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Abstract

In this paper we obtain some results on coincidence and common fixed points for two pairs of multi-valued
and single-valued non-self mappings in complete convex metric spaces. We improve on previously used
methods of proof and obtain results for mappings which are not necessarily compatible and not necessarily
continuous, generalizing some known results. In particular, a theorem by Rhoades [19] and a theorem by
Ahmed and Rhoades [2] are generalized and improved.

2000 Mathematics subject classification: primary 54H25, 47H10.

1. Introduction

Let (X, d) be a complete metric space and C B(X) be the set of all non-empty closed
bounded subsets of X. Denote by H the Hausdorff metric induced by the metric d,
and forany x € X and A C X set D(x, A) = inf{d(x,y) : y € A}.

Extending the Banach contraction principle, Nadler [16] and Markin [15] first
initiated the study of fixed point theorems for multi-valued contraction self-mappings.
Assad and Kirk [4] first studied fixed point theorems for multi-valued contraction
non-self mappings in a complete metrically convex metric space (X, d), using the fact
that if K is any non-empty closed subset of X then for each x € K and y ¢ K there
exists a point z € dK (the boundary of K) such that d(x, z) + d(z, y) = d(x, y).

In the last four decades several authors have proved some fixed point or common
fixed point theorems for self-mappings (see, for example, [5, 12, 13, 15, 16, 17, 20]
or for non-self mappings (see, for example, [1]-[4], [6]-[11], [14, 18, 19, 21] Some
applications of non-self mappings are given by Assad and Kirk [4] and by Tsachev
and Angelov [21].
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Recently Ahmed and Rhoades [2] generalized and improved the result of Rhoades
[19]. They proved the following theorem.

THEOREM 1.1 (Ahmed and Rhoades [2]). Let (X, d) be a complete metrically

convex metric space and K be a non-empty closed convex subset of X. If mappings
F,G:K - CB(X)and S, T : K — X satisfy the following condition

(1.1)
H(Fx, Gy)

d(Sx, T D(Sx, Gy) + D(Ty, F
5hmax{u,D(Sx,Fx),D(Ty,Gy), (S y)j:h( ) x)}
a a

forall x, y in X, where

—1 5 2h?
O<h<i, a>1+
2 1+h

and

i) K CSKNTK, FKNKCTK,GKNK C SK,
(i) Tx € 0K implies Fx C K, Sx € dK implies Gx C K,
(i) (F, S) and (G, T) are compatible mappings,

Giv) F, G, S, T are continuous on K,

then there exists a point z in X such that
Sz=Tze FzNGz.

The purpose of this paper is to generalize the theorem of Rhoades [19] and Theo-
rem 1.1, weakening the condition for the coefficient & and removing the hypotheses
of compatibility and continuity for the mappings. We prove coincidence and common
fixed point theorems for not necessarily compatible and not necessarily continuous
non-self mappings F, G, S and T, which satisfy (1.1) with 0 < 2 < 2/3. To accom-
plish that, we improve on the methods of proof used by Rhoades [19] and Ahmed and
Rhoades [2].

2. Results

THEOREM 2.1. Let (X, d) be a metrically convex metric space and K be a non-
empty closed subset of X. If mappings F,G : K — CB(X)and S, T : K - X
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satisfy the following condition
2.1)

H(Fx, Gy)

{d(Sx, Ty) D(Sx, Gy) + D(Ty, Fx) }
< hmax { ———=
a

. D(Sx, Fx), D(Ty, Gy),
(Sx, Fx), D(Ty, Gy) >

forall x, y in X, where

0<h<2 as142
sh=3 =0T

and

i) 0K CSKNTK,
(i) FKNKCTK,GKNK C SK,
(i) Sx € 0K implies Fx C K, Tx € 0K implies Gx C K

and S(K) and T (K) are complete, then there exist points u and w in K such that
Sue Fu, TweGw, Su=Tw and Fu=Guw.

PROOF. If F(K), G(K), S(K), T(K) € K then the Theorem holds without the
hypothesis of convexity of X and under a contractive condition weaker than condition
(2.1). The proof in that instance is much simpler, since Cases 2 and 3 do not occur.
We will give a proof under the hypothesis that each of the mappings F, G, S and T is
not necessarily a self-mapping.

