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Abstract

We give two characterizations of the Mdbius invariant Q¢ spaces, one in terms of a double integral and
the other in terms of the mean oscillation in the Bergman metric. Both characterizations avoid the use of
derivatives. Our results are new even in the case of Q, spaces.
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1. Introduction

Let D be the open unit disk in the complex plane C. For any 0 < p < oo we consider
the space Q, consisting of all analytic functions f in D such that

1F1%, = Sup/ |f'@P(1 — eI’ dA(z) < o0,
12 D

where d A is the area measure on D normalized so that A(D) = 1, and the supremum
is taken over ¢ € Aut(D), the group of Mobius maps of D. The space Q, is Mobius
invariant in the sense that || f o ¢llo, = || fllg, for every f € Q, and ¢ € Aut(D).

Since every Mobius map ¢ can be written as ¢(z) = e?¢,(z), where @ is real, and
0a(z) = (@ —z)/(1 — az) is the Mobius map of the unit disk that interchanges the
points 0 and a, we can also write

£, = Su[g/ |f'@P( = |ga(2)P)" dA(2).
ae D
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It is well-known that for p > 1, we have Q, = %, the Bloch space of analytic
functions f in D such that || f||z = sup_p(1 — 1z1)|f'(z)] < oo. Itis also well
known that O, = BMOA when p = 1. When p = 0, the space Q, degenerates to
the Dirichlet space, see [9] for a summary of recent research about O, spaces.

More generally, for any nonnegative and Lebesgue measurable function K on (0, 1],
we consider the space Qx consisting of all analytic functions f in the unit disk such
that

1715, =sw [ 17@PKA = @) dAG) < o
ae

Clearly, if K(¢) = t”, then Q¢ = Q,. Itis also clear that Q is M&bius invariant,

thatis, || f o ¢llo, = Il fllo, Whenever f € Qg and ¢ € Aut(D). A great deal of

function theory was worked out in [3] for the spaces Q. The paper [8] characterized

Qx spaces in terms of higher order derivatives. More research on Q spaces can be

found in [2], [7].

The purpose of this paper is to give two characterizations of Q g, which are free of
the use of derivatives. The first characterization, Theorem 3.3, is in terms of a double
integral involving the area measure on D). The other characterization, Theorem 4.2,
is based on the mean oscillation of a function in the Bergman metric. Our results are
new even for Q, spaces, although the corresponding results for the Bloch space are
well-known, see [1] and [10].

As a consequence of our main results, the Bloch space and the space BMOA
are characterized by the same type of conditions involving the area measure. For
example, BMOA can now be characterized in terms of the mean oscillation in the
Bergman metric. This seems to be something that has not been noticed before.

2. Preliminaries

We need an elementary, but somewhat non-standard tool, the so-called oro-coordin-
ates on the unit disk. Recall that, for any r > 0, the equation

1—|z]”
11— zf?
defines a circle C, that is internally tangent to the unit circle |z] = 1 at the point

z = 1. These are called oro-cycles at z = 1, see [4]. It is easy to check that C, can be
rewritten as

1+r 1+r"
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It follows that the unit disk D can be parametrized by
r n 1
1+r 1+vr

This reparametrization of the unit disk will be called oro-coordinates on D. The
following lemma gives the right form of the area integral in terms of oro-coordinates.

e’ 0<r<oo, 0<6 <2nm.

7=

LEMMA 2.1. Suppose f is Lebesgue measurable on D. If [ is nonnegative or
belongs to L'(D, dA), then

/f(z)dA(z) f f £ 9)( COS)Q dr do.

where f(r, 0) is the function f in oro-coordinates.

PROOF. See [6]. ]

If the function K is only defined on (0, 1], then we extend it to (0, co) by setting

K(t) = K(1) fort > 1. We can then define an auxiliary function as
(s) = K (s1) 0
ok (s su < s < 00.
TR KD

We further assume that K is continuous and nondecreasing on (0, 1]. This ensures
that the function ¢ is continuous and nondecreasing on (0, 0o).

