 t
[ Aelle < o> / / e RV (s — 1) de dsld || fllcae
€0 t T

+oo  pt +oo 20
~ (s—1t)
< K/ / (/ e°°"0do> déds|| f ||
(] sl flee
+o00 —

S—1 d
<K / (s—1)% (/ —Z) ds| fllcx
t s—t n
<K

t =% fllcwe)-

By calculating the integrals iaf (z) — f (t)), we get

1 —v/—2(t-1)
As+ As = ﬂ/%A(A—ZI)‘l(f(r)— f(t))dz
Y

— B, A(f(r) — f(1)
= Q —TIl,

whereQ = B(t — 7, A)(f(r) — f(t)). Proposition2.1implies that
IQlle <Kt =) [ fllca, -
(4) Assume that\p — f(0) € D(A). Then, by Propositiog.1
Au(-) = S(-) + B(-, A(Ap — f(0)) € X.

Conversely, ifAu(-) € X, the functionB(-, A)(Ap — f(0)) = Au() — S(), is
in X. Now using Propositior2.1, we obtainAgp — f(0) € D(A).
(5) Let us suppose thahy — f(0) € Da(8, +00). By Proposition2.1, Au(-) €
CZ(E). Conversely, ifAu(:) € C¥(E), thenB(-, A)(Ap — f(0)) ¢ C¥(E), and
Ap — T(0) € Da(B, +00). O

REMARK. By using the same methods and techniques of calculation, we have a
similar result to Propositioi. 1, when the right-hand term of the equation has a spatial
smoothness, that is, for dll>> 0, f(t) € Da(0, +00), SUR>o |l F)lpa@.+00) < 00,
with 6 € (0, 1/2). See P] for detalils.

Now, we can deduce our main results concerning the regularity of
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THEOREM3.2. Letgp € D(A) and f € C¥(E), withé € (0, 1/2) such that
f(0) — Ap € D(A).
Thenu, given in(2.1), is a strict solution of(1.1)—(1.2).

By the continuity ofB(-, A)p and Lebesgue’s theorem we can verify théd) = ¢
andu(+4o0) = 0. On the other hand, we prove theterifies (L.1) by using Dunford’s
operational calculus.

Finally, by Propositior8.1, the solutioru belongs to

BUC([0, +o0[ ; E) N BUC([0, +00[; D(A)).

Furthermore, iff (0) — Ap € Da(8, +00), then we have more regularity @xu(-)
andu”(-).

THEOREM3.3. Letp € D(A) and f € C¥(E), withé € (0, 1/2) such that
f(0) — Ap € DA, +0).

Then the unique strict solution @f..1)—(1.2) satisfies the property of maximal regu-
larity Au(-), u”(-) € C¥(E).

PrROOF It suffices to apply the previous results, using the fact at, +o00) C
D(A). O

4. Example

We give an example governed bi.)—(1.2). ConsiderE = C([0, 1]) and

D(A) = {v € C*(0, 1)) : v(0) = v(1) = 0},

Av =",

It is easy to check thah satisfies Assumptiorl(3). We can thus apply our results to
Laplacian problem in an infinite interval, given by

9%u 9%u

W(tv X) + W(t7 X) = f(t7 X)’ (ta X) S (Oa +OO) X (07 1)7
(4.1) u(0, x) = p(x), x € (0,1,

u(+oo, xX) =0, x € (0,1),

u,0) =u,1) =0.
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Observe that conditions € D(A) and f (0) — Ap € D(A), become

¢ € CX(0,1]) : ¢(0) = (1) = 0,
(4.2) f(0,) —¢"() € C([0,1]) and
f(0,0) —¢"(0) = f(0,1) —¢"(1) =0.

The interpolation spacB (@, +o0) is given by

{veC?(0,1)) : v(0) = v(1) = 0} if 20 <1,
Da(8, +00) = { C*([0, 1]), if 20 =1,
{veC* (0,1 : v(0) =v(1) =0} if 20 >1,

whereC'*([0, 1]) is a Zigmund space (see, for exampleg]). Applying TheorensB.2
and Theoren3.3we have the following results.

THEOREMA4.1. Let f € C¥ ([0, +o0[ ; C([0, 1])), with26 e (0, 1), be such that the
conditions(4.2) are satisfied. Then Problefd.1) has a unique solution satisfying
u € BUC*([0, 4+o0[ ; C([0, 1])) N BUC([0, 4+o0[ ; C3([0, 1])).

THEOREM4.2. Let f € C¥ ([0, +o00[ ; C([0, 1]), with 20 € (0, 1), be such that

@ € C3([0,1]) : 9(0) = (1) =0,
f(0,) — ¢"(-) € C¥([0, 1]) and
f(0,0) —¢"(0) = f(0,1) —¢"(1) =0.

Then Problen{4.1) has a unigue solution
u € BUCA([0, +o0[ ; C([0, 1])) N BUC([O, +oo[ ; C*([0, 1])).
Moreover,u satisfies the maximal regularity

d2u(-, X), d2u(-, x) € C*([0, +oo[ ; C([0, 1])).
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