Let x € 0K be arbitrary. We construct three sequences: {x,} and {z,} in K and
a sequence {y,} in X in the following way. Set zo = x. Since zp € 0K, by (i) there
exist points x;, x, € K such that Sx; = Tx; = zo. Consider the choice zo = Sx;. In
this case we denote x, = x;. Now Sx, € K implies Fx, € K, so we conclude that
Fxq € KN FK. Then from (ii), Fxo € T K. Thus there exists an x; € K such that
Tx; € Fxo C K. Setz; = y; = Tx,. Let ¢ be any real number such that

2
2.2) 1 <c and ch=q<§

(for example, c = 1 4+2/3 — h ). Since y, € Fxy, € CB(X), from Nadler [16] we
know that there exists a point y, € Gx; such that

d(y1, y2) < cH(Fxo, Gx,).

If y, € GK N K then from (ii) we have y, € SK and so there is a point x, € K such
that Sx, = Y2 =2 € Gx;.
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If y, ¢ K then by z, we denote a point in d K such that

d(yi, 22) +d(z2, y2) =d (1, y2).

There are two possibilities : d(z2, y2) < (1/2)d(y1, y») ord(z2, y1) < (1/2)d(y1, y2).

If the first possibility occurs, then we choose x, € K such that Sx, = z, . This
choice is possible by (i), as 20 € K € SK. Now we choose a point y; € Fx; such
that

(2.3) d(y», y3) < cH(Gxy, Fx,).

Since Fx, € FK N K C SK, it follows from (ii) that there is a point x3 € K such
that Tx; = ys.

If the second possibility occurs, that is, if d(zp, y1) < (1/2)d(y;, y»), then by
X, we denote a point in K such that Tx, = z,. This choice is possible because
22 € 0K € SK NTK. Since y; € Fxg, we can choose a point y; € Gx, € K such
that

2.4) d(y1, y3) < cH(Fxo, Gxy).

Since y; € Gx N K C SK, there is a point x3 € K such that Sx; = y;.
Continuing the foregoing procedure we construct sequences {x,} € K, {z,} € K
and {y,} € FK U GK such that:

(1) y. € Fx,_yory, € Gx,y,
(il) z, = Sx, orz, = Tx,,
(iii) y, = z, if and only if y, € K and in this case :
if y, € Fx,_; then z, = Tx, and y,,, € Gx, is such that

d(Yu, Y1) = cH(Fx,-y, Gx,),
or, if y, € Gx,_; then z, = Sx, and y,,, € Fx, is such that
d(Yns Yus1) < cH(Gx,-1, Fx,),
(iv) y, # z, whenever y, ¢ K and then z, € 0K is such that

d(ynfh Zn) + d(Zm yn) = d(ynfh yn)
and

(iv.i) if d(z,, yo) < (1/2)d(yu-1, ya), then
if y, € Fx,_; then z, = Tx, and y,,; € Gx, is such that

d(ym yn+l) = H(Fxnfh Gxn)
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or, if y, € Gx,_; then z, = Sx, and y,,; € Fx, is such that
d(yna yn+l) S H(Gxnfh Fxn)7

(IVH) ifd(yn—la Zn) < (1/2)61()%—1» yn)’ then
if y, € Fx,_y, then z, = Sx, and y,,; € Fx, is such that

d(yn—lv yn+1) S CH(G-xn—L Fxn)a
or, if y, € Gx,_; then z, = Tx, and y,,; € Gx, is such that

d(ynfla yn+l) =< CH(Fxan’ Gxn)‘

OBSERVATION. If 7, # v, then z, € 0K, which implies z,., = y,y1 € K. This
implies that also z,_; = y,_; € K, since otherwise z,_; € 0K which implies that
Zn - yn e K'

Now we wish to estimate d(z,, Z,+1)- If d(z,, Z,21) = 0 for some #n then it is easy
to show that z, ., = z, forall k > 1.

Suppose that d(z,, z,+1) > 0 for all n. From the Observation we conclude that
there are three possibilities.