We will also need to use the Berezin transform. More specifically, for any function
f € LY(D, dA), we define a function Bf by

_ 2
Bf(z) = (|1 |Z|_|)4 f(w)dA(w), zeD.

It is standard terminology to call Bf the Berezin transform of f. By a change of
variables, we can also write

Bf(z) = / fop.(w)dA(w), ze€D.
D

See [5] and [10] for basic properties of the Berezin transform.
The following estimate is the key to the main results of this paper.

LEMMA 2.2. Let K be any nonnegative and Lebesgue measurable function on
(0,00) and f(z) = K(1 — |z). If

2.1) /wmdx<oo,
0

then there exists a positive constant C such that Bf (z) < Cf(z) for all z € D.
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PROOF. Recall that Bf (z) = fD K(1 - |g.(w)|*) dA(w). Since

_ s (= z2P)( = [wP)
L=l = —— 17— —

’

it follows from the definition of ¢ that

’

2 2 1—|wl
K1 —|p.(w)|") < K(1 — |z])ek (7_2>
1 — zw]

s0 Bf(z) < f(2)®(z), z € D, where

1 — 2
D) = / ¢k (i_t) dAw).
D 11— zw]

The function @ is continuous on D, so it is bounded on any compact subset of D.
On the other hand, if z € D is nonzero, then we use the monotonicity of ¢k (together

with the obvious inequality 1 — |w|*> < 1 — |zw|?) and a change of variables to obtain
1 — |zw|?
P(z) < Pk \ T = dA(w)

D 11— zw]
1 (1—|w|2> dAw)

= — (p _— w
2P S NI =
1 1— |w|2>

< — —— ) dA(w).

= |z|2/m‘0"(|1—w|2 )

If the condition in (2.1) is satisfied, then an application of Lemma 2.1 shows that
1 — 2 00
/gpk (ﬂ> dA(w) = 2/ o) 4 < 0.
D 11— w|? o (I+r)

Combining this with the estimates in the previous paragraphs, we conclude that the
function ®(z) is bounded in D. This completes the proof.

O
If K(t) =t” and f(z) = K(1 — |z|?), then the Berezin transform of f is

Bf(z) = / (1= lp-w)I*)" dA(w)
D

TR
_ (1= [wl)? dA@w)
_f(Z)/D =

By a well-known estimate (see [10, Lemma 4.2.2], for example), the last integral
above is a bounded function of z if and only if p < 2.
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On the other hand, if K () = t”, then it is easy to see that px (t) = t” as well. In
this case, it is clear that condition (2.1) holds if and only if p < 2. Therefore, at least
in the case of Q, spaces, the condition in (2.1) is best possible.

Let B(z, w) denote the Bergman metric between two points z and w in D. It is
well-known that

1+ lp-(w)]

1
Pt = 3 e )

Forz €e D and R > O we use D(z, R) = {w € : B(z, w) < R} to denote the
Bergman metric ball at z with radius R. If R is fixed, then it can be checked that the
area of D(z, R), denoted by |D(z, R)|, is comparable to (1 — |z|?)? as z approaches

the unit circle, see [10].

LEMMA 2.3. For any R > 0 there exists a positive constant C (depending on R)
such that

C
If@F € ——= |f (w)|* dA(w)
|D(z, R)| Jpi.r
Jor all z € D and all analytic functions f in D.

PROOF. See [10, Lemma 4.3.8], for example. O

3. A double integral characterization of Qg

In this section we characterize the spaces Q in terms of a double integral that does
not involve the use of derivatives. We begin with the following estimate of Dirichlet
type integrals.

LEMMA 3.1. There exists a constant C > 0 (independent of K ) such that
[ ir@rka-epdae < cro
D

for all analytic functions f in D, where

_ 2
I(f) = / @) = [l K(1—|z])) dA(z) dA(w).
DJD

T
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PROOF. We write the double integral 7 ( f) as an iterated integral

— 1 — 2
1(f) = / - |'|Z')2) dA()/( 'Z'_l)4 £ = )P dAw).

Making a change of variables in the inner integral, we obtain

. K1 — |Z|2) 2
Gl I(H= [ ———FdAQ | Ife.(w) — f@)dAw).
p (I —1z») D

It is well-known (verify using Taylor expansion or see [ 10, Theorem 4.27], for exam-
ple) that

(3.2) / lg(w) — g(0)|> dA(w) ~ / g (w)P(1 = [w]*)* d A(w)
D D

for analytic functions g in D. Applying (3.2) to the inner integral in (3.1) with the
function g(w) = f(¢,(w)), we see that

1(f) ~ / I _| 'fz')z) dA() / 1(f 00 )P(L — [w]’)? dA(w).
D

By the chain rule and a change of variables, we get

Lf')P(1 = [w]*)

D 11— zwl*

(3.3) I(f) ~ / K —|z])dA(2) dA(w).
D

Fix any positive radius R. Then there exists a constant C > 0 such that

’ 2 _ 2\2
I(f)ZC/K(l—IZIZ)dA(Z) G (1_|u)| ) dA(w).

D D(z,R) [1—zwl]*

It is well-known that
(1 — |w[>)? 1 1
11— zwl]* (I —1z1»* |D(z, R)

forw € D(z, R),see[10, Section 4.3]. It follows that there exists a positive constant C
such that

1
1 C| KA—|z)dA@)—— "(w)|* dA(w).
(f) = fD (I =1zl (Z)|D(Z, B Lo |f*(w)|"d Aw)

Combining this with Lemma 2.3, we obtain a positive constant C such that

I(f) = C/ |f'@PK( —|z1*) dA().
D

This completes the proof. Ol
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The second half of the above proof (the one based on Lemma 2.3) also follows
from inequality (5.5) of [3]; see the proof of Lemma 3.2 below. But the proof of (5.5)
in [3] transfers the setting to the upper half-plane and makes use of certain additional
assumptions on K, while our proof here does not depend on any special property of K .
The following lemma, however, makes a key assumption on K.

LEMMA 3.2. If the function K satisfies condition (2.1), then there exists a constant
C > 0 such that fD | f'()PK(A — |z dA(z) = CI(f) for all analytic functions f
in D, where I1(f) is as given in Lemma 3.1.

PROOF. By Fubini’s Theorem, we can rewrite (3.3) as

1 — 2\2
I(f)~/ If/(w)lsz(w)/M
D p [1

g K —z]) dA(z).

The inner integral above is nothing but the Berezin transform of the function K (1—|z|?)
at the point w. The desired estimate now follows from Lemma 2.2. O

We can now prove the main result of this section.

THEOREM 3.3. Suppose K satisfies condition (2.1). Then an analytic function f
in D belongs to Q if and only if

/ 1f(@) = fw)?

34
(3.4 sup T

ach

K(1 —19.(2)") dA(z) dA(w) < oo.

PROOF. Recall that f € Qg if and only if

sup [ 1f @PK = |g.(2)]*) dA(z) < o0.

aeD JD

By a change of variables, we have f € Qg if and only if

sup [ 1(f 0 9) (@K (1 = |z*) dA(z) < oc.
aeD JD
Replacing f by f o ¢, in Lemmas 3.1 and 3.2, we conclude that f € Qg if and only
if
_ 2
sup | 1 00u® = 70 9alI g1 _ 1oy da () dA(w) < oo,
DJD 11— zw]*

ach

Changing variables and simplifying the result, we find that the double integral above
is the same as

/ |f @) = fw)?
DJD

T K(1 =19, (2)*) dA(z) dA(w).