Case 1. Letz, =y, € K and z,,1 = y,+1 € K. Suppose, without loss of generality,
that z, = y, = Tx, € Fx,_,. Then z,,1 = y,.1 € Gx,, 2,1 = Tx,_, (observe
that z,_, is not necessarily equal to y, ;) and points y, and y,, are chosen such that
d(Yu, Yuy1) < cH(Fx,_1, Gx,). Then from (2.1) and (2.2),

(25) d(ym yn+1) = CH(FX,,,I, Gxn)

{ d(an—l ) Txn)

S q max 9 D(an—l’ Fxn—l)a D(Txn’ G-xn)a

a+h
d(anl, Zn) d(znfla Zn+l)
7751 n—9nad ns Ln s 1 (-
{ p (Zn—15 Zn)> d(Zns Znt1) Tt h
Note that if (2.1) holds for some #; > 0 then it also holds for any & such that
hy < h < 2/3. Thus we may suppose that 3/5 < h < 2/3, which implies that
3 1 1

- and — < —.
4 a+h 2

D(an—lv G-xn) + D(Txnv F-xn—l) }

< g max

Thus from (2.1),
(2.6)

H(Fx, Gy)

{3d(Sx, Ty) D(Sx,Gy)+ D(Ty, Fx) }
<hmax{—— .

, D(Sx, Fx), D(Ty, Gy), >
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From (2.5) and (2.6),

d(znfh Zn) + d(zna Zn+l) }

d(yn, Ynt1) < g max {d(znl, Z0)5 d(Zns Znt1), >

S C] max {d(zn—]a Zn)a d(va Zn+1)} .
Hence, as z, = y,, 2p41 = Yoy and g < 2/3,
(2.7 dYns Yas1) < qd(zp—1, Z0).

Note that (2.7) holds whenever y, = z,, without regard to y, 1 = Z,41 O Vi1 7 Zns1-
From (2.7) it immediately follows, since now y,,; = z,1, that

(2.8) d(zn, Zut1) = qd(Zu-1, Z0)-

Case2. Letz, =y, € Kbutz, | # V,i1. Then z,,; € 0K is such that
d(Yns Zn1) +dZnsts Yar1) = d (Vs Yat1)-

Thus d(z,, Zu+1) = d(Ys Zu+1) < d(Yu, Yu41) and from (2.7),

(2.9) d(zps Zut1) < qd(Zu-1, Z0)-

Case 3. Letz, #y,. Thenz, € 0K, and

(210) d(yn—lv Zn) + d(va yn) = d(yn—lv yn)

Also, by the Observation, z,,; = V41 and z,_| = y,_1.
If we suppose that (2, zu41) < d(a_1, y,) then from (2.7),

(21 l) d(Zn, Zn+l) f Cld(anz, anl)’
so we shall only consider the case
(212) d(znv Zn+l) > d()’n—la yn)

From (2.10) it follows that there are two possibilities:

d n—1» n
2.13) Az, y,) < (yf”’)
or

d n—1» n
(2.14) Az, o) < Tt ),

2
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Case 3a. Suppose that (2.13) holds and, without loss of generality, assume that
v, € Fx,_y. Theny, | = z,., = Sx,_, € Gx,, and y, # z, = Tx, and, by
construction of {y,} (see (iv.1)), V41 = Zus1 = Sx,41 € Gx, is such that

d(yn’ yn+1) S CH(Fxn—lv G-xn)~
Thus from (2.6) and (2.2),

(2.15)
d(yrn yn+l) = CH(FXn,l, Gxn)

= ¢ max d(anfla Txn)’ D(S-xnfla Fxn71)7 D(Txna Gxn)v

D(an—lv G-xn) + D(Txn’ Fxn—l) }
2

S C] max d(yn—lv Zn)y d(yn—lv yn)a d(Zna Zn+1)y

d(ynfh Zn+l) + d(Zm yn)}
> .

Since, from (2.10) and (2.12),

d(Yn-1>20) < dYn-1, Yn) < d(Zp, Znt1);
AVt Znr1) +d(Zs Yo) < d(Zns Yo) +d(Yu-i1s 20) + d (20, Zog1)
=d -1, Yu) +d(2n, 2011) < 2d(2p, 2011),
from (2.15) we deduce
(2.16) d(Yn, Yutr1) < qd(Zns Zus1)-

Since z,41 = y,41 and z,_; = y,_1, from (2.13), (2.16) and (2.7),

d( n—1» f'l)
Az 20e1) < d G ya) + A, Yost) < % + qd (2, Z01)

q 2
=< Ed(zn—% Zn—]) + gd(zn’ Zn+1)-

Hence

3
(2.17) d(zu, Zpp1) < (E)t d(Zu-2, Zn-1)-

Similarly, if y, € Gx,_, then one can show that (2.17) holds.