Therefore, f € Qg if and only if condition (3.4) holds. Ol
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4. The mean oscillation in the Bergman metric

In this section we give two closely related characterizations of Q spaces, one in
terms of the Berezin transform and the other in terms of the mean oscillation in the
Bergman metric.

Given a function f € L*(D, dA), it is customary to write

MO(f)(2) = VB(fIP)(z) — |Bf ()%

see [10, Section 7.1]. It is easy to check that

[MO() (@) =/ |f o ¢.(w) = Bf ()]’ dA(w)
D

2 (1 - |Z|2)2

T AW

=/mm—ww
D

If the function f is analytic, then it is easy to see that Bf = f, so that

[MO(f) )P :/ |f o @.(w) = f(2)IP dA(w)

_ 2
/mm ﬂwllgﬂmm

We can think of M O(f)(z) as the invariant mean oscillation of f in the Bergman
metric at the point z, because we always have M O (f o@)(z) = M O(f)(¢(z)), where
¢ € Aut(D).

We can now reformulate Theorem 3.3 as follows, which is in the same spirit as
condition (i) in Theorem 6.1 of [3].

THEOREM 4.1. If K satisfies condition (2.1), then an analytic function f in
belongs to Qg if and only if

aeD

(4.1) Sup/ [MO(N) @) K = lga(2)*) dT(2) < 00,
D

where dt(z) = dA(z)/(1 — |z|*)? is the Mobius invariant measure on the unit disk.

PROOF. Consider the integral from Theorem 3.3

2
1.(f) = / MK(I — lpa(2)*) dA(z) dA(w).
D JD

11— zwl*
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We rewrite it as an iterated integral

_ 2
1(f) = / K1 -l @P dae) [ LOZIOD 40,
D D [1 — zw]
or
2 2(1 - |Z|2)2
L,(f):/K(l—m(zn >dr(z>/ ) — FPSE g4,
D D [1— zw|

According to the calculations preceding this theorem, we have

L(f) = / [MO(N) @ K = lga(2)*) d (2).
D

This proves the desired result. Ol

Fix a positive radius R and denote by

1
A = — dA
r(f)(2) DGR Joen f(w)dA(w)

the average of f over the Bergman metric ball D(z, R). We define

172
MOr(f)(2) = [ | f(w) — AR(f)(Z)|2dA(w)] ,

ID(z, R)| D(z,R)

and call it the mean oscillation of f in the Bergman metric at the point z. It is easy
to verifty that [M Ox(f)(2)]> = Ar(|f*)(z) — |Ar(f)(2)|>. See [10, Section 7.1] for
basic facts about the mean oscillation in the Bergman metric.

The M&bius invariant mean oscillation M O (f) and the localized mean oscillation
M Ox(f) in the Bergman metric are useful in the study of Hankel operators on the
Bergman space; see [10] and [11].

THEOREM 4.2. If K satisfies condition (2.1), then an analytic function f in
belongs to Q if and only if

(4.2) sup | [MOx()(@)F K(1 = lg.(2)[*) dt(2) < oo,

aeD JD

where R is any fixed positive radius.
PROOF. There exists a positive constant C (depending on R only) such that

MOr(f)(z) = MO(f)(2), ze€D,

where f is any function in L*(D, dA). See the proof of Theorem 7.1.6 in [10].
Therefore, condition (4.1) implies condition (4.2).
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On the other hand, since D (0, R) is a Euclidean disk centered at the origin, we can
find a positive constant C (depending on R only) such that

FRO= C/ |f(w) — ¢’ dA(w)
D(0,R)

for all analytic f in D and all complex constants c. Replace f by f o ¢, and replace
cby Ar(f)(z). Then

(=121 f @ < C/ |f 0 g.(w) — Ap(/)(@DI* dA(w).

D(0,R)

Through a change of variables on the right-hand side, we arrive at

_ 2
=@ [ 1w - A >|2( 'Z'_|)4 dAw).
D(z,R)
Since
-1z 1

I —zw*  (1—1z)* [D(z R)

for w € D(z, R), we can find another positive constant C such that
1=z f' @F < CIMO(f)@T, zeD.
It follows that, for each a € D, the integral

/ |f'@PK (1~ () dA2)
D

is less than or equal to C times the integral

/ [MOr(f)()T K(1 — |@.(2)|") dT(2).
D

This shows that condition (4.2) implies f € Q. Ol

Recall from [3] that a positive Borel measure © on D is called a K-Carleson

measure if
1 —
sup/ K( |Z|> du(z) < oo,
1 Jsw 1]

where the supremum is taken over all sub-arcs I C dD. Here, for a sub-arc I of dD,
|7]is the length of / and S(I) = {r& : ¢ € I,1 — |I| < r < 1} is the corresponding
Carleson ‘square’.
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THEOREM 4.3. Suppose K satisfies the following two conditions:

(a) There exists a constant C > 0 such that K (2t) < CK(t) forallt > 0; and
(b) The auxiliary function @i has the property that fol ox(s)/sds < oo.

Let 11 be a positive Borel measure on D. Then 1 is a K -Carleson measure if and only
if Sup,ep fp K(1 = 19ga(2)*) dpu(z) < 0.

PROOF. See [3, Corollary 3.2]. Ol

Since Qy is defined by the condition

sup | |f'@DIPK = |g.(2)) dA(z) < oo,

aeD JD

we see that f € Qy if and only if the measure | f'(z)|> d A(z) is a K -Carleson measure.
This is one of the conclusions of [3, Theorem 3.1]. The following corollary gives two
analogous characterizations.

COROLLARY 4.4. Suppose K satisfies condition (2.1) and conditions (a) and (b)
of Theorem 4.3. Let R > 0 be a fixed radius. Then the following conditions are
equivalent for an analytic function f in D.

(a) The function f belongs to Q.
(b) The measure dju(z) = [MO(f)(z))*dt(z) is a K-Carleson measure.
(c) The measure dv(z) = [M Ox(f)(2))* dt(2) is a K-Carleson measure.

PROOF. This is a direct consequence of Theorems 4.1-4.3. O

5. The spaces Qg

The space Qg o consists of analytic functions f in D with the property that

llirr}/ | @PK —lg.(2)]") dA(z) = 0.
al— D
It can be checked that Q  is a closed subspace in Q.

THEOREM 5.1. If K satisfies condition (2.1) and R > 0 is fixed, then the following
conditions are equivalent for all analytic functions f in D.

(@ f € Q.o .
a|~>|/ / |f(Z) (w)| (1 - |§0a(Z)| )dA(Z) dA(w) = 0.
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() 1|in}/[M0(f)(Z)]2K(1 — @a(2)])) dt(2) = 0.
a|— D

(d) llirr}/[MOR(f)(Z)]zK(l — g ()} d(2) = 0.
al— D

PROOF. All our earlier estimates are pointwise estimates with respecttoa € D. So
the little oh version of these results must be valid. O

A positive Borel measure w on D is called a vanishing K -Carleson measure if

. 1 —|z|
lim K du(z) =0.
0))

17]-0 |1]

Carefully checking the proof of [3, Theorem 3.1], we see that the little oh version of
Theorem 4.3 holds as well, from which we obtain the following result.

THEOREM 5.2. Under the same assumptions in Theorem 4.4, the following condi-
tions are equivalent for analytic functions f in D.

(a) The function f belongs to Q.

(b) The measure dju(z) = | f'(z)|* dA(z) is a vanishing K -Carleson measure.

(c) The measure dju(z) = [MO(f)(z)]*dt(2) is a vanishing K -Carleson measure.
(d) Themeasured(z) = [M Ox(f)(2)]* dt(2) is avanishing K -Carleson measure.

PROOF. We leave the details to the interested reader. O
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