Case 3b. Consider now the second possibility, namely the case when (2.14) holds.
We may suppose, without loss of generality, that y, € Fx,_;. Then, by construction
of {x,} (see (iv.ii)), we now have that x, € K is chosen such that Sx, = z,, and
Yo+l = Zny1 € Fux, is such that d(y,—1, Yui1) < cH(Gx,—2, FX,).
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Thus from (2.6),
(2.18)

d(yn—l 5 yn+1)
< cH(Gx, 5, Fx,)

3
< ¢ max {Zd(Txn% an)’ D(Txn729 Gxn72)7 D(Sxm F)Cn),

D(Txn—2’ Fxn) + D(anv G-xn—2) }
2

d(zn—29 yn+l) + d(va yn—l)}

3
S C] max {Zd(zn—29 Zn)y d(zn—2a Zn—l)a d(Zna Zn+1)y 2

Since y,_| = z,_1, from (2.14) and (2.7),
1 1
d(zy, yn-1) < Ed(ynfl’ V) = %d(anz, Zu—1) < gd(anz, Zn—1),

4
d(zn72a Zn) S d(zn729 anl) + d(ynfla Zn) < gd(znfﬁ anl)v

d(Zn—Za yn+1) =< d(zn—29 yn—l) + d(yn—lv yn+l)-
Thus from (2.18),
(2.19)

2 1
d(Yp—1, Yn+1) < g max {d(an, Zn=1)> d(Zn, Zng1), |:§d(2n2, Zu—1) + Ed(ynfl’ yn+l):|}*
If we suppose that d (y,_1, Yur1) > g max{d(z,_2, Z.—1), d(Zu, Zu41)}, then from (2.19),
2q q 2q 1
d(yn—l 5 yn+1) S ?d(zn—% Zn—]) + Ed(yn—lv yn+l) S ?d(zn—Z’ Zn—l) + gd(yn—l 5 yn+l)
and hence

d(Yn-1, Yus1) = qd(Zy—2, Zn-1),
a contradiction. Thus,
(2.20) d (Y1, Yus1) < gmax {d(z,—2, 2u-1), d(2n, Zus1)} -
Using the triangle inequality together with (2.14), (2.20), (2.7) and the fact that

Ynt+1 = Znt1 and Yn—1 = Zn—1, W€ obtain

1
d(va yn+l) = d(yn—l’ Zn) + d(yn—l’ yn+1) =< Ed(yn—lv yn) + d(yn—l’ yn+1)

IA

%d(Zn—Z, Zn—l) + q max {d(zn—% Zn—])a d(Zna Zn+1)}

IA

2
%d(znf% Zy—1) + max {‘I d(Zu—2, Zn-1), gd(Zn, Zn+1)} .
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Hence
3q
(221) d(Zn, Zn+l) =< Td(znfﬁ anl)‘

Similarly, if y, € Gx,_, then (2.21) holds.
From (2.11), (2.17) and (2.21) we see that in Case 3,

3
(2.22) Az, Z0s) < qu(zﬂ, zin) foralln > 2.

From (2.8), (2.9) and (2.22) we conclude that in each of the cases considered we
have

3
d(znv ZVH—I) S 7q max {d(zn—% Zn—l)y d(znv ZVH—I)} for all n Z 2

Now, proceeding on the lines of Ciri¢ [5] and using the fact that (3/2)g < 1, it can
be shown that the sequence {z,} is a Cauchy sequence and hence converges to some
point z € K. Since S(K) and T'(K) are complete, there are points # and w in K such
that Su = z and Tw = z. By the construction of {z,}, at least one of its subsequences
{zap} or {zyw }, defined by z,(j) = Sxu(j) € Gxp(jy—1, 0L bY Zyry = Txp) € FXp—1,
respectively, is infinite.

Suppose that the sequence {z,(;)}, with z,;) € Gx,(;)—1, is infinite. For convenience,
denote z,(j), Yu(j)» Xu(jy and x,(j—1 by z;, ¥, x; and x;_;, respectively. Then we have
zj=y;=38x; € Gxjyand Tx; | =z; | € K (note that z; |, = y; | € Fx; ,, or
Vj-1 # Zj-1 € 9K).

Since z; € Gx;_y, from (2.1) we deduce that

D(Fu,z;) < H(Fu,Gx;_)

d(SI/l, T)Cj,I)
a

< h max , D(Su, Fu), D(Tx;_, Gx;_,),

D(Su, Gx;_1) + D(Tx;_y, Fu)
a+h

d(z, z;-
uv D(Z7 FM), d(Zj—lv Zj)y

Shmax{ d(Z’Zj)'FD(Zj_],FM)}.

a-+h

Taking the limit as j — oo, we get D(Fu, z) < hD(z, Fu) and hence D(Fu, z) = 0.
Since Fu is closed, z € Fu. Thus we have proved that Su € Fu.

Similarly, if {2z, }, With 2,4y € Fx,@ -1, is infinite then Tw € Gw.

Consider now the case when {z,(}, with z,4) € Fx,x)-1, is finite. In this case we
will construct a new infinite sequence {u,} in F K N K such that lim,_, -, u,, = z. Since
{z.} 1s finite, it follows that there is some n, such that z, € K\ FK for all n > n,.
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Hence there is an infinite subsequence {z,:)} of {z,}, defined by z,;, € 0K. For
convenience, we denote X, iy, Zn(i» Zniy+1 and z,4)—2 by X;, z;, zi+1 and z;_,, respectively.
Now, parallel with the already considered points x; € K, z; = Tx;, ziv1 = iy € Gx;
(see Case 3a), we choose a new point x; € K such that Sx; = z; € 9K and a point
u;y1 € Fx; C K (see Case 3b) such that

d(zi—1, uiv1) < cH(Gx;—, Fx;).

This choice is possible because z;_| € Gx;_».
As in Case 3b (see (2.20)), it can be shown that

d(zi—1, uiy1) < gmax{d(zi—, Zi—1), d(Zi, Uny1)}.
Hence, as z, — z, it follows that u; — z. From (2.1),

D(uiy1, Gw) < H(Fx;, Gw)

d(z, 2 D(z;, Gw) +d(z, u;
( )’d(zi»”iH),D(Z, Gw), ( ) ( +1)}‘
. a+th

Shmax{

Taking the limitasi — oo, we get D(z, Gw) < hD(z, Gw) andhence D(z, Gw) = 0.
Therefore

z=Tw e Gw.

Now from (2.1) we have H(Fu, Gw) = 0. Hence Fu = Gw. Thus we have proved
that
Sue Fu, TweGw, Su=Tw and Fu= Guw. O

‘We note that a coincidence of F' and S and a coincidence of G and T need not be
the same point, even if F, G, S and T are single-valued self mappings. The following
example shows this.

EXAMPLE 1. Let X be the Euclidean space [0, oo) with the usual metric. Define
F,G,Sand T on X as follows :

Fx =x>+7/64, Gx=x>+7/64, Sx=8x*> and Tx = 8x°.

Then

8|2 —y*| _ d(Sx, Ty)

4 - 4
Thus (2.1) holds for all x, y € X. Also the other hypotheses (i) and (ii) are satisfied.
It is easy to see that F(1/8) = S(1/8) = 1/8 and G(1/4) = T(1/4) = 1/8.
Therefore F' and S have a coincidence at the point # = 1/8 and G and T have a
coincidence at the point w = 1/4 and F(1/8) = G(1/4).

d(Fx, Gy) = |x* — y*| <
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In Theorem 2.1, if we set S = T = id (where id is the identity mapping), we

obtain the following result.

COROLLARY 2.2. Let (X, d) be a complete and metrically convex metric space
and K be a non-empty closed subset of X. If mappings F, G : K — CB(X) satisfy

d(x,y)’ D(x. Fx). D(y. Gy). D(x, Gy) + D(y, FX)}
a a+h

H(Fx,Gy) < hmax{

forall x, y in X, where

2h?
1+h’

2
0<h<§ and a>1+

and x € 0K implies Fx C K and Gx C K, then there exists a point 7 in K such that
ze€e FzNGzand Fz = Gz

In Corollary 2.2, if we set G = F, we obtain the following generalization of the
Rhoades result in [19].

COROLLARY 2.3. Let (X, d) be a complete metrically convex metric space and K a
non-empty closed subset of X. Let F : K — C B(X) be a non-self mapping satisfying

H(Fx, Fy) §hmax{d(x’y) D(x, Fy) + D(y, Fx)}

,D(x, Fx), D(y, Fy), i h

forall x, y in X, where

2 2h?
O<h<-=- and a>1+ .
3 1+nh

If Fx C K for each x € 0K, then F has a fixed point.
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